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p
R j

n

p
R i

i,

i = , . . . , p, Zn
i (·) = (Zn

i (·), . . . , Zn
ip(·))

n i

{Zn
ij(·)}.

n Zn
ij(·)



n → ∞.
Zn
ij(·),

Zn
ij(·)

R. i
{Zn

i (·)} = {(Zn
i (·), . . . , Zn

ip(·))}
n.

i, j, Zn
ij(·) j

n {Zn
ij(s) : s = , , . . . }, Zn

ij(s)
s j n.

A ⊂ R,

Zn
ij(A) =

∫
A
Zn
ij(dx) =

∑
Zn
ij(s)∈A

,

μ ∗
ij (·)

Zij(·), A ⊂ R, μ ∗
ij (A) =

E[Zij(A)]. Zn
ij μn∗

ij

μn∗ = {μn∗
ij }p×p μ

(n+ )∗
ij =

∑p
k= μ ∗

ik ⊗ μn∗
kj ⊗

A,μn∗
ij (A) = E[Zn

ij(A)]. mij(λ)
λ

mij(λ) =

∫
R
e−λxμij(dx), λ ∈ C.

©



L =
⋂

i,j {λ = θ + iη ∈ C : mij(θ) < ∞}. L
C L = L ∩ R

λ ∈ L, M(λ) = {mij(λ)}p×p

Mn(λ) = {mn
ij(λ)}p×p n

mn
ij(λ) =

∫
R
e−λxμn∗

ij (dx) = E

[∑
s

e−λZn
ij(s)

]
.

M(λ) λ;
λ = θ ∈ L , M(λ)

A
n, An

A( ) : {Zn
i }

M = {mij(θ)} θ ∈ L

Ω ⊂ L∩R
θ ∈ Ω,M(θ)

ρ(θ), u(θ) v(θ)
θ ∈ Ω

u(θ)T v(θ) =
∑p

i= ui(θ)vi(θ) = ,
∑p

i= ui(θ) = .
θ ∈ Ω, limn→∞ ρ(θ)−nmn

ij(θ) = vi(θ)uj(θ).

(k, l) θ ∈ Ω,∣∣∣∣mkl(θ + η)

mkl(θ)

∣∣∣∣ = η = .

ρ(θ) θ ∈ Ω

A( ) : {Zn
i }

θ ∈ Ω, Λ(θ) = log ρ(θ) A( ), σ = Λ′′(θ) > .
α ∈ ( , ] κ = κ(θ) = ρ(αθ)/|ρ(θ)|α. κ

θ ∈ Ωα = {θ ∈ Ω : αθ ∈ Ω}.

A α ∈ ( , ] θ ∈ Ω, κ = κ(θ) = ρ(αθ)
|ρ(θ)|α < .

A( ) ρ(θ) > ,



θ ∈ Ω, i, n,

Wn
i (θ) =

p∑
j=

∫
R

vj(θ)e
−θx

vi(θ)ρ(θ)n
Zn
ij(dx).

{Wn
i (θ)} {Fn},

Fn σ
n. Wi(θ) n, E[Wn

i (θ)] =

A( ) : θ ∈ Ω α ∈ ( , ],

β(θ) = max{E[Wi (θ)
α] : i = , . . . , p} < ∞.

A ∈ Ω.
A( ) θ ∈ Ω, β

θ Ω.
θ ∈ Ω, Zn

θ,ij(·) μn∗
θ,ij(·)

Zn
θ,ij(dx) =

vj(θ)

vi(θ)
· e−θx

ρ(θ)n
Zn
ij(dx)

μn∗
θ,ij(dx) =

vj(θ)

vi(θ)
· e−θx

ρ(θ)n
μn∗
ij (dx).

μθ = {μ ∗
θ,ij} a = −ρ′(θ)/ρ(θ),

Z̄n
θ,ij(dx) =

Zn
θ,ij(na+ dx) μ̄n∗

θ,ij(dx) = μn∗
θ,ij(na+ dx) μ̄θ,ij(dx) = μθ,ij(a+ dx).

μn∗
θ,ij(dx) μ̄n∗

θ,ij(dx)

Zn
θ,ij(dx) Z̄n

θ,ij(dx),
A ⊂ R,

μn∗
θ,ij(A) = E[Zn

θ,ij(A)] μ̄n∗
θ,ij(A) = E[Z̄n

θ,ij(A)].

θ ∈ Ω, P = {pij}p×p = {μ̄θ,ij(R)} = {μθ,ij(R)}

π(θ) = (π (θ), . . . , πp(θ)), πk(θ) = uk(θ)vk(θ), (k = , . . . , p).

P n, Pn =
{
pnij

}
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A( ) : i, j θ ∈ Ω,
μ̄n∗
θ,ij(·)/pnij

A( ) μ̄n∗
θ,ij(·)/pnij , gnij ,

θ ∈ Ω α ∈ ( , ], A( ) − A( )
σ = (log ρ(θ))′′ > . A ⊂ R,
i, j,

lim
n→∞

√
πnσZn

θ,ij(na+A) = uj(θ)vj(θ)Wi(θ)|A|

|A| A a = −ρ′(θ)/ρ(θ).

{Zn
ij(·)}.

μn∗
ij (·)

A( ) − A( ) θ ∈ Ω σ = (log ρ(θ))′′ > .
A ⊂ [−b, b] i, j,

lim
n→∞

[√
πne−nΛ∗(a)σZn

ij(na+A)
]
= uj(θ)vj(θ)Wi(θ)

∫
A
eθxdx,

a = −ρ′(θ)/ρ(θ) Λ∗(a) = −ρ′(θ)/ρ(θ) + log ρ(θ).

μ̄n∗
θ,ij ,

θ ∈ Ω, α ∈ ( , ] a = −ρ′(θ)/ρ(θ), σ =
(log ρ(θ))′′ A( )−A( ) gnij fσ

μ̄n∗
θ,ij(·)/pnij ( , σ ), i, j,

lim
n→∞

∣∣√ngnij(x
√
n)− fσ(x)

∣∣ =
x ∈ R.

α ∈ ( , ] θ ∈ Ω, A( )−A( )
θ , B = B(θ , δ) ⊂ Ω,

sup {E |Wn
i (θ)|

α : θ ∈ B, i = , . . . , p, n = , , , . . .} < ∞.



vi, ui ρ vi(θ), ui(θ) ρ(θ)
β > l = [n /β]

n, � l < n n → ∞, l, n− l → ∞.
n � l < n i, j, pnij > .

n (n− l)
l, Zn

kj(·|l, s)
j n

s k l.
Fl, i, j, k, l, s

{Zn
kj(t − Z l

ik(s)|l, s) : t = , , . . . }
{Zn−l

kj (t) : t = , , . . . }. A,

Zn
θ,ij(A) =

∫
A

[
vje

−θx

viρn

]
Zn
ij(dx)

=

p∑
k=

∫
R

vke
−θy

viρl

[∫
A

[
vje

−θ(x−y)

vkρn−l

]
Zn
kj(dx− y|l, y)

]
Z l
ik(dy)

=

p∑
k=

∫
R

vke
−θy

viρl
Zn−l
θ,kj(A− y)Z l

ik(dy).

Fl

E
[
Zn
θ,ij(A)

∣∣Fl

]
=

p∑
k=

∑
y

[
vke

−θZl
ik(y)

viρl

]
μ
(n−l)∗
θ,kj (A− Z l

ik(y)).

n − l → ∞, μ
(n−l)∗
θ,kj (A − Z l

ik(y))

θ k. μ
(n−l)∗
θ,kj (A − Z l

ik(y))
E[Zn

θ, ij(A)|Fl]

{wl
i(θ)}.

α ∈ ( , ],
σα(X) = E|X − EX|α σα(X|Fl) = E [ |X − E(X|Fl)|α| Fl] .

σα(.|Fl).

θ ∈ Ω, α ∈ ( , ], A( ) − A( )
C > , α θ,
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i, j, l, n ( � l � n), A ⊂ R,

σα(Zn
θ,ij(A)

∣∣Fl) � CκlW l
i (αθ).

� l � n

Xk,y = Zn−l
θ,kj(A− Z l

ik(y)) ck,y =
vke

−θZl
ik(y)

viρl
.

σα(Zn
θ,ij(A)

∣∣Fl) = E

⎡⎣∣∣∣∣∣∣
∑
k,y

ck,y [Xk,y − E [Xk,y|Fl]]

∣∣∣∣∣∣
α∣∣∣∣∣∣Fl

⎤⎦ .

Fl, ck,y
∑

k,y,

C α

σα(Zn
θ,ij(A)|Fl) � C

∑
k,y

|ck,y|α σα (Xk,y| Fl)

� C
∑
k,y

|ck,y|αE [ |Xk,y|α| Fl]

|a + b|α � (|a|α +
|b|α). Zn

θ,ij(·) α ∈
( , ], E|Wn

i (θ)|α i n M
Fl,

E [ |Xk,y|α| Fl] = E
[∣∣∣Zn−l

θ,kj(A− Z l
ik(y))

∣∣∣α∣∣∣Fl

]
� E

[∣∣∣Zn−l
θ,kj(R)

∣∣∣α∣∣∣Fl

]
� E

∣∣∣Wn−l
k (θ)

∣∣∣α
� M .

M = maxi,k{vαk vi(αθ)/vαi vk(αθ)}

σα(Zn
θ,ij(A)|Fl) � C M

∑
k,y

(
vk
vi

)α e−αθZl
ik(y)

ραl



= C M

[
ρ(αθ)

ρ(θ)α

]l ∑
k

[(
vk
vi

)α vi(αθ)

vk(αθ)

] [∫
R

vk(αθ)e
−αθy

vi(αθ)ρ(αθ)l
Z l
ik(dy)

]
� C M MκlW l

i (αθ)

C = C M M α θ.

A R i, j
β > n l = [n /β ].∣∣∣∣√ πnσZn

θ,ij(na+A)− ujvjWi(θ)|A|
∣∣∣∣

≤
∣∣∣√ πnσ

[
Zn
θ,ij(na+A)− E

[
Zn
θ,ij(na+A)

∣∣Fl

]]∣∣∣
+

∣∣∣√ πnσE
[
Zn
θ,ij(na+A)

∣∣Fl

]
− ujvjW

l
i (θ)|A|

∣∣∣
+ ujvj |A|

∣∣∣W l
i (θ)−Wi(θ)

∣∣∣ .
Wi(θ) {W l

i (θ)},
l → ∞.

Dn = Zn
θ,ij(na+A)− E

[
Zn
θ,ij(na+A)

∣∣Fl

]
.

α > , Fl, E [|Dn||Fl] �
[E [|Dn|α|Fl]]α = [σα(Zn

θ,ij(na+A)|Fl)]α .

E|Dn| � C( /α)κ(l/α)E
[
W l

i (αθ)α

]
.

E[W l
i (αθ)

( /α)] � [EW l
i (αθ)]

( /α) = ,∑
n

√
nE|Dn| � C( /α)

∑
l

√
ndlκ

(l/α)

dl n l
dl � (l + )β − lβ .
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∑
l

√
ndlκ

(l/α) �
∑
l

(l + )(β/ )
(
(l + )β − lβ

)(
κ( /α)

)l

=
∑
l

P (l)κl < ∞

κ = κ( /α) ∈ ( , ) P (l) l P (l) = O(l( β/ )),
l → ∞. √

nE|Dn| → , l, n → ∞.
|
√
nDn|

, l, n → ∞.

fσ
( , σ ),∣∣∣∣√ πnσE

[
Zn
θ,ij(na+A)|Fl

]
− ujvjW

l
i (θ)|A|

∣∣∣∣
�

√
πn√

n− l
σ

∣∣∣∣√n− lE
[
Zn
θ,ij(A+ na)|Fl

]
− ujvj

∑
k,y

vke
−θZl

ik(y)

viρl

∫
A+la−Zl

ik(y)
fσ(

x√
n− l

)dx

∣∣∣∣
+

√
πn√

n− l
σujvj

∑
k,y

vke
−θZl

ik(y)

viρl

×
∣∣∣∣ ∫

A+la−Zl
ik(y)

[
fσ

(
x√
n− l

)
− √

πσ

]
dx

∣∣∣∣
+

√
n−

√
n− l√

n− l
ujvjW

l
i (θ) |A|

= En + Fn +Gn,

l = o(n),
l, n → ∞. Gn,

(
√
n−

√
n− l)/

√
n− l, l = o(n) {W l

i (θ)}

En,

lim
n→∞

∣∣∣∣√ngnij(x)− fσ

(
x√
n

)∣∣∣∣ = n → ∞



x ∈ R, gnij μ̄n∗
θ,ij/p

n
ij .

B |B| < b n → ∞,

sup
|B|< b

∣∣∣∣∣
√
n

pnij
μ̄n∗
θ,ij(B)−

∫
B
fσ

(
x√
n

)
dx

∣∣∣∣∣ → .

pnij → ujvj n → ∞,

δn =: max
i,j

sup
|B|< b

∣∣∣∣√nμ̄n∗
θ,ij(B)− ujvj

∫
B
fσ

(
x√
n

)
dx

∣∣∣∣ → .

l = o(n), E[Zn
ik(A)|Fl]

En �
√

πσ

√
n√

n− l

[∑
k,y

vke
−θZl

ik(y)

viρl

∣∣∣∣√n− lμ̄
(n−l)∗
θ,kj (A+ la− Z l

ik(y))

− ujvj

∫
A+la−Zl

ik(y)
fσ

(
x√
n− l

)
dx

∣∣∣∣]
�

√
πσδn−l

√
n√

n− l
[W l

i (θ)].

{Wn
i (θ)} (

√
n/

√
n− l) →

l = o(n), n → ∞,

β > , l =
[n /β] i, j A ⊂ [−b, b] = I,

n → ∞,

Hn(A) =
∑
k,y

vke
−θZl

ik(y)

viρl

∫
A+la−Zl

ik(y)

∣∣∣∣fσ (
x√
n− l

)
−

σ
√

π

∣∣∣∣ dx
fσ

( , σ ) σ = (log ρ(θ))′′ > .

fσ ( , σ ).
C > , |fσ(x) − /(σ

√
π)| � Cx ,

x ∈ R. A A ⊂ [−b, b]
A+ la− Z l

ik(y) ⊂ I + la− Z l
ik(y)
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EHn(A) � CE
∑
k,y

vke
−θZl

ik(y)

viρl

∫
A+la−Zl

ik(y)

(
x√
n− l

)
dx

� C

(n− l)

∑
k

vk
viρl

E

∫
R
e−θy

[
b + b(la− y)

]
Z l
ik(dy)

� C ′
∑
k

vk
viρl

∫
R
e−θy

[
b + b(la− y)

]
μl∗
ik(dy)

� C ′

viρl

∑
k

vk

∫
R
e−θy

[
( b + bl a )− ably + by

]
μl∗
ik(dy)

C ′ = C / (n− l). vi, uj , ρ, mij(θ)
{ρ(θ)−nmn

ij(θ)} M >
Mn(θ)v(θ) = ρn(θ)v(θ)

c , . . . , c ,
∑

j

(
mn

ij(θ)
)′

vj � (c n + c )ρn∑p
j= (mn

ij(θ))
′′vj � (c n + c n + c )ρn. M

M ,
∑p

j= (mn
ij(θ))

′vj � M nρn
∑p

j= (mn
ij(θ))

′′vj � M n ρn.

. . . � C ′

viρl

∑
k

vk

[
( b + bl a )ml

ik(θ) + |a|bl(ml
ik(θ))

′ + b(M l
ik(θ))

′′
]

� C ′

viρl

[
( b + bl a )M ρl + |a|bl M ρl + bl M ρl

]
� C Ml

(n− l)vi

M. l = [n /β] β >
EHn → . Hn →

l, n → ∞

A ⊂ [−b, b] = I
i, j, n, Zn

ij(·, θ)



Zn
ij(na+A) =

∫
na+A

[
vi
vj
eθxρn

] [
vj
vi

e−θx

ρn
Zn
ij(dx)

]
=

[
vi
vj
ρn

] ∫
na+A

eθxZn
θ,ijdx.

x x+na a = −ρ′(θ)/ρ(θ),

Zn
ij(na+A) =

vi
vj
enΛ

∗(a)

∫
A
eθxZ̄n

θ,ijdx.

g(x) = A(x)e
θx x ∈ I. {Ar : r} I,

r, Mr = sup{g(x) : x ∈ Ar} mr = inf{g(x) : x ∈
Ar}. x ∈ I, ḡ(x) =

∑
r Mr Ar(x) g(x) =

∑
r mr Ar(x).

x ∈ A, g(x) � g(x) � ḡ(x).

Zn
ij(na+A) � vi

vj
enΛ

∗(a)
∑
r

MrZ̄
n
θ,ij(Ar).

M =
∑

r Mr ε > r,
N n � N ,∣∣∣√ πnσZ̄n

θ,ij(Ar)− ujvjWi(θ)|Ar|
∣∣∣ � ε/M.

N r. n � N ,

√
πnσZn

ij(na+A) �
[
vi
vj
enΛ

∗(a)

]∑
r

Mr [ujvjWi(θ)|Ar|+ ε/M ]

=

[
vi
vj
enΛ

∗(a)

] [
L

∫
A
ḡ(x)dx+ ε

]
L = ujvjWi(θ). ε > ,

Jn =:
√

πnσ
vj
vi
e−nΛ∗(a)Zn

ij(na+A) � L

∫
A
ḡ(x)dx+ ε.

lim sup n → ∞, ε

lim sup
n→∞

Jn � L

∫
A
ḡ(x)dx.
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I,
I Jn

lim sup
n→∞

Jn � L

∫
A
g(x)dx.

lim inf
n→∞

Jn � L

∫
A
g(x)dx.




