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QwBu=trU |Oyt w |O}LwD =v}t 2xtOkt 1ZQi s}y=wN@ w OW=@ F (x) `} RwD `@=D =@ (
; A; P ) p=tDL= |=[i QO |iO=YD |Q}eDtX xm O}vm ZQi=@ QwH `} RwD =}� X Q@ xOvR=Q@ `} RwD =Q F0(x) `} RwD "s}vm uwtR; =Q F0(x) |xOW xDN=vW `} RwD |=Q=O X|=Q@ xm =Q|}=yuwtR; 'F (x)|xDN=vW=v `} RwDsy w pkDUt |xOy=Wt nT=U= Q@ "Ov} wo|t �X |=yxDi=}H1 : F (x) 6= F0(x); 9x 2 R ZQi p@=kt QO H0 : F (x) = F0(x); 8x 2 R ZQi uOwtR;"Ovt=v|t `} RwD VR=Q@ |} wm}v |=yuwtR; 'OvwW|t xOQ@ Q=mx@u=wD|t xrtH R= xm CU= xOW |iQat q=@ |=yZQi uOwtR; |=Q@ |Q=}U@ |QDt=Q=B=v |=yuwtR; uwvm =D'OwHw u}= =@ "OQm xQ=W= uwUD=w w nv}rQ=O�uUQOv= 'RU}t uw�Qt=Qm 'hwvQ}tU=�hwQowtrwm |=yuwtR; x@QO u}vJty "Ov=xOw@ |QDu=wDQB |=yuwtR; uDi=} p=@vO x@ xQ=wty '|Q=t; hrDNt p�=Ut QO u=v=OQ=t;O=} hwQat |=yuwtR; s=Hv= xH}Dv QO w OQ=Ov OwHw F0(x) `} RwD `@=D |=Q@ |=xDU@ CQwY 'OQ=wt |[a@uwtR; QO |@ QHD |xYNWt `@=D R= xm CW=O u; Q@ =Q u=v=OQ=t; CqmWt u}= "CU}v Q}PBu=mt= 'xOW"Ovvm xO=iDU= |Q=t; |=yZQiu=wD|t u; |xr}Uwx@ w OQ=O |O}rm w syt Vkv p=tDL= `} RwD `@=D u}}aD QO xYNWt `@=D xm s}v=O|tu=QoWywSB 1993 =D 1972 |=yp=U u}@ 'p}rO u}tyx@ "OQm u}}aD =Q |iO=YD Q}eDt l} p=tDL= `@=DuDiQo Q_v QO =@ =Q VR=Q@ |} wm}v |=yuwtR; '|@ QHD |xYNWt `@=D R= xO=iDU= =@ 'uwo =vwo |=yxr=kt QO"Ov=xOQm x�=Q= F0(x) XNWt |=y`} RwDXNWt `} RwD Qy uDiQo Q_v QO =@� |rm VR=Q@ |} wm}v uwtR; l} |L=Q] 'xr=kt u}= QO =t hOy"OW=@ |r@k |xOW x�=Q= |=yuwtR; R= QDu=wDQB xm CU= |@ QHD |xYNWt `@=D T=U= Q@ �F0(x)|xQ=t; "CN=OQB s}y=wN u; |=y|oS} w R= |NQ@ w |@ QHD |xYNWt `@=D |iQat x@ 'swO VN@ QO|xYNWt `@=D T=U= Q@ sQ=yJ VN@ QO w OQm s}y=wN x�=Q= swU VN@ QO =Q u; |OL `} RwD w uwtR; |:rmVN@ QO u=}=B QO "OQm s}y=wN |iQat =Q |O}OH |xQ=t; |rY= |=yxir-wt VwQ R= xO=iDU= w |@ QHD|=yuwtR; x@ C@Uv =Q O}OH uwtR; uOw@ QDu=wDQB 'p=Ft l} QO wrQ=m Cvwt |R=Ux}@W R= xO=iDU= =@ 'sHvB"O=O s}y=wN u=Wv |r@ku; |=y|oS}w |NQ@ w |@ QHD |xYNWt `@=D 2h} QaD Q} R CQwYx@ F (x) `} RwD `@=D =@ |Oa@l} |iO=YD Q}eDt l} |xYNWt `@=D O}v=O|t xm Qw]u=ty%OwW|tc
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3 |@ QHD |xYNWt `@=D R= xO=iDU= =@ VR=Q@ |} wm}v O}OH uwtR; l}c(t) = E[expfitXg] = Z expfitxgdF (x);syt C}Y=N wO |=Q=O `@=D u}= "OwW|t u}}aD xYNWt `@=D \UwD `} RwD `@=D |OQix@ QYLvt Qw]x@ w%CU= Q} R|k}kL CtUk =Q E fcos(tX)g u; QO xm c(t) = E fcos(tX)g+ iE fsin(tX)g �;"s}t=v|t xYNWt `@=D (Im c(t)) |twywt CtUk =Q E fsin(tX)g w (Re c(t))"jc(t)j 6 1 't 2 R Qy |=Q@ w CU= OwHwt X |iO=YD Q}eDt Qy |=Q@ xYNWt `@=D �?`} RwD R= Xn ': : : 'X1 |iO=YD |xvwtv l} uDW=O CUO QO =@ 'c(t) |=Q@ Q=oR=U QoOQw;Q@ l}%OwW|t h} QaD Q} R CQwYx@ xm CU= |@ QHD |xYNWt `@=D 'F (x)cn(t) = 1n nXj=1 expfitXjg = 1n nXj=1 cos(tXj) + i8<:1n nXj=1 sin(tXj)9=; :%CU= xOt; Q} R sr QO |@ QHD |xYNWt `@=D |Dq=tDL= X=wN u} QDsyt R= |m}|xYNWt `@=D =@ F (x) `} RwD R=Xn ': : : 'X1 |iO=YD |xvwtv |@ QHD |xYNWt `@=D cn(t) Qo = 1 sr%CU= Q=QkQ@ 1 p=tDL= =@ Q} R |=y|}=Qoty x=ou; 'OW=@ c(t)cn(t)! c(t);Re cn(t)! Re c(t);Im cn(t)! Im c(t);"CU= Im cn(t) = 1nPnj=1 sin(tXj) w Re cn(t) = 1nPnj=1 cos(tXj) =yu; QO xmexpfitXng ': : : 'expfitX1g|iO=YD |=yQ}eDt |=Q@ nQR@ O=Oa= |wk uwv=k R= xO=iDU= =@ "u=yQ@"OwW|t C=@F= |oO=Ux@ sr u}= 'jc(t)j w jcn(t)j uOw@ |y=vDt x@ xHwD =@ w"Ow@ Oy=wN l}ORv c(t) x@ cn(t) Q=Okt 'xvwtv |xR=Ov= uOw@ nQR@ CQwY QO xm Ovm|t u=}@ Q}N= srH0 : c(t) = c0(t); 8t 2 R CQwYx@ u=wD|t =QH0 : F (x) = F0(x); 8xZQi xmu}= x@ xHwD =@|R} QKQ] 'cn(t)|@ QHD |xYNWt `@=D T=U= Q@ =Q `} RwD VR=Q@|} wm}v uwtR; |xQ=t; u=wD|tTB 'CWwv"OQm104 c
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QwBu=trU |Oyt w |O}LwD =v}t 4|@ QHD |xYNWt `@=D T=U= Q@ VR=Q@ |}wm}v |=yuwtR; 3|Q=oR=U swyit CU= sRq =OD@= |@ QHD |xYNWt `@=D T=U= Q@ VR=Q@ |} wm}v |=yuwtR; |UQQ@ |=Q@"s} R=U uWwQ =Q uwtR;p}t l} CtUx@ uwtR; u=wD 'xvwtv |xR=Ov= V}=Ri= =@ x=oQy 'Ov} wo Q=oR=U =Q ZQi uwtR; l} 1 h} QaD"OwW l} Q@=Q@ uwtR; |@v=Ht u=wD Qo}O CQ=@ax@ "OvmIm c0(t) =@ �Re cn(t) =}� Im cn(t) |xU}=kt =@ =Q H0 ZQi uwtR; �1976� CmDy w u}o}iQDu=wDQB |vwtR; x@ '?U=vt t l} ?=NDv= =@ =yu; "OvO=O s=Hv= t C@=F Q=Okt l} |=Q@ �Re c0(t) =}�x�=Q= uQ=kD ZQi |=Q@ =Q uwtR; l} �1977� =m} Qwt w QoQwQw}i "OvDi=} CUO RU}t uw�Qt=Qm uwtR; R=`@=D� OvOQm u=}@ QiY w Im cn(t) u}@ hqDN= swO u=wD p=QoDv= T=U= Q@ =Q OwN |xQ=t; =yu; "OvOQm�1983� Vrw w p=y TBU �OW=@ uQ=kDt \w@ Qt `} RwD Qo = \ki w Qo = CU= |k}kL `@=D l} 'xYNWt|=yxr=kt QO xOW |iQat |=yuwtR; QDV}@ QO "OvO=O x�=Q= `} RwD uOw@ p=tQv ZQi uOwtR; |=Q@ =Q |vwtR;|=yuwtR; xH}Dv QO 'CU= xOW s=Hv= t Q}O=kt |NQ@ |=Q@ c0(t) w cn(t) u}@ |}=yxU}=kt 'u=QoWywSBhqDN= swO u=wD p=QoDv= T=U= Q@ =Q |=xQ=t; Rvy w Tv} Q=@ 1988 p=U QO "OvDU}v Q=oR=U xOW x�=Q=xQ=t; Q=Okt |x@U=Lt =t= 'OvOQm C=@F= =Q xOW KQ]t uwtR; |Q=oR=U w OvOQm |L=Q] c0(t) w cn(t) u}@"Ow@ pmWt Q=}U@cn (t) u}@ hqDN= swO u=wD T=U= Q@ =Q |=xQ=t; 'Q=oR=U uwtR; l} x@ uO}UQ |=Q@ ui 1997 p=U QOm � mn ! +1 xm OQm ZQi 'uwtR; |Q=oR=U C=@F= |=Q@ w OQm |iQat t1; : : : ; tm \=kv QO 'c (t) wtm = (t1; : : : ; tm) Q=OQ@ O}vm ZQi 'uwtR; u}= s=Hv= |ovwoJ K}[wD |=Q@ "n ! +1 xm |Dkw%Q} R pmW x@ Z(tm) w Zn(tm) |=yQ=OQ@ h} QaD =@ "OW=@ 'xOW O=} |x]kv m |w=L
Zn (tm) =

0BBBBBBBBBBBBBBB@
Re cn(t1)Re cn(t2)...Re cn(tm)Im cn(t1)...Im cn(tm)

1CCCCCCCCCCCCCCCA ; Z (tm) = 0BBBBBBBBBBBB@
Re c(t1)...Re c(tm)Im c(t1)...Im c(tm)

1CCCCCCCCCCCCA :
c
(2005) J. Stat. Res. Iran 2 103
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5 |@ QHD |xYNWt `@=D R= xO=iDU= =@ VR=Q@ |} wm}v O}OH uwtR; l}|xYNWt `@=D Qo = 'CU= Z(tm) |=Q@ Q=oR=U w ?} Q==v |QoOQw;Q@ Zn(tm) xm OwW|t xO}O |DL=Qx@=Q Zn(tm)� Z(tm) |=yQ=OQ@ O}=@ 'QiY ZQi |UQQ@ Qw_vtx@ 'u}= Q@ =v@ "OW=@ c (t) xat=H `} RwD%=@ CU= Q@=Q@ Q=OQ@ wO u}= p[=iD "O=O Q=Qk |@=} RQ= OQwt
Zn (tm)� Z (tm) = 1n nXj=1

0BBBBBBBBBBBB@
cos(t1Xj)�E fcos(t1Xj)g...cos(tmXj)�E fcos(tmXj)gsin(t1Xj)�E fsin(t1Xj)g...sin(tmXj)�E fsin(tmXj)g

1CCCCCCCCCCCCA = 1n nXj=1Yj (tm) ;
u; QO xm�Yj(tm)0� = �cos(t1Xj)�E fcos(t1Xj)g ; : : : ; sin(tmXj)�E fsin(tmXj)g� :T} QD=t Qo = "CU= |Oa@ 2m QiY Q=OQ@ =@ Q@=Q@Yj (tm) |iO=YD Q=OQ@ |[=} Q O}t= 'QiY ZQi CLD%OQm R=Qi= Q} R CQwYx@ u=wD|t =Q T} QD=t u}= 's}yO u=Wv 
0 =@ =Q Yj (tm) Tv=} Q=wwm�Tv=} Q=w
0 = 0@
011 
012
021 
0221A ;%=@ CU= Q@=Q@ =yT} QD=t Q} R u}= |=yx}=QO xm(
011)ij = cov fcos(tiX1); cos(tjX1)g= E fcos(tiX1) cos(tjX1)g �E fcos(tiX1)gE fcos(tjX1)g= 12�Re c0(ti + tj) + Re c0(ti � tj)� 2Re c0(ti)Re c0(tj)�; i; j = 1; : : : ;m; i 6= j102 c
(2005) J. Stat. Res. Iran 2
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QwBu=trU |Oyt w |O}LwD =v}t 6%x@=Wt CQwYx@ w(
011)ii = var fcos(tiX1)g= 12 n1+Re c0(2ti)� 2 (Re c0(ti))2o ; i = 1; : : : ;m(
012)ij = cov fcos(tiX1); sin(tjX1)g= 12�Im c0(ti + tj)� Im c0(ti � tj)� 2Re c0(ti)Im c0(tj)	; i; j = 1; : : : ;m(
022)ij = cov fsin(tiX1); sin(tjX1)g= 12�Re c0(ti � tj)�Re c0(ti + tj)� 2Im c0(ti)Im c0(tj)	; i; j = 1; : : : ;m(
022)ii = var fsin(tiX1)g= 12�1�Re c0(2ti)� 2(Im c0(ti))2�; i = 1; : : : ;m
021 = 
0012:|xQ=t; u=ty Ck}kL QO xm uwtR; |xQ=t; x=ou; 'OW=@ QiY ZQi CLD Z(tm) Q=Okt Z0(tm) Qo =%OwW|t |iQat Q} R CQwYx@ 'OW=@|t Zn(tm)� Z0(tm) |iO=YD Q=OQ@ |=Q@ O.r=w(1) T 0n = (Zn (tm)� Z0 (tm))0 
�10 (Zn (tm)� Z0 (tm)) :�wj ; j = 1; : : : ; 2m� Q]k |wQ |=[a= xm|DkwW (tm; �)|Q]k uRwT} QD=th} QaD =@ �1997� ui'n ! +1 xm |Dkw � = �n ! 0 w xOw@ �wO Qy ,=twRr xv� � =} m x@ xDU@=w W w OvW=@ |ivt Q}e%OQm |iQat =Q Tn O}OH |xQ=t;(2) Tn = (Zn (tm)� Z0 (tm))0
� 120 W (tm; �) 
� 120 (Zn (tm)� Z0 (tm)) ;%O=O x�=Q= =Q Tn |OL `} RwD |=x}[k QO wK}LY OOa m w OW=@v xDU@=w � x@ xm OW=@ |Q]k |U} QD=tW O}vm ZQi ��1997� ui� 1 |x}[kOy=wNP2mj=1 wj�2(1);j |OL `} RwD |=Q=O nTn QiY ZQi CLD CQwY u}= QO 'OW=@ |y=vDt w C@Ftc
(2005) J. Stat. Res. Iran 2 101
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7 |@ QHD |xYNWt `@=D R= xO=iDU= =@ VR=Q@ |} wm}v O}OH uwtR; l}%|va} CU= |O=R; |xHQO l} =@ �2 pkDUt |iO=YD |=yQ}eDt �2(1);j u; QO xm Ow@nTn d�! 2mXj=1 wj�2(1);j ;%x=ou; (k 6 2m) OW=@ k |x@DQ =@ u=wDOwN |U} QD=t W Qo = u}vJty wnTn d�! �2(k):pn fZn(tm)� Z0(tm)g |iO=YD Q=OQ@ 'xQ}eDtOvJ |RmQt OL |x}[k R= xO=iDU= =@ "u=yQ@"OwW|t C=@F= |oO=Ux@ x}[k xH}Dv QO w CU= 
0 Tv=} Q=w w QiY u}ov=}t =@ p=tQv |@v=Ht `} RwD |=Q=O|=xS} wC}ty= |=Q=O tm ': : : 't1 \=kv ?=NDv= u}vJty w?U=vtm Q=Okt uDi=} 'uwtR; u}= s=Hv= QO'tm ' : : : 't1 \=kv QO |@ QHD |xYNWt `@=D |UQQ@ xm OvwW ?=NDv= |=xvwox@ O}=@ \=kv u}= "CU=T=U= Q@ VR=Q@ |} wm}v uwtR; |Q=}U@ u=oOvU} wv OvJ Qy "OW=@ ?U=vt `} RwD `@=D |xOvvmu}}aD Ov=wD@w m ?=NDv= |=Q@ |vWwQ |OQ@ Q=m VwQ OwHw u}= =@ 'Ov=xO=O Q=Qk |UQQ@ OQwt =Q |@ QHD |xYNWt `@=D$Ov=xOQm ?=NDv= wO =} l} OOa =Q m =yxr=kt QDV}@ QO w CU= xOWv x�=Q= ti \=kv|=]N swO u=wD u}ov=}t pY=L '(R (m)) xm OvDiQo Q_v QO |OOa =Q m �1992� =}UQq w lv=@ w="Ovm st}v}t =Q |r=oJ `@=D QoOQw;Q@R (m) = � (n+ 1) mXj=1 ~a2j;nn + mn� 1 + mXj=1 ~a2j;nn� 1 ;"OW=@|t QiY ZQi CLD `} RwD `@=D F0 w ~aj;n = 1nPmk=1p2 cos (j�F0 (xk)) u; QO xm|[=} Q |=yQ=Ri=sQv |xr}Uwx@ 'q=@ O=yvW}B j} Q] R= m uDi=} |=Q@ sRq C=@U=Lt xm u; OwHw =@|xR=Ov= =@ Q@=Q@ ,=@} QkD� nQR@ Q=}U@ ,=@r=e 'O};|t CUOx@ x=Q u}= R= xm |=m |rw 'CU}v Q=wWO u=OvJOyO|t Vy=m =Q uwtR; CkO 'm uOw@ lJwm "Ow@ Oy=wN �l} =@ Q@=Q@ ,=@} QkD� lJwm Q=}U@ =} w �xvwtv"Ovm|t pmWt =Q 
0 Tv=} Q=wwm�Tv=} Q=w T} QD=t uOQm Twmat x@ \w@ Qt C=@U=Lt 'm uOw@ nQR@ wT} QD=t 'uOQm OQo |=]N w C=@U=Lt |=]N Cra x@ xm s} QwN|tQ@ |}=yCr=L x@ OQ=wt R= |Q=}U@ QO"CU}v Q}PBTwmat 
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11 |@ QHD |xYNWt `@=D R= xO=iDU= =@ VR=Q@ |} wm}v O}OH uwtR; l} %uwUD=w uwtR;WA = 112n + nXj=1�F̂ �X(j)�� 2j � 12n �2 � n8<: nXj=1 F̂ �X(j)�n � 129=;2 ;"CU= |@}DQD |xQ=t; u}t=j 'X(j) w X `} RwD `@=D F̂ (�) =yu; s=tD QO xmMaple(Waterloo) w S-pluse Q=Ri=sQv R= xO=iDU= =@ w �5 K]U QO wrQ=m Cvwt VwQ =@ |R=Ux}@W"CU= xDiQo s=Hv=p=tQv ZQi |=Q@ �5 K]U QO |QDt=Q=B=v uwtR; 5 u=wD OYQO "1 pwOH|Q=t; hrDNt |=yZQi Q@=Q@ QOKS CM WA AD NEWAlternativeCauchy 56 59 79 46 99Exp(1) � � � � �t(3) 11 12 17 34 73Logistic 53 57 90 73 99U(�2; 2) 33 28 68 44 76Lognormal � � � � �Laplace 6 6 10 36 76Gumbel 66 78 22 92 90Triangular � � � � �GH(0 2; 0 5) 14 14 16 52 67%CU= xOW xDiQo Q_v QO Q} R |=y`} RwD ?}DQDx@ p@=kt ZQi |=Q@ u}vJty&OQ=Ov=DU= |Wwm `} RwD �&1 QDt=Q=B =@ |}=tv `} RwD �&|O=R; |xHQO xU =@ t `} RwD �&l}DUSwr `} RwD �&p=tQv nr `} RwD �&OQ=Ov=DU= �TqBq� xv=owO |}=tv `} RwD �&�u}ov=Qm Q=Okt� p@t=o `} RwD �96 c
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