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Abstract. This paper considers parameter estimations in Lomax distribu-
tion under progressive type-II censoring with random removals, assuming
that the number of units removed at each failure time has a binomial distri-
bution. The maximum likelihood estimators (MLEs) are derived using the
expectation-maximization (EM) algorithm. The Bayes estimates of the pa-
rameters are obtained using both the squared error and the asymmetric loss
functions based on the Lindley approximation. We compare the performance
of our procedures using a simulation study and real data.
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1 Introduction

Lomax distribution was first introduced in the literature of Lomax (1954)
for modeling of business failure data. It has also been applied in areas of
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114 Statistical Inference for the Lomax Distribution

statistical modeling such as economics and reliability theory. In the sta-
tistical literature, many works have been devoted to Lomax distribution.
Several authors have estimated the parameters of Lomax distribution using
both classical and Bayesian techniques. The scheme of progressive type-II
censored sampling is an important scheme in lifetime experiments that al-
lows the removal of surviving experimental units before the termination of
the test. For more information on the subject of progressively censoring, see
Balakrishnan (2000) and Balakrishnan (2007). Under these assumptions, n
units are placed on test at time zero, and m failures are going to be observed.
When the first failure is observed, r; surviving units is randomly selected and
removed from the experiment, and so on. Finally, this process stops at the
time of the mth failure and remaining r,,, = n—7r1 —1r9 — -+ —rp_1 — M
surviving units are all removed. Note that, in this scheme, 71,79, -+ , 7, are
all prefixed. However, in some practical situations, these numbers may be
random, see Yuen (1996). In some reliability experiments, an experimenter
may decide that it is inappropriate or too dangerous to carry on the test-
ing on some of the tested units even though these units have not failed. In
these cases, the removal pattern at each failure is random, and researchers
choose a distribution for removing the number of unfailed units independent
of the lifetime distribution. They discussed classical and Bayesian estimation
problems on different distributions. Statistical inference on the parameters of
some distributions under progressive type-II censoring with random removals
and with binomial removals has been investigated by several authors, see for
example Dey (2014), Tse et al.  (2000), Wu (2001), Wu et al. (2007),
and Mubarak (2011). Asgharzadeh (2011) derived estimation of the scale
parameter of the Lomax distribution under progressive censoring. Zaman
et al. (2020) considered a partially accelerated life test for the Lomax dis-
tribution under the progressive type-II censoring scheme and obtained the
MLE of the scale parameter. Helu et al. (2015) considered estimation of
the parameter of the Lomax distribution under progressive censoring using
the EM algorithm. In this paper, we consider progressively type-1I censored
data from the Lomax distribution with binomial removals. We assume that
any testing unit being dropped out from the life test is independent of the
others but with the same probability p. The MLEs for the parameters using
the EM are obtained and also using the sampling distribution of the MLEs,
the confidence intervals for the parameters are presented in Section 2. In
Section 3, Lindley’s approximation is used to obtain the Bayes estimates of
the parameters under the squared error, LINEX, and entropy loss functions.
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R. Zaman and P. Nasiri 115

Two-sided Bayes probability and credible intervals for the parameters are
also used discussed. To compare MLEs and Bayes estimators, Monte Carlo
simulations are conducted in Section 4, and finally, in Section 5 a real dataset
is analyzed for illustrative purposes.

2 Estimation of Parameters

Suppose that the random variable X has a Lomax distribution with shape
parameter « and scale parameter 5, with the probability density function
(pdf) and the cumulative distribution function (CDF) given by

fx(x) =ap(l+ Bx)_(o‘+1), x>0, a>0, >0,
Fx(x)=1— (14 Bz)", x>0. (1)

Let X = (X1.mms X2mmmn,y oy Xmemen ) be a progressively type-II right censored
sample from a life test of size m from a sample of size n, and (R, Ra, ..., Ry)
be the progressive censoring scheme where lifetimes have a Lomax distribu-
tion with pdf as given by (1). In this paper, the shape parameter is assumed
to be constant. Then, the likelihood function based on this progressively
type-II censored sample is

m

L(B) =k Hf(xi:m:nvm[l — F(@imm, B)]", (2)
i=1
where k =n(n—1—r1)(n—2—r1—7r3)---(n—m+1—r1—rog—- - —rp_1).

Substituting (1), in (2), for a progressive type-1I with predetermined number
of removals R = r, the conditional likelihood (L) and log-likelihood function
(1) are, respectively,

LB | R=r)=ka™g" [[(1 + pa;)~(CetDeth), (3)
=1

(B R=71)= logk—i—mloga—i—mlogﬂ—Z((ri—i—l)a—i— 1)log(1+ fz;). (4)
i=1

Suppose that an individual unit is removed from the life test. As we
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116 Statistical Inference for the Lomax Distribution

know that, it is independent of other units but with the same probability p.
Then, the number of units removed at each failure time follows a binomial
distribution such that

n—m r n—m-—r
P(R1=T1)2< 71 )pl(l—p) Lrr =0, ,n—m, (5)
and
P(Ri=ri| Ri-1 =mi—1,--- ,Ri=1m1) = (n_m TZk 1Tk>
xpl(1—p)" "Xk (6)
where r; =0,--- ,n —m — Zk 1Tk, =2,3,--- ,m—1.

Moreover, suppose that R; is independent of Xi. Then, the joint likelihood
function X = (X1, Xo, ..., X;) and R = (R1, Ra, ..., R;,) can be expressed as

L(B,p;x,r) = L(B,x | R=r)P(R=r), (7)
where
P(R=7r) = P(Rm1=7m1|Rno=rmo, - ,Ri =1
P(RQ =T ’ R = Tl)P(Rl = Tl)~ (8)

Substituting (5) and (6) in (8), we have

P(R=r) (n = m)t
a a H:n117°z(”—m Zz 1 n)
X pZi:llrz(l _p)(mfl)(n m) Z;n 11(m Z)T . (9)

Also, substituting (4) and (8) in (7), then the likelihood function can be
written

L(B, p;x,r) = AL1(B)L2(p), (10)

where
ka™(n —m)!

A= m—1
[ riltn —m — Z =1 T@)
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m

Li(B) = [ + Bay) =ttt (11)

i=1
Ly(p) = p=is 74 (1 — p) - Dinm) =T, (12)
In the following, the maximum likelihood estimation of the parameters 5 and

p are obtained based on progressively type-1I censored sample with binomial
removals.

Due to the L1 (/) does not depend on the parameter p, so the MLE of 3 can
be derived from (11) directly. The log-likelihood function L; is

hW(B) =0L(B| R=r)=mlogB—Y ((ri+ )a+1)log(l+ Bx;). (13)

i=1

In fact, the MLE of 8 can be obtained from the following equation

ol ( m ((ri+Da+1
i =3 - Z Jri (14)

3ﬂ — 1+ Bx;
The recent equation is nonlinear and does not have an explicit answer. Then,
equation (14) must be solved by numerical methods to obtain the MLE of §.

The EM algorithm was introduced by Dempster et al. (1977) to handle
any missing or incomplete data situation; readers are referred to a book
by Mclachlan (1997) for a detailed discussion on the EM algorithm and
its applications. Let X = (Xi.nm, X20mm, ** » Xmemn) be an incomplete
observed data and Z = (Z1, 22, -+, Zm) With z; = (251,252, -+ , ZjR, ), J =
1,---,m, be the censored data. We consider the censored data as missing
data. The combination of (X,Z) = Y forms the complete data set. Log-
likelihood function based on Y is

m m R
lo(Y; ) x nlog(aB) — (a+1) Z log(1+4 fz;) — (a+1) Z Z log(1+ 5zjk).
j=1 j=1k=1

(15)
Then, the MLE of § for complete sample of Y can be obtained from the
following equation

Olo(Y;B) _
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118 Statistical Inference for the Lomax Distribution

The EM algorithm has two steps. In the E-step (expectation step), the
expected value of the complete log-likelihood I(Y'; 3) has been calculated
with respect to the conditional distribution of Z given the observed data X
and the current estimate of the parameter 3*~1) at the (k — 1)th iteration.

n Ui oz—{—lxj_ Ui _
3 ;Hm] (a+1)3 > AB) =0, (17)

where

Zik
AB) = FE (W | Zjk > yj> :

0 Zik 1
= a(l + Bx; o‘/ IS J
( ) o; (L4 Bzk) 1+ Bk
_ afx;+ (14 Bz;)(1+ @) (18)
B+ a)(1 + Bz;)
In the M-step (maximization step), EM algorithm will maximize A(f) with

respect to 3 to give an update value 5%) until convergence with an acceptable
error.

)*Hldz;,

m

Olo(Y;B) _ at+ 1z )
98 301 Z;l+5k+1j ZRAﬁ 0, (19
]:
~ n
Bem = e (20)

ST T + X RIA(BY)

On the other hand, La(p) is only a function based on p, then from (12)
is used to obtain MLE of p. The log-likelihood function of Lo is

m—1 m—1
log Lo(p) = Z rilog p+ ((m —1)(n—m) — Z (m — z)n> log(1—p). (21)
i=1 =1

Thus, the MLE of p be found immediately

. S 99
P D m) - S m i .
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2.1 Approximate MLE for 3

Suppose that the random variable of X has Lomax distribution with parame-
ters o and B. It is easy to show that Y = 8X also has the Lomax distribution

with shape parameter o and scale parameter 1, (Y ~ Lomaxz(c,1)). Then
the pdf and the cdf of Y are

fr(y) =a+y)~ )y >,

and
Fy(y)=1-(1+y)" ", y >0,

respectively. Using the transformation x; = % and n = m+Y /", i, equation
in (14) may be rewritten as

A1 (B) . om m ((T'i—i-l)oz—i-l)%
B ﬂ_; Lty
_ 7;_;Z((nﬂ)aﬂ)(l—(1—F(yz-)))3,
=1
— =5 (e Dat )1 - P
=1
_— (23)

For estimation of 3, let us consider g(y;) = (1 — F(yz))é Then, for approxi-
mating the term ¢(y;) by expanding it in a Taylor series around E(Yjn.n) =

Vismm. Balakrishnan (2000) showed that if Uj.p,., be the ith progressively

type-1I censored order statistics from U (0, 1), then F(Y;.n.0) 4 U;.pn:n. There-

fore Yimm = dF_l(Ui:m:n) and Viimm = E(}/;mn) ~ F_l('r]i:m:n)a where
Nim:n = E(Uzmn)
Balakrishnan (2000) showed that

m .
Roiv1+ ..+ R
I1 I g1 ¥ F S i=1,...m.

o =1 — s
Mizm:n j+1+Rm—j+1+---+Rm

j=m—it+1
Moreover, for the Lomax(a, 1) distribution, we have

Flw)=(1-u)"a—L1.
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120 Statistical Inference for the Lomax Distribution

SO Vjum:m can be approximated with (1 — ni:m:n)_é —1.
We extended the function g(y;) around the point vj.,., and keep only the
first two terms,

g(yz) ~ g(Vi:m:n) + (yz - Vi:m:n)g/(yi:m:n)a

= %+ Yidi, (24)
where
1 + 21/': : .
Yi = g(Vi:m:n) - Vi:m:ng/(yi:m:n) = ﬁv t=1,...,m, (25)
and .
(Si = g/(Vi:m:n) = —m7 1= 1, ey M. (26)

Using the equation (25), the equation (23) can be rewritten as

ol(B)  —na 1 Ui ' ‘ oy
55 =5 3 ;((m +Da+ 1)+ vidi) = 0. (27)
Therefore
—na =Y ((ri+ Da+ 1)y =B 6((ri+ Da+1z;=0.  (28)
=1 i=1

And finally by solving the equation (28) for /3, we have an approximate of
MLE of 8 as follows

na+ >0 (i + Da+ 1)y

S 8i((ri + Da + 1) (29)

Bamr = —

2.2 Interval Estimation

In this subsection, we are going to derive the approximate confidence intervals
for the parameters £ = (3, p) based on the asymptotic distributions of the
MLE. It is known that the asymptotic distribution of the MLE ¢ is (€ —&) —
No(0,171(€)), where I71(€), the inverse of the observed information matrix

© 2020, SRTC Iran



R. Zaman and P. Nasiri 121

of the parameters £ = (3, p) may be written as (see Lawless (2011))

210 2 1o - 5 5 A
PV b o —al%$”] [ var(d) wﬂ@p1
= 210 210 = . B .
) 1agj;ogéﬁ,p) 0 lgpLQ(ﬁ,p) Gt cov(p, B)  Var(p)
where
0% log L(33,p) _o—m i ((ri + Do+ 1)a?
o T B & (U4pwm2
O?logL(B,p) _ —2i'ri (m—1)(n—m)— 37" (m— i)
op> B p? (1-p)? ’
0%log L(B,p) _ 9*logL(B,p) _
0B0p Opdp '

The approximate 100(1 — 7)% confidence intervals of the parameters § and
p are derived, respectively,

Bamr * zzy/ var(f),

ﬁAML + Zg \/var(ﬁ).

where zz is the upper Sth percentile of the standard normal distribution.

3 Bayes Estimation

In this section, we want to derive the point and interval estimates of the
parameters 8 and p based on progressively type-II censored data with bino-
mial removals. We have assumed square error loss (SEL) function, LINEX
(Linear-Exponential) loss function and entropy loss function.

Ly(d(6),d(9)) = (d(6) —d(6))?,
Li(d(9),d(9)) = IO~ o(d(9) — d(6)) ~1, ¢ #0,
d(0)

Lﬂﬂ@@wb==(aay—vbﬂ——d—L v #0,

where d(6) is the estimation of parameter of d(f).
It is known that the Bayes estimator of parameter under SEL is mean of

J. Statist. Res. Iran 17 (2020): 113-134



122 Statistical Inference for the Lomax Distribution

posterior distribution and it under LINEX and entropy loss functions is,
respectively, (see Zellner (1986))

Q(6) = —=in{E(e | 2},
dp(8) = {Ee(d™(9)]x)} .

The prior density of the parameters S and p are considered independent
priors as

7-[-1(/8) X /87,_16_757 /8’ r)W > 0’
m(p) o« p* f1-p)Pt, 0<p<1, ab>0. (30)

Then the join prior distribution for § and p is given by

m(8,p) o< B e PpaT (1 — p)PL. (31)

Using the likelihood function (10) and the join prior distribution (31), the
posterior density of £ = (5, p) is

ﬁm+r_le_75 H;il(l + 5xi)—(ri+1)a—1
Jo© BrAr=le B [T, (1 + Bay)~(rithe-143
moly— m—1)(n—m)—S""71 (m—i)r;
pa+2i:1 T 1(1_p)b+( 1)( )= (m—i)r; (32)
fol paJrE;’;*ll 7'1'71(1 _ p)bJF(m*l)(n*m)*Z;z;l(m*i)Tidp\

m(B,p | x,7)

Using the equation in (32), the marginal posterior pdfs of p and g are re-
spectively,

pa+zz';_ll Ti—l(l _ p)b—l—(m—l)(n—m)—zg_ll(m—i)ri

(a+ 3270 ri b4 (m = 1) (n —m) = 3275 (m — i) +1)°
(33)

(34)

mplz,r) =2

BT =lem BT (1 + Bay)
[T, oo (PR 2T + k() +k

where B is beta function and ¢ = (r; + 1)ae — 1.
The Bayes estimator of a function U = U(f) of the parameter #, under

m(f |z, 1) =
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squared error loss function is the posterior mean

Jur(8 | x)df

Ops = B(U | X) = /mw )i = LT

The Bayes estimator is the ratio of two integrals that cannot be obtained
in a closed-form. The various methods suggested to approximate the ratio
of integrals of the above form, in this paper, Lindley’s approximate method
is used (see Lindley (1980)). This method has been used by many authors
to obtain Bayes estimators of the parameters for some lifetime distributions,
see among others, Howlader (1980), Soliman (2001).

In a two-parameter case, 6 = (61, 62), based on Lindley’s approximation, the
approximate Bayes estimation of a function U(0) = U (6, 62), under the SEL
function, leads to

A 1
I(x) =E[U®) | X] = U(9)+§+01A12+P2A21+§[l3oBlz+121012+112C21+l03321],

(35)
can be evaluated as
A A A
I(LL‘) :U(91,92)+§+p1A12+..., (36)
where
6Lk+s
ks = T 0775 k,s=0,1,2,3k =3,
BT graey ° e
2 2
A = Y > Uysy, d=1,2
i=1 j=1
ap oUu 0*U
i =  aJp Ul = ap U’L = )
P 00; 20, = 96,00,
Aij = U;b; + Ujéji,
Bij = (Uidii + U;di;)di,
Cij = 3U26“5U + Uj(diidjj + 252-2]-),
where ¢;; is the (4, j)th element of the inverse of the matrix {—l;; = _% ,

all evaluated at the MLE of parameters.
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124 Statistical Inference for the Lomax Distribution

a) Bayes estimator of p under SEL function is

a+ Erln—l i
a—i—Z’ln_lri—i—b—i— (m—1)(n—m) — Z?;—ll(m—i)ri—i- 1
(37)
The posterior risk of the Bayes estimator and the maximum likelihood
estimator of p is obtained as follows

(a+ " ) a+ 0+ 1)C = (a4 X7 )02

PBS =

R(ﬁB) = CQ(C+ 1) )
(38)
m—1 a m—1 -
— ( 211_11 i )27 (39)

(m—1)(n—m) =" (m—i—1)r

where C =a+ X7 ri+ b+ (m—1)(n—m) — X7 (m — i) + 1.

b) Lindley approximation of Bayes estimator of 5 under SEL function
If U(A) = /5 then

ou 02U 02U
— _ :1 e g e e
Ui a8 . Un 8505 0, Ui 850y 0,
2 2
U, = @:0, o —aUZO:>A=0,

U= 560p =0 U2 T apap
Az = Ui + Uzdar = 011,

A1 = Uzba + Urd12 = d12,

By = (Uid11 + Uxb12)d11 = 0y,

By = (Uzd22 + U1d21)d22 = 021022,

Cra = 3U1611612 + Us(811092 + 26%5) = 3611610,
Co1 = 3U092012 + U1((522(511 + 2(5%1) = 011092 + 2551.

From equation (10) the log-Likelihood function can be obtained as
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(B,p| R=7)=log A+mlogB—> ((ri+ 1)a+1)log(1 + Bas)

i=1
m—1 m—1
—i—Zmlogp—&—(( Z m —i)r;) log(1 — p).
i=1 i=1

(40)

Then, we get

ool (i + Da+ 1Day B
2 = 0B0p? - op? ( Z =0,

o oL ol (2;1—17«1- ~((m =1 (n—m) =37 (m —i)r;)
T opop2 o p 1—p
Pl 2m = 2((ri + Do+ 1)
o = 525 = 35 — D Ea
op B — (14 Bz)
g L2 Yt 2((m—1)(n—m) = 3 (m — i)ry)
Pt PP (1-p)? ’
(l)_l—B%O b= ) Gy =0, b=
i 0 BLQ ) 11 B17 12 21 ’ 22 BQ7
where
_m (i 4+ D+ 1)a?
Bl — 62 ; (1 +BCC2)2 9
and

By =

Y, (n = D —m) = 0T (m = i)
_ )2 '

p? (1

Substituting all the above components in (35), the Bayes estimation of
B under the SEL function, becomes

Bps™ =B+ Ry, (41)
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126 Statistical Inference for the Lomax Distribution

where Ry = p1011 + %130(5%1 and p; = % — .
The posterior risk of the Bayes estimator and the maximum likelihood
estimator of 3 are obtained as follows

R(Bp) = [1+(2(r—1)—28p0n
+ (26;: . En;:((n F1a+ 1)(143235&)5%1, (42)
R(Bur) = [1+ Q20 —1)=28uon
+ (;;L — Bur zn;:((m 4 at 1)%)5?1(43)

¢) Lindley approximation of Bayes estimator of 5 under Linex loss func-
tion
If U(A) = e=% then
U, = —Ce_cﬁ, U = 626_6’37 Uy=Uy =U1a=Us =0= A= 626_6’3(511,
Ay = —ce 611, Ay =By =0, Bip=—ce 6}, Cip=—3ce oy,
Oy = —ce~P611600.

Substituting in (35),

. 1 1
éz[r/zdley _ /8 _ Clog{l + 502511 _ ch} . (44)

d) Lindley approximation of Bayes estimator of p under Linex loss func-
tion.
By substituting U(f) = e~ in (35), similar to before mentioned equa-
tions it can be obtained

, 1 1
phindley — 4, _ - log {1 + 562522 - CRQ} ; (45)

where Ro = p2das + %103552 and py = ale - 11)%'

D=

e) Lindley approximation of Bayes estimator of 5 under entropy loss func-
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R. Zaman and P. Nasiri 127

tion
If U(0) = 7" then

Uy = —vp Y Un=vv+1)B "2 Uy=Usy=Us=Un=0,
A = viv+ 1)5_”_2511,

Ay = —vB V611, As =By =Cia=0, Bpp=-vp"1,

Cor = —vB " 161160.

Substituting in (35),

ALindle 1 — — v
éEdly:ﬁ{l—l—QV(V—i-l),B 2(511—V,3 1R1} . (46)

f) Lindley approximation of Bayes estimator of p under entropy loss func-
tion

1

, 1 Y
ﬁézgdley =p {1 + iV(V + 1)])_2522 _ yp—lRQ} . (47)

Note that (41-47) are to be evaluated at MLE’s (3, ).

3.1 Two-sided Bayes Probability Interval

A symmetric 100(1 — 7)% two-sided Bayes probability interval (TBPI) of p
using the marginal posterior distributions of p and 3, are denoted by [pr, pu]
and [Ar,, Sy] which can be obtained by solving the following equations

PL T 1 T
[ mwlen = [ melan=3
0 by

AL S -
| meien = 5[ m@1en =] (48)

U

4 Simulation Study

In this section, we present a Monte Carlo simulation study to verify how our
methods work in practice. We have considered different sample sizes; n =
30, 40, 50, 100, and different effective sample sizes; m = 15, 20, 25, 35, 40, 65, 85

J. Statist. Res. Iran 17 (2020): 113-134



128 Statistical Inference for the Lomax Distribution

Table 1. Estimation of p, « = 0.5, 8 =0.1, p=04

n m MLE Lindley
P RMSE(p) cr Pps RMSE(pps) pPpr RMSE(Ppr) TBPI

30 15 0.4216 0.1066 (0.2027, 0.6405) 0.4304 0.0920 0.4257 0.0895 (0.3333,0.7171)
30 20 0.4159 0.0853 (0.2565,0.5753) 0.4234 0.0789 0.4201 0.0772 (0.2632, 0.5549)
40 25 0.4153 0.0856 (0.2476,0.5829) 0.4228 0.0791 0.4195 0.0775 (0.3131,0.6162)
50 25 0.4167 0.0862 (0.2451,0.5883) 0.4240 0.0796 0.4208 0.0779 (0.3242,0.6487)
50 35 0.4112 0.0647 (0.2808,0.5417) 0.4164 0.0623 0.4145 0.0615 (0.3530, 0.5959)
100 40 0.4175 0.0871 (0.2531, 0.5820) 0.4247 0.0805 0.4215 0.0788 (0.2862, 0.5917)
100 65 0.4075 0.0550 (0.3097, 0.5053) 0.4115 0.0537 0.4101 0.0531 (0.2590, 0.4380)
100 85 0.4045 0.0413 (0.3251,0.4839) 0.4069 0.0408 0.4061 0.0405 (0.3336,0.4898)

with a = b = v = 2,¢ = r = 1 using progressively type-II censoring un-
der binomial removal scheme. With no loss of generality, we set a = 0.5,
B = 0.1 and p = 0.4. Using binomial removal technique, for a given n and
m different samples were generated. The MLEs and Bayes estimates of the
unknown parameters were obtained by the methods proposed in sections 2
and 3. A comparison between the performance of estimates was done based
on the root mean square error (RMSE) of the estimates under 10000 replica-
tions. In addition, the 95% confidence intervals (CIs), and the 95% two-sided
Bayesian probability intervals (TBPIs) based on the same 10000 replications
were computed too. We have used R-software for simulation studies. Tables
1 - 2 show the summarized results of simulation study. From these Tables,
it is concluded that with increasing sample size, the RMSE decreases. The
results show the better performance of Bayes estimates as a comparison to
MLEs. Figure 1-a presents the results of RMSEs for parameter 5 for dif-
ferent sample sizes, and Figure 1-b shows the same results for various m at
n = 100. In general, the lengths of TBPI are shorter than the lengths of CI
(see Table 3). The posterior risk of the MLE and the Bayes estimates of
and p are computed and are reported in Table 4.

5 Analysis of Real Data

We apply the procedures developed in this paper to a real-life data set. We
present data analysis of the insulating fluid data presented by Nelson (1982).
The data represent the times (in minutes) to the breakdown of an insulating

© 2020, SRTC Iran



R. Zaman and P. Nasiri 129
Table 2. Estimation of 8, « = 0.5, 6 =0.1, p=10.4
n o m MLE Lindley
Bamr RMSE(Bami) Bem RMSE(Bpym) Bps RMSE(Bgs) Bpr  RMSE(Bpr) Bprp RMSE(Bpg)
30 15 0.0952 0.0575 0.0662 0.0524 0.0747 0.0515 0.0742 0.0511 0.0642 0.0437
30 20 0.0950 0.0499 0.0737 0.0464 0.0834 0.0424 0.0830 0.0461 0.0825 0.0457
40 25 0.0957 0.0438 0.0716 0.0430 0.0787 0.0414 0.0784 0.0412 0.0707 0.0319
50 25 0.0964 0.0433 0.0661 0.0401 0.0718 0.0332 0.0715 0.0328 0.0634 0.0292
50 35 0.0973 0.0432 0.0764 0.0377 0.0826 0.0324 0.0824 0.0321 0.0751 0.0288
100 40 0.0986 0.0358 0.0626 0.0314 0.0659 0.0228 0.0658 0.0227 0.0608 0.0211
100 65 0.0995 0.0282 0.0745 0.0232 0.0779 0.0223 0.0777 0.0222 0.0735 0.0209
100 85 0.0999 0.0248 0.0876 0.0217 0.0914 0.0214 0.0913 0.0212 0.0868 0.0201
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Figure 1. a) the RMSE of 5’ for different sample sizes

effective sample sizes m at n=100.

Table 3. Interval estimation of 8, « = 0.5, 5 =0.1, p =04

n, b) the RMSE of B for different

n.m CI TBPI

30 15 (0.0048,0.1427) (0.0523,0.1031)
30 20 (0.0142,0.1182) (0.0591,0.1011)
40 25 (0.0243,0.1188) (0.0964,0.2436)
50 25 (0.0286,0.1242) (0.0773,0.1257)
50 35 (0.0257,0.1063) (0.0759,0.1186)
100 40 (0.0257,0.1094) (0.0902,0.1435)
100 65 (0.0497,0.1254) (0.0811,0.1211)
100 85 (0.0401,0.1091) (0.0826,0.1164)
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Table 4. posterior risk of p and 8, « =0.5, 3 =0.1,p=0.4
n_m  R(pur) R(pss) R(Bur) R(Bss) R(Bsr)
20 15 0.0836 0.0476  0.00548  0.0054 0.0014
30 15 0.0436 0.0071 0.0049 0.0044 0.00098
30 20 0.0291 0.0089  0.0033 0.0030 0.00073
40 25 0.0286 0.0050  0.0024 0.0021 0.00063
50 25 0.0281 0.0024  0.0020 0.0018 0.0005
50 35 0.0172 0.0022  0.0019 0.0015 0.00011

Table 5. The goodness-of-fit test results for the insulating fluid data

P K Sstatistic p— Value
0.4 0.2308 0.8978

fluid between electrodes recorded at a Voltage of 34 kV. As indicated in Nel-
son (1982), the times to break down insulating fluid at these voltages are an
exponential distribution. Awwad et al. (2015) analyzed the data assuming
the Weibull distribution.

Here, we aim to discriminate among Lomax distribution and choose the best-
preferred model for fitting this data set. We are interested to analyze this
data set from the perspective of progressive type-II censoring using a bino-
mial removal scheme. Our analysis is performed on the data generated from
this data set with p = 0.4, m = 40. Figure 2 shows the plots of the QQ-plot,
histogram, and the empirical CDF for real data. Table 5 summarized the
goodness-of-fit test results from Kolmogorov-Smirnov (KS) test for the insu-
lating fluid data. The results indicate that the Lomax distribution provides
a quite reasonable fit for this censoring scheme.

The posterior risk of p and 8 and confidence intervals for m = 40 and m = 50
are presented in Table 6 and Table 7, respectively.

Table 6. Data analysis results of the insulating fluid data for m = 40

P R R(p) CIp R(pps) R(ppL) TBPI
p=0.4 R =c(8,6,4,1,0,1,0%3%) 0.0072 (0.2705, 0.5458) 0.0053 0.0029 (0.2266, 0.440)
R(B) Clg R(Bps) R(BpL) TBPI
0.01007 (0.1934, 0.6329) 0.0079 0.00009 (0.4919,0.6742)
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Table 7. Data analysis result of the insulating fluid data for m = 50
p R R(p) CIp R(pps) R(PBL) TBPI
p=04 R=c(2520,1,05) 00012 (0.2321,0.6373)  0.0019  0.00084  (0.2741,0.5683)

R(B) Clg R(Bps) R(BsL) TBPI
0.0054 (0.2832,0.6221) 0.0015 0.00001 (0.5534,0.7338)

(b) (©
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g 3 2 S
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« L v -
o o - g =
Frrrrri T T T T
01 2 3 4 0 4 8 12 0 4 8
Lomax theoretical Real data X

Figure 2. a) Q-Q plot, b) Histogram of real data, ¢) Empirical CDF
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6 Conclusions

In progressive type-II censoring, during the experiment with the occurrence
of each failure, numbers of test units are removed randomly until the number
of failures (m) is reached. In this article, ML and Bayes estimations of the
model parameters of the Lomax distribution were studied under progressive
type-II censored data with binomial removals. The EM algorithm was used
in estimating the scale parameter because the normal equations were non-
linear. In addition, the asymptotic confidence intervals of them are obtained.
The simulation results show that the RMSE of the EM method is less than
the RMSE of the AML for the § parameter. Moreover, between Bayesian
estimations, Bayes estimation with entropy loss function shows less RMSE.
Finally, the decrease of the RMSE and the length of confidence intervals with
the increase of n and 7% is confirmed.
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