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Abstract. In this paper, we introducte a family of univariate Birnbaum-
Saunders distributions arising from the skew-normal-t distribution. We ob-
tain several properties of this distribution such as its moments, the maxi-
mum likelihood estimation procedure via an EM-algorithm and a method to
evaluate standard errors using the EM-algorithm. Finally, we apply these
methods to a real data set to demonstrate its flexibility and conduct a simula-
tion study to demonstrate the usefulness of this distribution when compared
to the ordinary Birnbaum-Saunders and skew-normal Birnbaum-Saunders
distributions.
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1 Introduction

The Birnbaum-Saunders (BS) distribution was originally introduced by Birn-
baum and Saunders (1969) as a model for the distribution of a unit under
cyclic loading. This distribution is obtained on the basis of the standard
normal distribution by means of a random variable (r.v.) T which admits
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the stochastic representation

T
d
=
β

4

[
αZ +

√
(αZ)2 + 4

]2
, (1)

where Z ∼ N(0, 1). The probability density function (pdf) of T is given by

g(t;α, β) = ϕ (a(t;α, β))A(t;α, β), t, α, β > 0,

where

a(t;α, β) =
1

α

[√
t

β
−
√
β

t

]
, A(t;α, β) =

da(t;α, β)

dt
=

t+ β

2α
√
β
√
t3

and ϕ(·) is the pdf of the standard normal distribution. We say that T follows
the BS distribution with shape parameter α > 0 and scale parameter β > 0.

The BS distribution is a popular model, commonly used in different areas
of sciences and engineering; for example, Desmond (1985) considered the BS
distribution as a model in biology, Leiva et al. (2007), Barros et al. (2008)
presented some applications in the medical field, and Podlaski (2008), Leiva
et al. (2010) and Vilca et al. (2010) used it to model data related to the
forestry and environmental sciences.

Recently researchers have suggested replacing the standard normal vari-
able Z in (1) by other random variables. For instance, Dı́az-Garćıa and
Leiva-Sánchez (2005) introduced the generalized Birnbaum-Saunders (GBS)
distribution which replaces the normal distribution by the elliptical family
of distributions. The main motivation for the use of the GBS distribution
is to make it more flexible. Sanhueza et al. (2008) have presented a detailed
review of the results of the GBS distribution and Gómez et al. (2009) have
proposed an extension using the slash-elliptical distribution. Other exten-
sions include the β-Birnbaum-Saunders distribution in Cordeiro and Lemonte
(2011), the Marshall-Olkin extended BS distribution in Lemonte (2013) and
the non-central version of the BS distribution in Guiraud et al. (2009).

Recently, skewed distributions have received a great deal of attention in
the literature and include the family of skew-normal distributions discussed
formally and popularized by Azzalini (1985, 1986), as a special case. Let
Φ(·) denote the standard normal (N (0, 1)) cumulative distribution function
(cdf). Then, a random variable Z is said to follow a standard skew-normal
(SN) distribution with shape parameter λ ∈ R (Z ∼ SN (λ)) , if its pdf is
given by

fSN (z;λ) = 2ϕ (z)Φ (λz) , z ∈ R. (2)
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Vilca and Leiva (2006) replaced the r.v. Z in (1) by a SN variable
having pdf (2) and obtained the skew-normal Birnbaum-Saunders (SN−BS)
distribution with the pdf

φ(t;α, β, λ) = 2ϕ(a(t;α, β))Φ(λa(t;α, β))A(t;α, β), t, α, β > 0, λ ∈ R.
(3)

Vilca et al. (2011) showed that the SN − BS distribution model is able to
predict extreme percentiles. Furthermore, these authors used an EM-type
algorithm to obtain the maximum likelihood (ML) estimation of the SN-BS
distribution parameters.

Various extensions of the SN distribution, which provide greater flexi-
bility have been suggested in the literature. For example, Nadarajah and
Kotz (2003) proposed the skew-normal-t (SNT ) distribution . In this pa-
per, replacing the variable Z in (1) by a SNT variable, we introduce a
new extension of the BS distribution based on the SNT , which we call the
skew-normal-t Birnbaum-Saunders (SNT − BS) distribution. We then use
a stochastic representation for SNT variable to obtain the ML estimation of
the SNT −BS distribution parameters using an EM-type algorithm.

The rest of this paper is organised as follows. In Section 2, a new family
of distributions is defined and its properties are studied in details. Section
3 discusses an EM-type algorithm to obtain the parameter estimates of the
SNT −BS model. A method to evaluate the standard errors from the EM-
type algorithm is also presented. In Section 4, a real data set is used an
illustrate an application of the SNT −BS model. In Section 5, a simulation
study is conducted to compare the BS, SN−BS and SNT−BS models, and
Monte Carlo simulations are used to evaluate the finite-sample performance
of the ML estimates of the SNT −BS distribution parameters.

2 The Birnbaum-Saunders Distribution Based on
Skew-Normal-t Distribution

We begin this section by defining the SNT distribution and give a stochastic
representation of the BS distribution based on a SNT variable. We then
derive some properties of the latter distribution as well as its hierarchical
formulation.

The random variable Z follows a skew-normal-t distribution with skew-
ness parameter λ ∈ R and degrees of freedom parameter ν ∈ R+ (SNT (λ, ν)),
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if its pdf is given by (Nadarajah and Kotz, 2003)

fSNT (z;λ, ν) = 2ϕ(z)T (λz; ν), z ∈ R, (4)

where T (·; ν) is the cdf of the Student’s t distribution with degrees of freedom
ν. Density (4) includes the normal distribution (λ = 0), and the half normal
distribution (λ → ∞) as special cases. In addition, as ν → ∞, (4) becomes
the Azzalini’s skew normal density.

The following result, due to Azzalini and Capitanio (2003), is useful for
evaluating underlying integrals in the rest of the paper:

Propoition 1. If τ follows gamma distribution with shape parameter ω1 > 0
and scale parameter ω2 > 0 (Γ(ω1, ω2)), then for all a ∈ R,

E
(
Φ(a

√
τ)
)
= T

(
a

√
ω1

ω2
; 2ω1

)
. (5)

In the following proposition we present a stochastic representation for
the random variable Z with pdf (4).

Proposition 2. We have

Z
d
=

1√
1 + λ2τ

Y1 + λ

√
τ

1 + λ2τ
|Y0| ∼ SNT (λ, ν), (6)

where Y0 and Y1 are two independent N(0, 1) random variables and τ ∼
Γ(ν/2, ν/2) is independent of Y0 and Y1.

Proof. See Appendix A.

Definition 1. If Z ∼ SNT (λ, ν) in (1), we say that the r.v. T follows the
SNT −BS distribution. In this case, the pdf of T is

fT (t;α, β, λ, ν) = 2ϕ(a(t;α, β))T (λa(t;α, β); ν)

×A(t;α, β), t, α, β, ν > 0, λ ∈ R. (7)

Figure 1 displays the graphs of BS, SN − BS and SNT − BS densi-
ties, for selected values of parameters. Note that the figure shows better fit
of lower percentiles for the SNT − BS distribution related to the BS and
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Figure 1. Plots of the BS, SN −BS and SNT −BS densities for selected values of parameters.

SN −BS distributions.

Some properties of the SNT −BS(α, β, λ, ν) distribution are as follows:

(i) For λ = 0, the SNT − BS distribution coincides with the BS(α, β)
distribution.

(ii) When ν → ∞, the pdf (7) approaches the pdf in equation (3).

(iii) The pdf (7) tends to 2g(t;α, β), as λ→ ∞.

(iv) If T ∼ SNT −BS(α, β, λ, ν) then T−1 ∼ SNT −BS(α, β−1, λ, ν).
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The moments of the SNT − BS distribution depend on the moments
of the SNT distribution, but they can also be expressed in terms of the
moments of the BS distribution. In the following proposition, we present
a relationship between the means, variances, coefficients of variation (CV ),
skewness (CS) and kurtosis (CK) of the SNT −BS and BS distributions.

Proposition 3. Let TSNT ∼ SNT − BS(α, β, λ, ν) and TN ∼ BS(α, β).
Then the mean, variance, CV(γ[T ]), CS(α3[T ]), and CK(α4[T ]) of these two
random variables satisfy the following:

(i) E[TSNT ] = E(TN ) +
αβ

2
ω1,

(ii) V ar[TSNT ] = V ar(TN ) +

[
αβ

2

]
αω,

(iii) γ[TSNT ] = γ[TN ]

√
1 + [αβ]2αω/V ar[2TN ]

1 + αβω1/E[2TN ]
,

(iv) α3[TSNT ] = α3[TN ]

[
4 + 5α2

4 + 5α2 + αω

] 3
2

+
2[a0 + a1α+ a2α

2]

[4 + 5α2 + αω]
3
2

,

(v) α4[TSNT ] =

[
α4[TN ] +

b0 + b1α+ b2α
2 + b3α

3

[4 + 5α2]2

]
[4 + 5α2]2

[4 + 5α2 + αω]2
,

where

αω = 2α[ω3 − ω1]− ω2
1,

a0 = 2ω3 − 6ω1 + ω3
1,

a1 = 3ω2
1 − 3ω1ω3,

a2 = 2ω5 − 6ω1 − 3ω3,

b0 = 24ω2
1 − 3ω4

1 − 16ω1ω3,

b1 = 16ω5 + 12ω2
1ω3 − 96ω1 − 12ω3

1 − 16ω3,

b2 = 18ω5
1 + 24ω1ω3 − 16ω1ω5,

b3 = 8ω7 − 168ω1 − 16ω5,

and ωk = E[Zk
√
α2Z2 + 4], Z ∼ SNT (λ, ν) and k = 1, 3, 5, 7. In order to

calculate values for ωk, the integrals involved must be solved using numerical
methods.
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From (1) and (6), we readily obtain the stochastic representation

T
d
=
β

4

[
α

{
Y1√

1 + λ2τ
+ λ

√
τ

1 + λ2τ
|Y0|
}

+

√{
α

(
Y1√

1 + λ2τ
+ λ

√
τ

1 + λ2τ
|Y0|
)}2

+ 4

]2
, (8)

where now T ∼ SNT −BS(α, β, λ, ν). Thus,

Z2 =
1

α2

[
T

β
+
β

T
− 2

]
∼ χ2(1). (9)

and hence

Z
d
=

1

α

[√
T

β
−
√
β

T

]
∼ SNT (λ, ν) . (10)

Putting γ =
√

1+λ2τ
τ |Y0|, a further hierarchical representation of the SNT −

BS distribution can be written as

T |γ, τ ∼ EBS

(
α√

1 + λ2τ
, β, 2,− λγτ√

1 + λ2τ

)
,

γ|τ ∼ TN

(
0,

1 + λ2τ

τ
; (0,∞)

)
,

τ ∼ Γ(ν/2, ν/2), (11)

where EBS(α, β, σ, λ) denotes the extended BS distribution introducted by
Leiva et al. (2010) and TN(µ, σ2; (a, b)) denotes the truncated normal dis-
tribution for N(µ, σ2) lying within the interval (a, b).

From (11), the joint pdf of T , γ and τ is given by

f(t, γ, τ) =
1

π
·
(
ν
2

) ν
2

Γ
(
ν
2

)τ ν+1
2−1 exp

{
−ντ

2

}
I(γ > 0)

× exp

{
−1

2
a2(t;α, β)− 1

2
τ (γ − λa(t;α, β))2

}
A(t;α, β). (12)
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Integrating out γ in (12), we get

f(t, τ) =

√
2

π

(ν2 )
ν
2

Γ(ν2 )
τ

ν
2
−1 exp

{
−a

2(t;α, β) + ντ

2

}
× Φ

(
λ
√
τa(t;α, β)

)
A(t;α, β). (13)

Dividing (12) by (13) gives

f(γ|τ, t) = 1

Φ (λ
√
τa(t;α, β))

√
τ

2π
× exp

{
−1

2
τ (γ − λa(t;α, β))

}
. (14)

It follows from (14) that the conditional distribution of γ given τ and T is

γ|τ, t ∼ TN
(
λa(t;α, β), τ−1; (0,∞)

)
. (15)

Moreover, dividing (13) by (7) yields

f(τ |t) =
(
ν
2

) ν
2

Γ
(
ν
2

)τ ν
2−1 exp

{
−ντ

2

} Φ(λ
√
τa(t;α, β))

T (λa(t;α, β); ν)
. (16)

It follows from (16) that the conditional distribution of τ given T = t is
gamma-weighted.

Proposition 4. Given the hierarchical representation (11), the following
hold:

(a) The conditional expectation of τ given T = t is

E(τ |T = t) =
T
(
λa(t;α, β)

√
2
ν + 1; ν + 2

)
T (λa(t;α, β); ν)

.

(b) The conditional expectation of ϕ(
√
τλa(t;α,β))

Φ(
√
τλa(t;α,β))

√
τ given T = t is

E

(
ϕ (

√
τλa(t;α, β))

Φ (
√
τλa(t;α, β))

√
τ |T = t

)
=

Γ(ν+1
2 )(ν2 )

ν
2

√
2πΓ(ν2 )T (λa(t;α, β); ν)

(
ν+λ2a2(t;α,β)

2

) ν+1
2

.
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(c) The conditional expectation of γτ given T = t is

E(γτ |T = t) = λa(t;α, β)E(τ |T = t)

+ E

(
ϕ (

√
τλa(t;α, β))

Φ (
√
τλa(t;α, β))

√
τ |T = t

)
.

(d) The conditional expectation of γ2τ given T = t is

E(γ2τ |T = t) = λ2a2(t;α, β)E(τ |T = t) + 1

+ λa(t;α, β)E

(
ϕ (

√
τλa(t;α, β))

Φ (
√
τλa(t;α, β))

√
τ |T = t

)
.

(e) The conditional expectation of log(τ) given T = t is

E(log(τ)|T = t) = DG

(
ν + 1

2

)
− log

ν

2
− 1 + E(τ |T = t)− 1

ν

+
1

T (λa(t;α, β); ν)

∫ λa(t;α,β)

−∞
gν(x)t(x; ν)dx,

where

gν(x) =
(ν + 1)x2

ν(1 + x2)
− log

(
1 +

ν

2

)
,

t(.; ν) the pdf of Student’s t distribution and DG(x) = Γ′(x)
Γ(x) is the

digamma function.

Proof. See Appendix B.

3 Maximum Likelihood Estimation
The EM algorithm is a widely applicable approach for iterative computation
of the ML estimates, and is useful in a variety of incomplete data problems.
Each iteration of the EM-algorithm, consists of two steps: the Expectation
step or the E-step and the Maximization step or the M-step. In this section,
we discuss the ML estimation of the SNT − BS using the ECM algorithm,
which is a modification of the usual EM algorithm. For more details about
the EM and ECM algorithms, we refer to Dempster et al. (1977) and Meng
and Rubin (1993), respectively.
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3.1 Estimation Via the ECM Algorithm
From the representation (11), n independent observations, each following
SNT −BS(α, β, λ, ν), can be expressed as

Ti|γi, τi
ind∼ EBS

(
α√

1 + λ2τi
, β, 2,− λγiτi√

1 + λ2τi

)
,

γi|τi
ind∼ TN

(
0,

1 + λ2τi
τi

; (0,∞)

)
,

τi
ind∼ Γ

(ν
2
,
ν

2

)
, i = 1, ..., n.

Letting t = (t1, ..., tn), γ = (γ1, ..., γn) and τ = (τ1, ..., τn), the complete
data log-likelihood function of θ = (α, β, λ, ν) given v = (t,γ, τ ), aside from
additive constants, is

ℓc(θ; v) =
nν

2
log
(ν
2

)
− n log Γ

(ν
2

)
− n logα+

ν − 1

2

n∑
i=1

log τi −
1

2

n∑
i=1

τiγ
2
i

+
n∑
i=1

log

(
ti + β√

β

)
− ν

2

n∑
i=1

τi −
1

2α2

n∑
i=1

[1 + λ2τi]ξ
2(ti;β)

+
λ

α

n∑
i=1

τiγiξ(ti;β),

where ξ(ti;β) =
√

ti
β −

√
β
ti

.

Suppose θ̂
(k)

= (α̂(k), β̂(k), λ̂(k), ν̂(k)) is the current estimate (in the kth
iteration) of θ. Based on the EM algorithm principle, in the E-step, we need
to calculate the conditional expectation Q(θ|θ̂(k)

) = E
(
ℓc(θ; v)

∣∣t). After
some algebra we obtain

Q(θ|θ̂(k)
) =

nν

2
log
(ν
2

)
− n log Γ

(ν
2

)
− n logα+

ν − 1

2

n∑
i=1

ŝ
(k)
4i − 1

2

n∑
i=1

ŝ
(k)
3i

+

n∑
i=1

log

(
ti + β√

β

)
− ν

2

n∑
i=1

ŝ
(k)
1i − 1

2α2

n∑
i=1

[1 + λ2ŝ
(k)
1i ]ξ

2(ti;β)

+
λ

α

n∑
i=1

ŝ
(k)
2i ξ(ti;β),
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where

ŝ
(k)
1i = E(τi|ti, θ̂

(k)
) =

T
(
λ̂(k)a(ti; α̂

(k), β̂(k))
√

2
ν̂(k)

+ 1; ν̂(k) + 2
)

T
(
λ̂(k)a(ti; α̂(k), β̂(k)); ν̂(k)

) , (17)

ŝ
(k)
2i = E(τiγi|ti, θ̂

(k)
) = λ̂(k)a(ti; α̂

(k), β̂(k))ŝ
(k)
1i + ŝ

(k)
5i , (18)

ŝ
(k)
3i = E(τiγ

2
i |ti, θ̂

(k)
) = λ̂2

(k)
a2(ti; α̂

(k), β̂(k))ŝ
(k)
1i + 1

+ λ̂(k)a(ti; α̂
(k), β̂(k))ŝ

(k)
5i , (19)

and

ŝ
(k)
4i = E(log τi|ti, θ̂

(k)
)

= DG

(
ν̂(k) + 1

2

)
− log

ν̂(k)

2
− 1 + ŝ

(k)
1i − 1

ν̂(k)

+
1

T
(
λ̂(k)a(ti; α̂(k), β̂(k)); ν̂(k)

) ∫ λ̂(k)a(ti;α̂
(k),β̂(k))

−∞
gν̂(k)(x)t(x; ν̂

(k))dx,

(20)

with

ŝ
(k)
5i = E

(
ϕ
(√
τiλa(ti;α, β)

)
Φ
(√
τiλa(ti;α, β)

)√τi|ti, θ̂(k)

)

=
Γ( ν̂

(k)+1
2 )( ν̂

(k)

2 )
ν̂(k)

2

√
2πΓ( ν̂

(k)

2 )T
(
λ̂(k)a(t; α̂(k), β̂(k)); ν̂(k)

)(
ν̂(k)+λ̂2

(k)
a2(t;α̂(k),β̂(k))
2

) ν̂(k)+1
2

.

(21)

We then have the following ECM algorithm:
E-step: Given θ = θ̂

(k), compute ŝ(k)1i , ŝ
(k)
2i , ŝ

(k)
3i , ŝ

(k)
4i and ŝ(k)5i from Equations

(17)-(21) for j = 1, ..., n.
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CM-step 1: Update α̂2(k) by maximizing (17) over α2 which leads to

α̂2(k+1)
=

1

n

n∑
i=1

ξ2(ti; β̂
(k)).

CM-step 2: Fix α = α̂(k+1), update λ̂(k) by maximizing (17) over λ, which
gives

λ̂(k+1) = α̂(k+1)

∑n
i=1 ŝ

(k)
2i ξ(ti; β̂

(k))∑n
i=1 ŝ

(k)
1i ξ

2(ti; β̂(k))
.

CM-step 3: Fix α = α̂(k+1), λ = λ̂(k+1) obtain ν̂(k+1) as the solution of

n

2

(
log
(ν
2

)
+ 1
)
− n

2
DG

(ν
2

)
− 1

2

n∑
i=1

ŝ
(k)
1i +

1

2

n∑
i=1

ŝ
(k)
4i = 0.

CM-step 4: Fix α = α̂(k+1), λ = λ̂(k+1) and ν = ν̂(k+1), obtain β̂(k+1) using

β̂(k+1) = argmax
β

Q
(
α̂(k+1), β, λ̂(k+1), ν̂(k+1)|θ̂(k+1)

)
.

Note that the CM-Steps 3 and 4 respectively require an one-dimensional
search for the root of ν and optimization with respect to β, and can be easily
carried out using the uniroot and optimize function built in the statistical
software R.

Remark 1.

(i) The ECM algorithm has several appealing features, such as stability of
monotone convergence with each iteration and increase in the likelihood
at each iteration. It is also not sensitivity to initial values. However, the
convergence rate may be too slow for practical use. To accelerate the
convergence, we combine the ECM and Newton-Raphson (Numerical)
methods using estimates obtained from the Newton-Raphson method
as the initial point of ECM method. The key feature of the hybrid
procedure is that it combines the stability of the ECM algorithm with
the rapid convergence of the Newton-Raphson method, yielding a sub-
stantial improvement in computational efficiency.
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(ii) Useful starting values for implementing the ECM algorithm can be eas-
ily obtained from an R package called bs, on CRAN.R-project.org; see
Leiva et al. (2006). This procedure is based on the modified moment
estimators given by α̂0 = (2(s/r)1/2 − 1)1/2 and β̂0 = (sr)1/2, where

s =
1

n

n∑
i=1

ti, and r =
1

1
n

∑n
i=1

1
ti

.

We now use (10) to obtain a sample of n observations from a SNT
distribution

zi =
1

α̂0

√ ti

β̂0
−

√
β̂0
ti

 , i = 1, . . . , n. (22)

The initial estimates λ̂0 and ν̂0 are obtained from moments using nu-
merical methods such as, the procedure DEoptim in the statistical soft-
ware R for maximizing the corresponding likelihood function.

(iii) To ensure that true ML estimates are obtained, we recommend run-
ning the ECM algorithm using a range of different starting values and
checking whether all of them result in the same estimates.

3.2 Evaluation of the Standard Errors from the EM-Algorithm

In this section, we use the results of Louis (1982) to obtain the standard errors
of estimators by the EM-algorithm. Let v = (t,γ, τ ), then the elements of
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the 4× 4 observed information matrix I (θ; v) = −
[
∂2ℓc(θ;v)
∂θ2

]
are given by

∂2ℓc(θ; v)
∂α2

= − 3

α4

n∑
i=1

ξ2(ti;β) +
2λ

α3

n∑
i=1

τiγiξ(ti;β)−
3λ2

α4

n∑
i=1

τiξ
2(ti;β) +

n

α2
,

∂2ℓc(θ; v)
∂α∂β

=
2

α3

n∑
i=1

ξ(ti;β)ξ
′(ti;β)−

λ

α2

n∑
i=1

τiγiξ
′(ti;β),

∂2ℓc(θ; v)
∂α∂λ

= − 1

α2

n∑
i=1

τiγiξ(ti;β) +
2λ

α3

n∑
i=1

τiξ
2(ti;β),

∂2ℓc(θ; v)
∂β2

=
1

α2

n∑
i=1

ξ′
2
(ti;β)−

1

α2

n∑
i=1

ξ′′(ti;β)ξ(ti;β) +
λ

α

n∑
i=1

τiγiξ
′′(ti;β)

− λ2

α2

n∑
i=1

τiξ
′2(ti;β)−

λ2

α2

n∑
i=1

τiξ
′′(ti;β)ξ(ti;β)

−
n∑
i=1

1

(ti + β)2
+

n

2β2
,

∂2ℓc(θ; v)
∂β∂λ

=
1

α

n∑
i=1

τiγiξ
′(ti;β)−

2λ

α2

n∑
i=1

τiξ(ti;β)ξ
′(ti;β),

∂2ℓc(θ; v)
∂λ2

=− 1

α2

n∑
i=1

τiξ
2(ti;β),

∂2ℓc(θ; v)
∂ν2

=
2

2ν
− n

2

∂DG
(
ν
2

)
∂ν

,

∂2ℓc(θ; v)
∂α∂ν

=
∂2ℓc(θ; v)
∂β∂ν

=
∂2ℓc(θ; v)
∂λ∂ν

= 0.

where ξ′(ti;β) = ∂ξ(ti;β)
∂β = − β+t

2
√
t
√
β3

and ξ′′(ti;β) =
∂2ξ(ti;β)
∂β2 = β+3t

4
√
t
√
β5

.

Taking the conditional expectation of I (θ;V) given t, we obtain the 4×4
matrix

ℓ∗c(θ; t) = E (I (θ;V) |t) = [cij ] , (23)
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where

c11 =− 3

α4

n∑
i=1

ξ2(ti;β) +
2λ

α3

n∑
i=1

s2iξ(ti;β)−
3λ2

α4

n∑
i=1

s1iξ
2(ti;β) +

n

α2
,

c12 =c21 =
2

α3

n∑
i=1

ξ(ti;β)ξ
′(ti;β)−

λ

α2

n∑
i=1

s2iξ
′(ti;β),

c13 =c31 = − 1

α2

n∑
i=1

s2iξ(ti;β) +
2λ

α3

n∑
i=1

s1iξ
2(ti;β),

c22 =
1

α2

n∑
i=1

ξ′
2
(ti;β)−

1

α2

n∑
i=1

ξ′′(ti;β)ξ(ti;β) +
λ

α

n∑
i=1

s2iξ
′′(ti;β)

− λ2

α2

n∑
i=1

s1iξ
′2(ti;β)−

λ2

α2

n∑
i=1

s1iξ
′′(ti;β)ξ(ti;β)

−
n∑
i=1

1

(ti + β)2
+

n

2β2
,

c23 =c32 =
1

α

n∑
i=1

s2iξ
′(ti;β)−

2λ

α2

n∑
i=1

s1iξ(ti;β)ξ
′(ti;β),

c33 =− 1

α2

n∑
i=1

s2iξ
2(ti;β),

c44 =
2

2ν
− n

2

∂DG
(
ν
2

)
∂ν

,

c14 =c41 = c24 = c42 = c34 = c43 = 0,

with

s1i =
T
(
λa(t;α, β)

√
2
ν + 1; ν + 2

)
T (λa(t;α, β); ν)

, s2i = λa(t;α, β)s1i + s5i,

and
s5i =

Γ(ν+1
2 )(ν2 )

ν
2

√
2πT (λa(t;α, β); ν)

(
ν+λ2a2(t;α,β)

2

) ν+1
2

.

Moving now to the computation of ℓ∗m(θ; t) we have

ℓ∗m(θ; t) = V ar

(
∂ℓc(θ;V)

∂θ
|t
)

= [vij ] , (24)
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where

v11 =

n∑
i=1

[
λ4

α6
ξ4(ti;β)C1i +

λ2

α4
ξ2(ti;β)C2i − 2

λ3

α5
ξ3(ti;β)C3i

]
,

v12 =v21 =
n∑
i=1

[
−λ

4

α5
ξ3(ti;β)ξ

′(ti;β)C1i −
λ2

α3
ξ(ti;β)ξ

′(ti;β)C2i

+ 2
λ3

α4
ξ2(ti;β)ξ

′(ti;β)C3i
]
,

v13 =v31 =

n∑
i=1

[
−λ

3

α5
ξ4(ti;β)C1i −

λ

α3
ξ2(ti;β)C2i +

λ2

α4
ξ3(ti;β)C3i

]
,

v14 =v41 =

n∑
i=1

[
λ

2α2
ξ2(ti;β)C4i +

λ2

2α3
ξ2(ti;β)C5i −

λ2

2α3
ξ2(ti;β)C1i

]
,

v22 =
n∑
i=1

[
λ4

α4
ξ2(ti;β)ξ

′2(ti;β)C1i −
λ2

α2
ξ′2(ti;β)C2i − 2

λ3

α3
ξ(ti;β)ξ

′2(ti;β)C3i
]
,

v23 =v32 =

n∑
i=1

[
λ3

α4
ξ3(ti;β)ξ

′(ti;β)C1i +
λ

α2
ξ(ti;β)ξ

′(ti;β)C2i

− 2
λ2

α3
ξ2(ti;β)ξ

′(ti;β)C3i
]
,

v24 =v42 =
n∑
i=1

[
λ2

2α2
ξ(ti;β)ξ

′(ti;β)C1i −
λ

2α
ξ′(ti;β)C3i

− λ2

2α2
ξ(ti;β)ξ

′(ti;β)C5i +
λ

2α
ξ′(ti;β)C6i

]
,

v33 =

n∑
i=1

[
λ2

α2
ξ4(ti;β)C1i +

λ

α2
ξ2(ti;β)C2i − 2

λ

α3
ξ3(ti;β)C3i

]
,

v34 =v43 =

n∑
i=1

[
λ

α2
ξ2(ti;β) {C1i − C2i}+

1

2α
ξ2(ti;β) {C6i − C3i}

]
,

v44 =
1

4

n∑
i=1

[C1i + C4i − 2C5i] ,

in which

C1i = V ar (τi|t) , C2i = V ar (τiγi|t) , C3i = Cov (τi, τiγi|t) ,
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C4i = V ar (log τi|t) , C5i = Cov (τi, log τi|t) , C6i = Cov (τiγi, log τi|t) ,

whose values are given in Appendix C.
Applying (23) and (24), we obtain the observed information as

I∗
(
θ̂; t
)
= ℓ∗c(θ̂; t)− ℓ∗m(θ̂; t).

The standard errors of the MLEs of the EM-algorithm are the square root
of the diagonal elements of the I∗−1

(
θ̂; t
)

.

4 An Illustrative Example
To illustrate the model proposed in this paper, we use the daily ozone con-
centrations data used by Vilca et al. (2011) (Nadarajah, 2008), provided by
the New York State Department of Conservation. We assume that the data
are uncorrelated and, therefore, a diurnal or cyclic trend analysis is not nec-
essary. This assumption has been supported by several authors for different
reasons, for example, environmental data are sometimes reported as aver-
ages and so there is no spatial-time dependence (Gokhale and Khare, 2007,
and Vilca et al., 2011). A descriptive summary of this data set including the
mean, median, standard deviation (SD), CV, CS and CK is given in Table
1.

Table 1. Descriptive statistics for the ozone data.

Median Mean SD CV CS CK Range Min. Max. n

31.50 42.13 32.99 78.30 1.21 3.11 167.00 1.00 168.00 116

An exploratory data analysis based on this table indicate a positively skewed
distribution with a kurtosis greater than three. Vilca et al. (2011) show that
the SN−BS distribution gives a better fit than the ordinary BS distribution.
We fit the SNT − BS distribution to this data set and obtain the ML esti-
mates (MLEs) of the parameters. To compare the fitted results, we compute
the maximized log-likelihood (ℓ̂), the Akaike information criterion (AIC) and
the Bayesian information criterion (BIC). Results along with standard errors
(SE) of the MLEs are displayed in Table 2.
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Figure 2. The pp-plot for the BS, SN −BS and SNT −BS models.

Table 2. Fitted various models on the ozone data set.

BS SN −BS SNT −BS

parameter MLE SE MLE SE MLE SE

α 0.98201 0.06447 1.27025 0.23613 1.52074 0.21616
β 28.0231 2.26357 14.8352 4.02982 11.3178 2.10716
λ - - 1.06675 0.53475 4.37207 2.78484
ν - - - - 1.54281 0.94345

ℓ(θ̂) -549.0971 -545.6057 -541.1762
AIC 1102.194 1097.211 1090.352
BIC 1107.701 1105.472 1101.367

According to the AIC and the BIC, we see that the SNT−BS distribution
is the best among the fitted models. The PP-plots are presented in Figure
2.

To study the validity of the three hypothetical models, we obtain the
Kolmogorov-Smirnov (K-S) goodness of fit test. The procedure for calcu-
lating the K-S test statistic Dn, which is defined as the maximum value
of the absolute difference between the empirical and estimated cumulative
distributions, and the corresponding p-values are described below:

Step 1: Order the n data values and called them t(1), t(2), ..., t(n).
Step 2: Compute the K-S test statistic

Dn = max
j=1,...,n

{
j

n
− F̂ (t(j)) , F̂ (t(j))−

j − 1

n

}
,

where F̂ (·) is the fitted cdf of a hypothetical distribution.
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Step 3: For i = 1, 2, ..., N , generate n random numbers from U(0, 1) and
order them to obtain u

(i)
(1) 6 u

(i)
(2) 6 ... 6 u

(i)
(n).

Step 4: Compute

d(i) = max
j=1,...,n

{
j

n
− u

(i)
(j) , u

(i)
(j) −

j − 1

n

}
.

Step 5: Let Ii = 1 if d(i) > Dn and 0 otherwise. The p-value is estimated
by 1

N

∑N
i=1 Ii.

Results are listed in Table 3.

Table 3. The K-S test results for the fitted models.

Model

BS SN −BS SNT −BS

Dn 0.398411 0.066425 0.063735
p-value 0.000001 0.650123 0.712314

The reported p-values can be used as a similarity assessment of the exper-
imental data against the fitted distribution. Of the three models, the best
fit is SNT −BS with a p-value of 0.712314. This strongly suggests that the
ozone data follow a SNT −BS distribution.

In Figure 3, we plot the profile log-likelihood of the degrees of freedom
ν for the SNT − BS model. It is obvious that the SN − BS model is not
suitable for this data set since the profile log-likelihood has a significant drop
at the peak value of ν = 1.54281.

5 Simulation Study
First, we conduct a simulation study to compare the fitting performance of
the existing ordinary BS and SN−BS models with the proposed SNT−BS
model. Vilca et al. (2011) have developed an efficient ECM algorithm for
the ML fitting of SN − BS distribution. They showed that, the SN − BS
distribution has a convenient hierarchical representation:

T |(H = h) ∼ EBS(αδ, β, σ = 2, λh), H∼TN (0, 1; (0,∞)) ,
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Figure 3. Plot of the profile log-likelihood for ν.

where αδ = α
√
1− δ2, λh = − δh√

1−δ2 and δ = λ√
1+λ2

. We note that if λ = 0,
then both SNT −BS and SN −BS models reduce to the BS model.
As in Ho et al. (2011), for n = 250, 500, 1000, 5000 we generated synthetic
data from the BS distribution, when the parameters were set to α = 1 and
β = 1 to produce highly skewed distributions.

Then, to create heavy tails, we increased the size of each sample by 2%
adding data generated by a uniform distribution over the interval [10, 20] to
each simulated data set. So the simulation sample sizes become 255, 510,
1020 and 5100. Simulations were run with a total of 500 replications for each
sample size.

The BS, SN−BS and SNT −BS distributions were fitted to each simu-
lated data set using the ECM algorithm. The initial values for the parameters
of the various models in each sample were obtained by the procedure DE-
optim in the statistical software R. In each trail, we recorded log-likelihoods
(ℓ(θ̂)), AIC and BIC values. All computations were carried out using the sta-
tistical software R version 3.0.2. Table 4 presents the average log-likelihood,
AIC and BIC values the amount of iterations for various sample sizes. We
see that the SNT −BS model has significantly better performance when the
sample size becomes large (n > 500).
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Table 4. Comparison of average log-likelihood, AIC and BIC for
BS, SN −BS and SNT −BS models under various sample sizes.

Model

n Criterion BS SN −BS SNT −BS

255 −ℓ(θ̂) 370.2174 366.5192 363.5563
AIC 744.4349 739.0385 735.1126
BIC 751.5174 749.6623 749.2777

510 −ℓ(θ̂) 745.5182 738.6540 733.8512
AIC 1495.036 1483.308 1475.702
BIC 1503.505 1496.011 1492.640

1020 −ℓ(θ̂) 1489.656 1476.135 1468.165
AIC 2983.312 2958.270 2944.331
BIC 2993.167 2973.053 2964.041

5100 −ℓ(θ̂) 7476.361 7407.631 7370.001
AIC 14956.72 14821.26 14748.01
BIC 14969.80 14840.87 14774.15

Next, we use Monte Carlo simulations to evaluate the finite-sample per-
formance of the ML estimates of the SNT − BS distribution parameters
determined from the ECM algorithm described in Section 3. The sample
sizes and true values of the parameters considered were n = 10, 20, 40, 60,
α = 0.25, 0.5, 0.75, 1.0, 1.25, λ = 0.2, 1, 1.5 and ν = 2, 3, while the scale
parameter was fixed without loss of generality at β = 1. The number of
Monte Carlo replications was taken once again as M = 3000. In order to
examine the performance of the ML estimates, we compute for each sample
size and for each estimate, denoted by θ̂j , the mean, denoted by E[θ̂j ], the
relative bias (RB) in absolute value, defined as RBj = |{E[θ̂j ]−θj}/θj |, and
the root mean square error (MSE), defined by MSEj = E[{θ̂j − θj}2], for
j = 1, 2, 3, 4 where θ1 = α, θ2 = β, θ3 = λ and θ4 = ν. Here the MSE is the
mean square error computed from the 3000 Monte Carlo replications. Tables
5−10 present the mean, RB and MSE of the ML estimates of the param-
eters α, β, λ and ν . It can be observed that the RB and MSE become
smaller as the sample size n increases, as one would expect.
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6 Concluding Remarks
We introduced an extension of the BS model based on the SNT distribution,
called the SNT − BS distribution and obtained several properties of this
distribution such as moments, maximum likelihood estimation procedure via
an EM-algorithm and a method to evaluate standard errors using the EM-
algorithm. A real data set was used to show flexibility of the proposed model.
Two simulation studies are used to illustrate the performance of the proposed
distribution.

Several extensions of the BS model can be considered, and we hope to
study these in the near future.
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Appendix A

To prove (6) we use the following stochastic representation for the SN model
(see for example Henze, 1986)

1√
1 + λ2

Y1 +
λ√

1 + λ2
|Y0| ∼ SN (λ) .

Using this representation, it is clear that Z |τ ∼ SN (λ
√
τ). By the law

of total probability and using Proposition 1, the pdf of the r.v. Z is readily
obtained as

fSNT (z;λ, ν) =

∫ ∞

0
2ϕ(z)Φ(λ

√
τz)γ

(
τ ;
ν

2
,
ν

2

)
dτ = 2ϕ(z)T (λz; ν),

where γ(·;α, β) is the pdf of the gamma distribution with shape parameter
α and scale parameter β.
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Appendix B

(a) Standard calculation yields

E(τ |T = t) =

∫ ∞

0
τf(τ |t)dτ

=

∫ ∞

0

(
ν
2

) ν
2

Γ
(
ν
2

)τ ν+2
2

−1 exp
{
−ντ

2

} Φ(λ
√
τa(t;α, β))

T (λa(t;α, β); ν)

=
Γ(ν+2

2 )
ν
2Γ(

ν
2 )T (λa(t;α, β); ν)

×
∫ ∞

0
γ

(
τ ;
ν + 2

2
,
ν

2

)
Φ
(
λ
√
τa(t;α, β)

)
dτ,

where γ(·;α, β) denotes the density of Γ(α, β). By Proposition 1, it
suffices to show that

E(τ |T = t) =
T
(
λa(t;α, β)

√
2
ν + 1; ν + 2

)
T (λa(t;α, β); ν)

.

(b) Similarly, standard calculation yields

E

(
ϕ (

√
τλa(t;α, β))

Φ (
√
τλa(t;α, β))

√
τ |t
)

=

∫ ∞

0

(
ν
2

) ν
2

Γ
(
ν
2

)τ ν+1
2

−1 exp
{
−ντ

2

} ϕ (λ√τa(t;α, β))
T (λa(t;α, β); ν)

dτ

=

(
ν
2

) ν
2 Γ(ν+1

2 )
√
2πΓ(ν2 )T (λa(t;α, β); ν)

×
∫ ∞

0

τ
ν+1
2

−1

Γ(ν+1
2 )

exp

{
−
(
λ2a2(t;α, β) + ν

)
2

τ

}
dτ

=

(
ν
2

) ν
2 Γ(ν+1

2 )

√
2πΓ(ν2 )T (λa(t;α, β); ν)

(
λ2a2(t;α,β)+ν

2

) ν+1
2

.

(c) From (14), the expectation of a truncated normal distribution is given
by

E(γ|τ, t) = λa(t;α, β) +
1√
τ

ϕ (
√
τλa(t;α, β))

Φ (
√
τλa(t;α, β))

. (25)
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Applying the law of iterated expectation and using Part (b) and (25),
we get

E(γτ |t) = E(τE(γ|τ, t)|t)

= λa(t;α, β)E(τ |t) + E

(
ϕ (

√
τλa(t;α, β))

Φ (
√
τλa(t;α, β))

√
τ |t
)
.

(d) Similarly, it is easy to verify that

E(γ2|τ, t) = λ2a2(t;α, β) +
1

τ
+
λa(t;α, β)√

τ
· ϕ (

√
τλa(t;α, β))

Φ (
√
τλa(t;α, β))

. (26)

Using Part (b) and (26), together with the law of iterated expectation
gives

E(γ2τ |t) =E(τE(γ2|τ, t)|t)
=λ2a2(t;α, β)E(τ |t) + 1

+ λa(t;α, β)E

(
ϕ (

√
τλa(t;α, β))

Φ (
√
τλa(t;α, β))

√
τ |t
)
.

(e) From (16), we have

d

dτ

∫ ∞

0
f(τ |t)dτ =

d

dτ

∫ ∞

0

(
ν
2

) ν
2

Γ
(
ν
2

)τν/2−1

× exp
{
−ντ

2

} Φ(λ
√
τa(t;α, β))

T (λa(t;α, β); ν)
= 0.

By Leibnitz’s rule, we get

log
(ν
2

)
+
ν + 1

ν
−DG

(
ν + 1

2

)
− 1

T (λa(t;α, β); ν)

×
∫ λa(t;α,β)

−∞
gν(x)t(x; ν)dx+ E(log τ |t)− E(τ |t) = 0.

Hence

E(log(τ)|T = t) =DG

(
ν + 1

2

)
− log

ν

2
− 1 + E(τ |T = t)− 1

ν

+
1

T (λa(t;α, β); ν)

∫ λa(t;α,β)

−∞
gν(x)t(x; ν)dx.
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Appendix C
All proofs of this Appendix are similar to those of Appendix B. We first show
the following:

E(τ2|t) =
∫ ∞

0
τ2f(τ |t)dτ

=

∫ ∞

0

(
ν
2

) ν
2

Γ
(
ν
2

)τ ν+4
2

−1 exp
{
−ντ

2

} Φ(λ
√
τa(t;α, β))

T (λa(t;α, β); ν)

=
Γ(ν+4

2 )

(ν2 )
2Γ(ν2 )T (λa(t;α, β); ν)

×
∫ ∞

0
γ

(
τ ;
ν + 4

2
,
ν

2

)
Φ
(
λ
√
τa(t;α, β)

)
dτ

=
Γ(ν+4

2 )T
(
λa(t;α, β)

√
4
ν + 1; ν + 4

)
(ν2 )

2Γ(ν2 )T (λa(t;α, β); ν)
,

where γ(·;α, β) denote the density of Γ(α, β). Therefore

V ar (τ |t) = E(τ2|t)− E2(τ |t).

By (26),

E(γ2τ2|t) =E(τ2E(γ2|τ, t)|t)
=λ2a2(t;α, β)E(τ2|t) + E(τ |t)

+ λa(t;α, β)E

(
ϕ (

√
τλa(t;α, β))

Φ (
√
τλa(t;α, β))

√
τ3|t

)
,

where

E

(
ϕ (

√
τλa(t;α, β))

Φ (
√
τλa(t;α, β))

√
τ3|t

)
=

∫ ∞

0

(
ν
2

) ν
2

Γ
(
ν
2

)τ ν+3
2

−1 exp
{
−ντ

2

} ϕ (λ√τa(t;α, β))
T (λa(t;α, β); ν)

dτ

=

(
ν
2

) ν
2 Γ(ν+3

2 )
√
2πΓ(ν2 )T (λa(t;α, β); ν)

∫ ∞

0

τ
ν+3
2

−1

Γ(ν+3
2 )

exp

{
−
(
λ2a2(t;α, β) + ν

)
2

τ

}
dτ

=

(
ν
2

) ν
2 Γ(ν+3

2 )

√
2πΓ(ν2 )T (λa(t;α, β); ν)

(
λ2a2(t;α,β)+ν

2

) ν+3
2

.
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So

V ar (τγ|t) = E(τ2γ2|t)− E2(τγ|t).

Also, we have

Cov (τ, τγ|t) = E(τ2γ|t)− E(τ |t)E(τγ|t)
= E(τ2E(γ|τ, t)|t)− E(τ |t)E(τγ|t)

= λa(t;α, β)E(τ2|t) + E

(
ϕ (

√
τλa(t;α, β))

Φ (
√
τλa(t;α, β))

√
τ3|t

)
− E(τ |t)E(τγ|t),

where all conditional expectations have been obtained earlier.
To compute Cov (τ, log τ |t) and Cov (τγ, log τ |t), we first note that,

E(τ log τ |t) =
∫ ∞

0
τ log τf(τ |t)dτ

=

∫ ∞

0
log τ

(
ν
2

) ν
2

Γ
(
ν
2

)τ ν+2
2

−1 exp
{
−ντ

2

} Φ (λ
√
τa(t;α, β))

T (λa(t;α, β); ν)
dτ

=
Γ(ν+2

2 )T
(
λa(t;α, β)

√
2
ν + 1; ν + 2

)
ν
2Γ(

ν
2 )T (λa(t;α, β); ν)

×
∫ ∞

0
log τ

(
ν
2

) ν+2
2

Γ(ν+2
2 )

τ
ν+2
2

−1

× exp
{
−ντ

2

} Φ(λ
√
τa(t;α, β))

T
(
λa(t;α, β)

√
2
ν + 1; ν + 2

)dτ.

As in Appendix B item (e), it is easy to verify that

c⃝ 2015, SRTC Iran



F. Hashemi, V. Amirzadeh and A. Jamalizadeh 35

E(τ log τ |t) =
Γ(ν+2

2 )T
(
λa(t;α, β)

√
2
ν + 1; ν + 2

)
ν
2Γ(

ν
2 )T (λa(t;α, β); ν)

×
[
DG

(
ν + 2

2

)
− log

ν

2
− ν + 2

ν

+
Γ(ν+4

2 )T
(
λa(t;α, β)

√
4
ν + 1; ν + 4

)
ν
2Γ(

ν+2
2 )T

(
λa(t;α, β)

√
2
ν + 1; ν + 2

)
− M

ν2 + 2ν

t(M ; ν + 2)

T (M ; ν + 2)

+
1

T (M ; ν + 2)

∫ M

−∞
gν(x)t(x; ν + 2)dx

]
,

where

gν(x) = DG

(
ν + 3

2

)
−DG

(
ν + 2

2

)
− 1− log

(
1 +

x2

ν + 2

)
+

(ν + 3)x2

(ν + 2)(ν + 2 + x2)
,

and M =
√

2
ν + 1λa(t;α, β).

Also, by using the conditional expectation rule we have

E(γτ log τ |t) =E(τ log τE(γ|τ, t)|t)
=λa(t;α, β)E(τ log τ |t)

+ λa(t;α, β)E

(
ϕ (

√
τλa(t;α, β))

Φ (
√
τλa(t;α, β))

√
τ log τ |t

)
.

The first conditional expectation has just been computed. The second con-
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ditional expectation is

E

(
ϕ (

√
τλa(t;α, β))

Φ (
√
τλa(t;α, β))

√
τ log τ |t

)
=

∫ ∞

0

(
ν
2

) ν
2

Γ
(
ν
2

)τ ν+1
2

−1 exp
{
−ντ

2

} ϕ (λ√τa(t;α, β))
T (λa(t;α, β); ν)

log τdτ

=

(
ν
2

) ν
2 Γ(ν+1

2 )

√
2πΓ(ν2 )T (λa(t;α, β); ν)

(
λ2a2(t;α,β)+ν

2

) ν+1
2

×
∫ ∞

0
log τ

(
λ2a2(t;α,β)+ν

2

) ν+1
2
τ

ν+1
2

−1

Γ(ν+1
2 )

exp

{
−
(
λ2a2(t;α, β) + ν

)
2

τ

}

=

(
ν
2

) ν
2 Γ(ν+1

2 )

√
2πΓ(ν2 )T (λa(t;α, β); ν)

(
λ2a2(t;α,β)+ν

2

) ν+1
2

×
[
DG

(
ν + 1

2

)
− log

λ2a2(t;α, β) + ν

2
− ν + 1

λ2a2(t;α, β) + ν

+
Γ(ν+3

2 )

Γ(ν+1
2 )λ

2a2(t;α,β)+ν
2

]
.

Using Proposition 2, we get

Cov (τ, log τ |t) = E(τ log τ |t)− E(τ |t)E(log τ |t).

and

Cov (τγ, log τ |t) = E(τγ log τ |t)− E(τγ|t)E(log τ |t),

Also,

V ar (log τ |t) = E(log τ |t)2 − E2(log τ |t).

E(log τ |t)2 must be computed by the numerical methods.
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