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Abstract. In this paper, we derived recurrence relations for joint moment
generating functions of nonadjacent generalized order statistics (GOS) of
random samples drawn from doubly truncated class of continuous distribu-
tions. Recurrence relations for joint moments of nonadjacent GOS (ordi-
nary order statistics (OOS) and k-upper records (k-RVs) as special cases)
are obtained. Single and product moment generating functions (moments)
of nonadjacent GOS are derived. Doubly truncated new modified Weibull
(Weibull, Extreme-value, exponential and Rayleigh), three Burr type XII
(Lomax) and inverse Weibull distributions, among others, arise as special
cases of this doubly truncated class. Two applications are introduced, the
first is the characterizations for members of the class based on recurrence re-
lations for moments of GOS, OOS and k-RVs. As the second application we
found Tables of single and product moments of OOS from doubly truncated
Lomax distribution.
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1 Introduction

Udo Kamps (1995) has introduced GOS as random variables having cer-
tain joint density function, which includes as a special case the joint density
functions of many models of ordered random variables such as ordinary or-
der statistics (OOS) (David, 1981; and Arnold, Balakrishnan and Nagaraja,
1992), sequential order statistics (SOS) (Cramer and Kamps, 1996), record
values, k-record values (k-RVs), and Pfeifer’s records (Nevzorov, 1987; and
Ahsanullah, 1995), Progressive Type-II censoring order statistics (PCOS)
(Balakrishnan and Asgharzadeh, 2005; and Sarhan, Ammar and Abuam-
moh, 2008). The structural similarities of these models are based on the
similarity of their joint density function. Therefore, all of these models are
contained in the model of GOS.

Our aim In this paper is derive recurrence relations for joint moment
generating functions of nonadjacent GOS of random samples drawn from
doubly truncated class of continuous distributions. Recurrence relations for
joint moments of nonadjacent GOS (OOS and upper k-RVs as special cases)
are obtained. Single and product moment generating functions (moments)
of nonadjacent GOS are derived.

Recently, new and more general research based on generalized order
statistics have been made by several authors. Statistical inference and char-
acterizations based on properties generalized order statistics have been es-
tablished by several authors. Such authors are Keseling (1999), Cramer
and Kamps (2000), Ahsanullah (2000) Habibullah and Ahsanullah (2000),
Pawlas and Szynal (2001), Ahmad and fawzy (2003), Saran and Pandey
(2003), Athar and Islam (2004), AL-Hussaini et al. (2005), Ahmad (2006,
2008), Ahmad and Abu-Shal (2006), among others. A large number of pub-
lications are concerned with recurrence relations of moments of OOS and
RVs, details survey of the OOS are given in Balakrishnan, Malik and Ahmed
(1988), Balakrishnan and Sultan (1998), Balakrishnan Ahsanullah (1995),
Ahmad (2001) and AL-Hussaini et al (2004).

Our aim in this paper is to drive recurrence relations for joint moment
generating functions of nonadjacent generalized order statistics of random
samples drawn from doubly truncated class of continuous distributions. Joint
moments of nonadjacent GOS are obtained from these relations. Specializa-
tion to single, product moment generating functions and moments of non-
adjacent GOS, OOS and RVs are obtained. Single and product moment
generating functions and moments of nonadjacent GOS, OOS and RVs are
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derived as special cases of this class.

Let X be a random variable (rv) has a class with distribution functions
(df) which given by

F(z) =1- {ah(z) + b}°, a<x <, (1)
and the corresponding probability density function (pdf) is given by
f(z) = —ach'(z){ah(x) + b} 1, a<x<pB, (2)

where a,b, ¢ # 0 are constants such that F(a) =0, F(f) =1 and h(x) is a
monotonic differentiable arbitrary function of  in [« 8] such that f(z) is a

pdf .
The corresponding survival function (sf) is given by

F(z) =1— F(x) = {ah(z) + b}, a<z<p.
so, from (2), we can obtain

iy - 02 10

3)

The doubly truncated pdf fy(x), df Fy(x), and sf Fg(x), are given in general
forms, respectively, by

Ja(x) =Df(x),  P<z<Q

Fi(z) = DF(z) — Ps,

Fy(z) = Q2 + DF(x), (4)
where
D:QiP’ Q:F(Ql)’ P:F(Pl)a QQZD(Q_l), and PQZDP
Substituting (3) in (4), we obtain
T — {ah(z) + b} fa(z)
Fy(z) = Q2 — (@) (5)

J. Statist. Res. Iran 6 (2009): 209-230
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2 Recurrence Relation for Moment Generating
Functions of GOS from Doubly Truncated Dis-
tributions

Suppose that X,., m  is the rth GOS, so if X1 mk, Xommks - - - Xninmok
are n GOS from the df (5), where n > 1, m > —1, k > 1 are real numbers.
Then the joint doubly truncated pdf of X, ..mi,---s Xpymmk is given for

1<rm <~ <rg<n, 79 =0, 741 =n+1 (see, Ahmad and Abu-Shal,
2006), by

fT‘l,‘..,Tg (xla cee 7-:(}@) = C(& 7“5)

l
- %{F(x»}]ml’“] x {Hfm)} {Fa)y,

i=1
(6)
for F71(0+) <21 < --- < @, < F71(1), where
C s
Clbr) = —— b o =[] W = k=) (m+1), (7)
[I (rigs —ri = 1)! =0
=0
and for 0 <t <1 A
1—t)m
ho(t) =4 (m+D) m# —1
—In(1—t) m=-1.
The joint moment generating function of Xﬂin ko ,Xﬁl’_n s 10T 1,00y 1 2
1, is given by
. . e .
M) k(b t) = E {exp (ZtiXﬁz,n,m,k> }
=1
00 00 00 ¢ .
= / / / exp Ztle’
—00 J I Tp—1 i=1
X fh““’w(l’l,. ..,:L‘g)d$g.. .dl‘l, (8)

and the joint moments are given by
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4
NTll,---,Te{nymyk(tl’ T ’tg) =L (HXri,n,m,k>

1=

1
0o oo ~ £
_ Ji
= / / l_[:lcZ frowe (@1, ze)dxy .. day.
—o0 J 1

Te—1 =1

Now we can a recurrence relation for joint moment generating functions
of nonadjacent GOS for the class (5) by the following theorem.

Theorem 1. Let X, .nmpy---» Xrpmmk e n GOS formed from a random

sample of size n drawn form the df (5). Suppose for ji,...,je=>1,1 <1 <
<o+ < 1y < n, that the expectation

4
. N h(X k) +b
E{XITL exp (S X7 S, )
{ re,n,m,k ;z ri;nmk h/(Xre,n,m,k)

is finite, then forry_1 <r; <rg,m = —1, and k > 1 the following recurrence
relation

M(jl,...mj@) (tla . 7tf) _ M(jlv“'vje) (t17 L. 7t£) —

T1 ey 70,0, K LTI G R N
£Q Py Utde) (t te) — P Utede) (t t0)
2 r1yeren—1m k+m\t1s - ¢ T1,..,Tp ,n—1,m,k+m Lo b2

. /—1
Lege
- ; E {\Iljé (Xrg,n,m,ld tﬁ) exXp (Zthgl n.m k) } (9)
acryrl b K K

=1
where
jo—1 ] ah(@ry n.m k) + b
\I/je (xrg,n,m,k; tg) = xvjﬂi,n,m,k exXp <t€x%,n,m,k> ) h/(z. — ) (1 0)
re,n,m,k
re—1 )
§=E(re,n,m, k) = %, Vi =% —1=(k+m)+(n—-1-i)(m+1)
i=1 "t

and Yp+m=ry._1 — 1.
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Proof. By replacing f and F in (6) by f; and Fy respectively, we can write
(8) as

y » Q1 Q1 Q1 ¢ .
MU0 (4 t) = O ) / / - / exp | Dty
yeeeyl €51, TTY, Pl 1 Ty—1 =1

0 /—1
x {Hfdm)} AT i)y o Fatis)}
i=1 =0

— hp{ Fa(a)}] o7t

Q1 Q1 Q1 ¢ 4
=C(l ) / / e / exp thxfz
P Ja To—1 i=1

{Fd(l‘g)}%f_ldl'g coodr

/-1 —2

X {Hfd(mi)} N F ()Y ™ hnd Fa(isa)}
=1 =0

— hi{ Fg () Y7777 {F (o) }™

X I(.%'g_l)d.%’g_l ce dl‘l, (11)

where

I(we-1) = /Q1 exp (tzde) [ {Fa(0)} — h{ Fa(e_1)}me =171

-1

x {Fa(xe)} e~ falwe) bz

Ql .
= /;1; exp (tex%£> [hon{ Fa(20)} — hon{ Fy(zp_1)}]7e =171

£—1
Iy

d{—F4(ze)} e,

making use of integration by parts we can write I(z,—1) in the form

tsi Q1 ) o
I(xgq) = a(gg / fcﬂm exp <t43:{/~’> (R {Fa(20)} — han{Fg(xe_q)}) e 11
Te JTp—q

_ —rp =1 (@ .
< (Falon)y g+ TS [ exp (b ) (o Fate)

e 0—1

© 2009, SRTC Iran



A. H. Abd Ellah, Abd El-Baset A. Ahmad and M. A. Fawzy 215

— P { Fa(wo—) ] "2 Fy(ae) e~ falwe) b,

substituting I(z,—1) in (11), we obtain

; Q1 @ ¢
(1seenrj) ~ tejeC (L) 1
Mm,l...,wfn,m,k(tl’ e ,tg) = 7/%@ ]f exp thmf
i1

/—1
H{Fd(ﬁz)}m[hm{Fd(xH-l)} — hm{Fd(iEi)}]”"'li”fl
=0

/—1
>wmmmw{Hmm&m»mmﬁﬁ””ﬁj*m“m
i=1 Te
Q1 @1 Q1 ¢ ) ¢
e ex tx)’ f (xz)}
S L e (e {1
X {Fd xg }%f 1 H{Fd 5131 m{Fd($i+1)}
Tip1— rl—l
— hm{Fd((liz)}] dl‘z .. dl’l. (12)

from (7) we can show that

(re — e — DC(Lry) _ Cry1
o -2 ’
" [1(ri —rim1 — DIrg — 1oy — 1)
=1
where
Te
1:10%*
CH(lre) = = . A=m-l
II(rig1 —ri—1)!
=0

o (12) can be written as

tejeC (L, 0)
Yry

/ /Ql / J" ' exp (gmﬂ’) {j:l_[ifd(xi)} {Fd(w)}w

J. Statist. Res. Iran 6 (2009): 209-230
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/-1

[{F @)y hd Fa(zir)} - hm{Fd(wz‘)}]”“_”_ll dag...dry, (13)

1=0

Making use of (5) we can write (13) in the form

Growde) o) = M) (tl,...,tg):tweQQC(&W)

*
T1yeeesTp,0,mMLk T1yeesTp MMk Y
4

Q1 £ . -1
X / / / Je exp (thg}zl> {Hfd(mi)}
i=1 i=1
H{Fd(xl)} [ m{Fd(xiJrl)} — hm{Fd(_’,U,L')}]ri+1_ri_1]

1=0

_ b X

X {Fd(xf)}%eildxg ..o.dr] — M
aC/YTg

o o NS i) ah(e) +b

o L (Z) e

% {Hfd(l'i)} {Fa(ze)}re™
i=1

- hm{Fd(xi)}]”“_”_l] dy ... dz, (14)

H{Fd (@i) } " [ { Fa(@is1) }

from (8) in the last term we can write (14) in the form

MT1,1---7T47Zn7m7k(t1’ e ’tg) - Mrlvl---ﬂ’fl:nﬂm,k(tl’ T ’tf) o Vr
0
Q1 @1 Q1
_— Z
x/ / x)' " exp <Zt:c]> {Hfd i }
P Jx Tp—1 i=1

H{Fd (i)} " [hm{ Fa(wis1)} — hm{Fa(x )}]Ti+17'i1]

acyr, o, n,m.k

x {Fy(ze)} e Vday ... dxy — e g [X”_l
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¢
3 ah(Xr nmk) +b
X exp t; X7 BT , 15
(; i rl,n,m,k> h (Xrg,n,m,k) ( )
then by replacing n by n — 1 and k by k+m in (13), and substituting in the

first term in the right hand side in (15), the recurrence relation (9) can be
obtained.

Theorem 2. The recurrence relation (9) is satisfied, if and only ifX has the
af (5).

Proof. If X has df (5), then recurrence relation (9) is satisfied from Theorem

1. On the other hand, if the recurrence relation (9) is satisfied, then by using
(6) and (13) in (9), we obtain

Q1 Q1 Q1 . 4 . -1
/P [ [ (Ztixzi> TT{Falea)} o { Fulwis)}
1o Te—1 i=1 i=0

/—1
- hm{qui)H”“—”‘l] - {Hfdm)} (Fulae) e
i=1

{ah(z() + b}

fd(xg):| dxg e da;l =0.

Applying the extension of Miintz-Szasz theorem, see Hwang and Lin (1984),
we have
{ah(z) + b}

Falzy) — Q2+ ach'(xy)

fa(ze) = 0.

This leads to
_ {ah(ze) +b}

Fa(xe) = Q2 ach’ (zy)

fa(xe).

whose solution is the df (5).

2.1 Remarks

1. If rp=rpy_1+1, then

_ @ JeN [ Yy, —1
I(ze-y) = / exp(terl) (Falwe)} e~ {falee) bdae,

—1

J. Statist. Res. Iran 6 (2009): 209-230
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by substituting I(x¢—1) in (9), and by the same way in the above proof
we can obtain

(F15--70) J17 Je) teje
MTla"'yrlaen)m)k(tl, Tt ) gQ T1s-. 7T£)en 1m k+m(t1, o ’té) B acyy
0
-1
x E {\I/M(xmnmk,tg exp (Zt nmk) } ., (16)
=1

2. By differentiating (9), with respect to t1,...,t; and putting t; = --- =
ty = 0, we obtain the following recurrence relation for the joint mo-
ments of nonadjacent GOS

(]17 7]@) (]17 7.7[) i
Pory, .., romn,mk = Hg ST mamk T ac’y E{\Ijjz, ,Jl(Xre,n,m,kv AR
Te
(91, ~Je)
X7’1,7l m k)} + £Q2 . re,n—1m,k+m> (17)
where
(j17~"7j€) (]17 »]l) (.]17 7]@)
q)rl,...,rg,n—l,m,k—i—m 'u’r1, STre,n—1mk+m 'u’rl, STpm—1m,k+m? (18)
and
-1
\Ij . . .]Z 1 ]Z ah(m,"fynzmzk) + b
J05eJ1 (ng,n,m,kH <oy ey n,m k) xrg,n m,k mn,n,m,k h/(x ) )
i1 re,n,m,k
(19)

3. In the case of OOS [m =0, k=1, =n—i+1and £ = n_:fﬁl],
relation (9) reduces to

nQ2

MGssde) (b VACEER ’]l) t1,...,t) = —————
(1’ te) = (t1, ’8) n—ry+1

T1,y..,T0:M T1,.. 7"'4 n

x {Mﬁf’lﬁl;zﬁ_l(tla ) = MY ,tg)}

teje
— = FELV. (X,. g t; _XJZ
ac(n —rg+1) { 3o (Xrgmi te) exp ( ) }

(20)

© 2009, SRTC Iran
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and relation (17) reduces to
L] (G1emde) _ Je
ngf,,?“j/zl o Mml,-..,r;:n - _ac(n e+ 1)E{\Ijje,-~,j1 (Xreinv c T }

nQ2 o (rie)
e E TR et (21)

where

Xrl,..,,rg;n,O,l = Xﬁ,,..,rg:n-
(The recurrence relation (21) agrees with AL-Hussaini et al. (2004)
when h(z) =e @) a=1,b=0and c=1).

4. Inthecaseof krv[m=—1, k>1,v =k and (1—k~1)'7"¢], relation
(9) reduces to

M(h,v..,je) (t, ... t) — M(jl,--.,je) (t, ... te) = Qa1 — k*l)l*T@

(T15eey703k) (1150073 3k)
(J15--d0) (J1s-wse)
X {M(Tllrn,rj;k_l)(tl, Ct) = MU ,tg)}
teje - Ji
— = BV (X it exp | D_tiXY 0 ) ¢ (22)
i=1
and relation (17) reduces to
(J 7""j ) (] 7"'7j ) J— je
M(Tllv““vfch) o H(Ti,.,.ﬂ%;k) B _EE[W][7J1 {X(Tg,k)7 Tt X(Tlvk)}]
+ Qo1 — KTl (23)
where

Xrl,‘...,rg,n,fl,k = X(rl,...,,re,k)'

The recurrence relations for RVs was obtain if we put £ =1 in (23).

5. If weput j1=---=4r1=0,4p =4, rp=7r,t1 =---=t,_1 =0 and
te =1, 1in (9) and (15) , respectively, we have

MO O =MD, =eQa {6 =MD )

|
L B0 (X D)} (24)

acyy
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and

Mfﬁ,,m,k - /‘gj—)l,n,myk - acyy E{\I/j (Xr,n,m,k)} + §Q2®£?%_1,m7k+m-
(25)

(Recurrence relation (25) agrees with (2.5) of Mahmoud and Al-Nagar
(2006) if ¢(z) = 27)

and when h(z) = exp{—A(z)}, a = 1, b = 0 and ¢ = 1, this result
agrees with one of Ahmad and Fawzy (2003) results.

6. f weput j1 =+ =jp20=0,jp1 =€, Jyr=¢€, 11 =7,7 =35
t1=---=ty_o=01t_1 =t and t; = tg, in (9) and (17), we obtain
(ee) (ee) _ ()
Mr,s,n,m,k(tLtQ) - Mr,s—l,n,m,k‘(tlth) - fQ?{Mr,s,n—l,m,k—‘rm(tlyt?)
(e.0) tae
- Mr,s—l,n—l,m,k—i—m(tl:tQ)} - acys
X E{\I]a(Xs,n,m,k; t?) eXp(thf,n,m,k)}‘ (26)

M(e,é‘) _ M(eyé) ___¢
r.s,n,m.k r,s—1,n,m,k acys

+£Qed ) (27)

r,s,n—1,m,k+m"

E{\I/e,e (Xsm,m,k, Xr,n,m,k:)}

Recurrence relation (27) agrees with (3.4) of Mahmoud and Al-Nagar
(2006) if ¢p(zrxs) = xSas.

7. In the case OOS, relations (25) and (27), reduce to

G _,,@  _ _;E U (X, n%%q)(j) 9
Hrin =My 21 ac(n—r—l—l) { ]( T-n)}—i_(n_r_i_l) rin—1’ ( 8)
and
) — M(eys) = _;E{\I’e e(Xsins Xrin) }
T,S:N r,s—1:mn ac(n — s+ 1) ) T :
+ L@q)(@ff) (29)

n—s4+1 r,sm—1-
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8. In the case of k-RVs (25) and (27), reduce to

. . j e ()
Mgi,)k) _“Ei)—m) = _EE{\IIj(X(r,k))}"i_QQ(l —k 1)1 CI)(ik_l), (30)

and
(e,e) (ese) . €
'u’('r,s,k) - M(r,s—l,k) - _ﬂE{‘yeva(X(s’k)’ X(T’k))}
FQ-kT)TRRT 6D

2.2 Special Cases

1) The left-truncated case can be obtained when Q2 = 0, so relations (9)
and (17), reduce to

(] 7"'7j ) (J 7"'7j ) — tfjé
Mm,l...,rg,[n,m,k(th te 7t€) B Mlel-n,Tzl:nymvk(tl’ e ’t[) - acyy
[
/—1 )
E{ \I/jg (aj']"[7n,m,k; tg) exp (ZtiXﬁf,n,m,k> }, (32)
=1
and
(‘7 7"'7j ) (-] 7"'7j ) J— j£
iu“ml,...,rel:n,m,k o Mr;...,r;,n,m,k - _ac%z E{quz,~~~,j1 (Xrem,m,k’ Tt
Xn ,n,m,k)}' (33)

2) The right-truncated case can be obtained Q2 = %, so relations (9)

and (17), reduce to

(j17-"7j.) (] 7"'7j ) _ Q — 1
MG ) = MU ) =62
(jl?"vj/) (j17"'7j )
{Mrl,.“,mfnfl,m,k#»m(tl’ e ’tf) - Mrl,...,rzljnfl,m,kwLm(tl’ T ’te)}
" ] /—1
¢ ji
- E \Ijje (Xrlunvmvk; té) exp ZtZXZZ n,m,k ) (34)
ac,y,re Z:1 b b b
and
(J15e-2de) (J15--53€) _ Je L
Hrl,m”’n,m,k - 'LLT‘l,.-.,T’Z,n,mk = — o~ E{‘I’Ju..,ﬁ (sz,n,m,k, RN
Q -1 o
Xﬁ,n,m,k)} +¢ Q q)ﬁjlt...,ri%—l,m,k—i—m‘

(35)
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3 Applications

In this section, two applications of the previous results are introduced, the
first one is the characterizations of members of the class based on recur-
rence relations for moments of GOS, OOS and k-RVs for doubly truncated
modified Weibull (Weibull, Extreme-value, exponential), doubly truncated
inverse Weibull distributions and doubly truncated three-parameters Burr
type XII (Lomax and Rayleigh). In the second application we will find the
Tables of single and product moments of OOS arising from doubly truncated
Lomax distribution.

1. Doubly truncated new modified Weibull distribution

a =1,b =0,c =1 and h(z) = exp{—0zP exp(Az)}, then the recurrence
relations (17), (25) and (27), reduce respectively, to

. Je—p _
:LL(Jl’ 7.]2) = /,L(.]lv JZ) —|— ']6 E th"':ré»n:m:k eXp( )\XT17-"7TZ7n’m7k)
Ty mymM,k TlyeensTy MMk %79 P+ )\Xrl,...,rl ,n,m,k

/-1

HXZ:7n,m,k } * £Q2(I>r1"--ﬂan—17m,k+m’ (36)

=1

(.7) ( ) j E { Xg npm k eXp( AXT‘,TL,m,k)

= D,
Iurnmk Mr lnmk_'_%ﬂ p+>\Xr,n,m,k }+§Q2 rn—1,m,k+m;

(37)

and

(e) (e,¢) n € E Xﬁ,n,m,kX;;fm,k eXp(_)‘XSJl,m,k)
:U’rsnmk‘_lu’rs 1,n,m,k ,yse p"‘)\Xs,n,m,k

+ EQZ(Dr,s,n—l,m,k—l-m- (38)

The recurrence relations (21), (28) and (29), reduce to

H(n -7y + 1)Iu(.71a 7]2) — 9(71 — 1y + 1)/'65‘]1177 7.7[31

T1lye.sToM Z

f 1
. Xﬂl wnexp( AXo o rpm)
—+ ZE LA balid) X]z
/ { P AXry e H

n
o rn@? - 39
pCETE L (39)
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; Jj—p
M Mr—l:n_'_e(n —r 4 1) P+ AX,m 9(71 —r 1) QQ rin—1,
(40)
and
e (ee) € X5 Tsn exp(—AZgn)
= . E
My s:n, :U’r,s—l.n + e(n — s+ 1) { p+ )\SUs:n
nf
—— Q2P 1. 41
+0(n—8+1)Q2 ,S:n 1 ( )
The recurrence relations (23), (30) and (31), reduce to
. Je=p _ -1
/’[/(jlv"'vjf) = /,L(j17"'7j1’.) —|— jiE $(7’17..-,7"g;k‘) exp{ AX(rl’...’Tg;k)} HX-%
(i) (ririih) (p + >‘X(r1,...,re;k)) i=1 (risb)
+ Q21— k) TRy g, (42)

X (;lf) exp{=AX(p) }
p+ )‘X(r,k)

G _ G J
/‘(f«,k) = “(Za—1,k)+*E

_.—1\1-r
o F+Qo(1-k"7) "0, 1, (43)

and
X(er,s;k)X(i“Ts}?k:) eXp{_AX(rasék)}
p+ A*X(r,s;k)
+0kQa(1 — k™)' TP, o gy (44)

9’“#551?@ = ekﬂgiﬁ)—l,k) +ek

I) 1If we put A = 0, we obtain the recurrence relations for Weibull distri-
bution.

IT) If we put p = 0, we obtain the recurrence relations for Extreme-value
distribution.

2. Doubly truncated inverse Weibull distribution
a=—-1,b=1,c=1 and h(z) = exp[—0z~P], then the recurrence relations
(17), (25) and (27), reduce respectively, to

(J15--2¢) (J15--de) 4 E| xietr k{exp((ng—lp )—1}

Hory...oremomok Mﬁ,---ﬂ’}n,m,k - 0 T1yeesT0, MM, yeensTE, MK
Yr,UP
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/-1

ji
| J R

=1

+ £Q2(I)r1,...,rg,n—1,m,k+ma (45)

) () __J -+ -
ur,n,m,k’ - Mr—l,n,m,k - E [Xg,n,pm,k{exp(eXrﬁ,m,k) - 1}}

0p
+ gQQ(I)T,n—l,m,k-l—mv (46)
and
(6a€) _ (675) _ € E Xe X5+p eXfp -1
'U’T,s,n,m,k Mr,s—l,n,m,k - ,ys@p rn,m,k 37n7m7k{exp( s,n,m,k) }
+ gQZq)r,s,n—l,m,k—‘rm- (47)

The recurrence relations (21), (28) and (29), reduce to

Lo T Je ; -
B = I = o= w1y B | e xR OXCT ) = 1)
—1 .
Xl |+ ————Qa® 1, 48
g T"L-n] n — Tf + 1 T1,.--5T¢,M ( )
G _ 0 _ J E [xitr OX-P) _1
Hrin Mrfl:n - ep(n —r+ 1) [ n {exp( r:n) }]
n
—— ()P, 49
+(7”L—7“+1)Q2 rim—1, ( )
and
€ _
) = Mffs’e_)m + Qp(n——s—i—l)E Xy ol {exp(XF) — 1]
n
—_— (9P, 1.
+ n—s+ 1Q2 r,sm—1 (50)

The recurrence relations (23), (30) and (31), reduce to

. /-1
(G1rnde) (i) je o+ _
Frmmri k) = Bz T @E oy rey lXPLOX ) re;k)}_l]HXgmk)
=1
+ QZ(]' - kil)lirl(DTl,...,Tg,kflv (51)
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) . j . —
iy = G 1 + ok [X{:,f) lexp{0X )} - 1]]

+ Q1 -k D, (52)
and
(67 ) J— (6, ) 8 [ + -
M(r,i,k) = u(r,ifl,@ + @E [X(r,s;k)X(Ensfk) [exp{gX(ri;k)} - 1]}
+ Q1 =k H"®, 4. (53)

3. Doubly truncated Burr Type XII distribution.
a=21,b=1,c=—0and h(z) =z, then the recurrence relations (17), (25)
and (27), reduce respectively, to

SN (G1seedie) (J15e-0de) _ o (Geende—n)
(7777“49 - JE)MTl,...,T‘g,TL,m,k - np}/TZHMrl,...,rz,n,m,k = O0JeHy) . rpmm k

0070, EQa@T ) s

(54)
(WVTH_j)NS%,m,k_777T9/‘5«j—)1,n,m,k = Ujuffﬂrf,k+n95%622<1>573_1,m,k+m (55)
and
(075 — ) =m0 el
+n07EQa@\) (56)

The recurrence relations (21), (28) and (29), reduce respectively, to

(n0(n —re+1) — jeypt el —nl(n —rg+ 1)l 90 = oo dtde)

Hrl,...,TZ‘:n -
+00nQe@Y I
(57)

(b(n—r+1) =39 —p(n—r+ 1P = ojul ™ +nonQedY) | (58)

and
{(nB(n— s +1) — el —nb(n — s + DY = oeplos™
+00nQed') | (59)
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The recurrence relations (23), (30) and (31), reduce respectively, to

(10K = ooy 7y = Ok = odun e 4 nOKQa(1 — k)1
(J15-7¢)

o, (60)

Ok — 4 (7) — Ok (4) — i (G=m) Ok 1—k_l 1—7"(I)(j) 61

(n J),Ul(nk) NURKG_1k) = 9T k) + n0kQ2( ) (rk—1) (61)

and
Ok — (e,e) — bk (ese) _ (e,e—n) 0k 1_ k_l 1—r
(77 6)/‘1’(7“,57]4;) n M(T,Sfl,k) Ufﬂ(ns’k) + n QQ( )

x @ . (62)

When n = 1 in (54), (55), (56), (57), (58), (59), (60), (61) and (62), the
recurrence relations for the Lomax distribution are obtained.

3.1 Another Application

In this application we compute numerically the single moments of OOS from
doubly truncated Lomax distribution.

The recurrence relations of single and product moments of OOS from
doubly truncated Lomax distribution can be obtained as

[O(n—r4+1) =1t = O(n =74+ 1)ptr— 1.0+ nQ2[ttrn—1 — fr—1:0—1] + 0 (63)
[9(71_3+1)_1]Mr,s:n = e(n_3+1)ﬂr,s—1:n+0nQ2[Mr,s:n—l_,Ur,s—lzn—l]“‘o',ur:n-
(64)

Suppose that : P =0.25, Q = 0.75 and then Q2 = (Q —1)/(Q — P) = —0.5.
We consider the following three cases of the parameter values:

i) If @ =3 and o = 1, then the cdf of Lomax distribution is F'(z) =1 —
(14 )73, so we can obtain Piand @ from P = F(P;) and Q = F(Q1)
it is:

P, =0.1006 and @ = 0.5874.

ii) If # = 3 and 0 = 2, then the cdf of Lomax distribution is F(z) =
1— (14 %)73, so we can find Py and Q; as:

P =0.2012 and @ =1.1748.
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iii) If # = 3 and o = 3, then the cdf of Lomax distribution is F(z) =
1— (14 %)73, so we can obtain P, and Q) as:

P =0.301927 and @ = 1.7622.
and we will use the relations.
E(Xén):Pf7 ’I’L}O and E(XgLn—l) :Qi’ TL> ]‘

(see Khan and Khan, 1987).

Table 1. The single moments of OOS from doubly truncated Lomax distribution.

r n MT:TL
=3 0=1 0=3, 0=2 0=3,0=3

1 1 0.2859 0.5718 0.8576
1 2 0.2096 0.4192 0.6288
2 2 0.3622 0.7243 1.0865
1 3 0.1769 0.3538 0.5307
2 3 0.2750 0.5500 0.8250
3 3 0.4057 0.8115 1.2172
1 4 0.1591 0.3182 0.4772
2 4 0.2304 0.4608 0.6912
3 4 0.3196 0.6392 0.9588
4 4 0.4344 0.8689 1.3033
1 5 0.1479 0.2959 0.4438
2 5 0.2037 0.4073 0.6110
3 5 0.2705 0.5410 0.8115
4 5 0.3524 0.7047 1.0570
5 5 0.4549 0.9099 1.3649

Table 2. The product moments of OOS from doubly truncated Lomax distribution.

r s n /1‘7‘732"7,
=3, 0=1 0=3, 0=2 0=3,0=3

1 2 2 0.0817 0.3269 0.7356
1 2 3 0.0527 0.2108 0.4743
1 3 3 0.0743 0.2975 0.6694
2 3 3 0.1180 0.4724 1.0631
1 2 4 0.0393 0.1575 0.3544
1 3 4 0.0530 0.2122 0.4775
1 4 4 0.0705 0.2820 0.6345
2 3 4 0.0790 0.3159 0.7109
2 4 4 0.1034 0.4137 0.9309
3 4 4 0.1449 0.5801 1.3052
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Note: It should be noted from Tables 1 and 2 that

i) The values of different moments are decreasing with increasing the
sample size n .

ii) The following relation

Zﬂi:n =nE(X) =np11 (65)
=1

is satisfied for all values of single moments in Table 1.

iii) The following relation

n—1 n n—1 n
S b =YY E(XinXjn) = n(nQ—l)M%l (66)

i=1j=i+1 i=1j=i+1

is holds for all values of product moments in Table 2.

References

Ahmad, A.A., (2001). Moments of order statistics from doubly truncated continuous distri-
bution and characterizations. Statistics, 35, 479-494.

Ahmad, A.A. (2007). Relations for single and product moments of generalized order statistics
from doubly truncated Burr type XII distribution. J. Egypt. Math. Soc., 15.

Ahmad, A.A. (2008). Single and product moments of generalized order statistics from linear
exponential distribution. Commun. Statist. Theory Meth., 37, 1-11.

Ahmad, A.A. and Abu-Shal, T.A. (2006). Recurrence relations for moment generating func-
tions of nonadjacent generalized order statistics based on a class of doubly truncated distri-
butions. Journal of Statistical Theory and Applications, 6, 174-189.

Ahmad, A.A. and Fawzy, M. (2003). Recurrence relations for single moments of general-
ized order statistics from doubly truncated distributions and its characterizations. J. Statist.
Plann. and Inference 177, 241-249.

Ahsanullah, M., (1995), Record Statistics (Commack NY: Nova Science Publisher, Inc.).

Ahsanullah, M. (2000). Generalized order statistics from exponential distribution. J. Statist.
Plann. and Inference, 85, 85-91.

© 2009, SRTC Iran



A. H. Abd Ellah, Abd El-Baset A. Ahmad and M. A. Fawzy 229

AL-Hussaini, E.K., Ahmad, A.A. and AL-Kashif, M.A. (2005). Recurrence relations for mo-
ment and conditional moment generating functions of generalized order statistics. Metika,
61, 199-220.

AL-Hussaini, E.K., Ahmad, A.A. and EL-Boghdady, H.H., (2004) Recurrence relations for
moments generating function of order statistics. Meton LXII, 1, 85-99.

Arnold, B.C., Balakrishnan, N. and Nagaraja, H.N., (1992). A First Course in Order Statis-
tics. Wiley, NewYork.

Athar, H. and Islam, H.M. (2004). Recurrence relations for single and product moments of
generalized order statistics from a general class of distributions. Metron LXII, 3, 327-337.

Balakrishnan, N. and Ahsanullah, M. (1995). Relations for single and product moments of
record values from exponential distribution. Commun. Statist. Theory Meth., 23, 2841-2852.

Balakrishnan, N. and Asgharzadeh, (2005), A. Inference for the scaled half-logistic distribu-
tion based on progressively type-II censored samples. Comm. Statist. Theory Methods, 34,
73-87.

Balakrishnan, N., Malik, H.J., and Ahmed, S.E., (1988). Recurrence relations and identities
for moments of order statistics, I: Specific continuous distributions. Commun. Statistics.
Theory Methods, 17, 3623-2655.

Balakrishnan, N. and Sultan, K.S. (1998). Recurrence relations and identities for moments
of order statistics. Order statistics: theory and methods, 149-228, Handbook of Statist., 16,
North-Holland, Amsterdam, 62-02 (62G30).

Cramer, E. and Kamps, U. (1996). Sequential order statistics and k-out-of-n systems with
sequantially adjusted failure rates. Annals of Institute of Statistical Mathematics, 48, 535-549.

Cramer, E. and Kamps, U. (2000). Relations for expectations of functions of generalized order
statistics. J. Statist. Plann. and Inference, 89, 79-89.

Min Xie, C.D.L. and Murthy, D.N.P. (2003). A Modified Weibull Distribution. IEEE Trans.
Rel., 52, 33-37.

David, H.A., (1981). Order Statistics. (2nd edn), Wiley, NewYork.

Habibullah, M. and Ahsanullah, M., (2000). Estimation of parameters of a Pareto distribution
by generalized order statistics. Commun. Statist. Theory Meth., 29, 1597-1609.

Hwang, T.Y. and Lin, G.D. (1984). Extension of Miintz-Szasz theorem and applications.
Analysis, 4, 143-160.

Kamps, U. (1995a). A Concept of Generalized Order Statistics. Teubner, Stuttgart.

J. Statist. Res. Iran 6 (2009): 209-230



230 Recurrence Relations for Moment Generating Functions . ..

Khan, A.H. and Khan, I.A. (1987). Moments of order statistics from Burr distribution and
characterizations. Metron, 45, 21-29.

Keseling, C. (1999). Conditional distributions of generalized order statistics and some char-
acterizations. Metrika, 49, 27-40.

Mahmoud, M.A.W. and Al-Nagar, H.S. (2006). Generalized order statistics based on doubly
truncated general class of distributions. J. Statist. Theory and Appl., 6, 206-219.

Nevzorov, V.B. (1987). Records. Thoery of Probability and Its Applications, 32, 201-228.

Pawlas, P. and Szynal, D. (1999). Recurrence relations for single and product moments
of k-th record values from Pareto, Generalized Pareto and Burr distributions. Commun.
Statist. Theory Meth., 28, 1699-1709.

Pawlas, P. and Szynal, D. (2001). Recurrence relations for single and product moments from
Pareto, Generalized Pareto and Burr distributions. Commun. Statist. Theory Meth., 30, 739-
746.

Saran, J. and Pandey, A. (2003). Recurrence relations for marginal and joint moment gen-
erating functions of generalized order statistics from Lomax distribution. J. Statist. Studies,
23, 39-44.

A. H. Abd Ellah Abd El-Baset A. Ahmad

Department of Mathematics, Department of Mathematics and Statistics,
Sohag University, Taif University,

Sohag 82524, Egypt. Saudi Arabia.

email: ahmhamed@hotmail.com

Mohammad A. Fawzy
Department of Mathematics,
Sohag University,

Sohag 82524, Egypt.

© 2009, SRTC Iran



