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Abstract. The main aim of this paper is to investigate the identiﬁability of
Bayesian Gaussian regression model. The model is extensively implemented
in the various Bayesian modeling concepts such as model ﬁtting and model
selection approaches. In accordance with the outcomes, the Bayesian Gaussian model is identiﬁable when the model’s design matrix is full rank.
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1 Introduction
Identiﬁability is a well-known concept in the statistical modeling and inference. It is a basic precondition for inference. In the absence of identiﬁability,
statistical inference is practically meaningless(Tabrizi, et al. , 2020b). Martín
and Quintana (2002) proposed the identiﬁability property and proved that
the mathematical properties concerning the parameters estimators such as
consistency, are meaningless for unidentiﬁable models. Hence, it is required
*
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to check the identiﬁability of the model before using any model ﬁtting and
consequently model selection approach.
In the frequentist (non-Bayesian) statistics, the likelihood is applied to asses
the identiﬁability property. Several researchers concentrated on this concept in their studies about diﬀerent types of statistical models. For instance,
Christensen (2011) proved that the multiple linear regression is not identiﬁable when the rank of design matrix is less than the number of the available
covariates in the model. Bahrami Samani (2014) studied the identiﬁability
of the covariance components in a mixed model for the continuous and ordinal responses. Also, Miao et al. (2016) studied the eﬀect of identiﬁability
in Gaussian, Gaussian mixture, and t mixture models under nonignorable
missing data. In addition, Yu and Dong (2020) proposed identiﬁability
conditions of the linear regression model for censored data. For more information about the importance and usage of the identiﬁability in the studies
about statistical modeling in the various type of models, see Wang (2013),
De Leon and Chough (2013), Tabrizi, et al. (2020a) and their cited references.
As mentioned, the likelihood of the statistical model is applied to asses the
identiﬁability in the frequentist statistics. In the Bayesian framework, prior
distributions are considered for the models parameters. Hence, they should
be considered and studied as random variables instead of the unknown constant values. In this situation, there are various viewpoints. Lindley (1972)
stated that the posterior distribution is a suitable substitute for the likelihood and it can be used to check the identiﬁability of model. Also, Gelfand
and Sahu (1999) believed that the priors on parameters can be ignored and
the likelihoods of the models are still working to check identiﬁability. Additionally, Dawid (1979) practically stated an idea about when a model is
not identiﬁable based on conditional densities. In this paper, we follow the
idea of Lindley (1972) and consider the posterior distribution to asses the
identiﬁability of target model.
Bayesian Gaussian model for regression problems is the target model of this
paper. The model is widely applicable in many types of Bayesian modeling
approaches. For more information about the importance of Gaussian model
in the Bayesian framework, see Vehtari and Ojanen (2012), Piironen and
Vehtari (2017), Ghatari and Ganjali (2020) and their referred references. In
the Bayesian statistics, inference for the parameters is based on the posterior
distribution. Note that in any model selection method, a model is ﬁtted for
each step. Hence, it is necessary to check the identiﬁability before using any

© 2019, SRTC Iran

A. H. Ghatari, A. Shabbak, E. Tabrizi

561

method to ﬁt or select models.
In this paper, to investigate the identiﬁability property for the Bayesian
Gaussian, we proceed to prove the property by considering suitable prior
distributions on the model parameters. In Section 2, the concept of identiﬁability is reviewed. In Section 3, the formation of the Bayesian Gaussian
model is called as target model. In Section 4, the suﬃcient conditions for
identiﬁability of the target model and other obtained results are provided.

2 Identiﬁability
As was mentioned in Section 1, identiﬁability is about the model parameters
and it is not about the their estimators. Martín and Quintana (2002) deﬁned
the model identiﬁability as follows:
Deﬁnition 1. Let a statistical model be deﬁned by a family of distributions
for a random variable parameterized by the vector θ, Pθ , θ ∈ Θ, where Θ is
the parameter space and Pθ denotes the distribution associated with θ. The
model is identiﬁable on Θ if Pθ1 = Pθ2 implies that θ1 = θ2 for all θ1 , θ2 ∈ Θ.
Equivalently, a model is not identiﬁable if there is θ1 ̸= θ2 such that
Pθ1 = Pθ2 . It means there is no reliable way to have real values of parameters even if the number of observations tends to inﬁnity. Also, Martín
and Quintana (2002) proposed that identiﬁability is a necessary condition
for the existence of an asymptotically unbiased and also consistent estimators. Hence, statistical inference is pointless if the model is not identiﬁable
(Tabrizi, et al. , 2020a). According to the importance of identiﬁability in
inference, before ﬁtting a statistical model in the statistics or any related
researches, it is required to check the presence of this property. As stated
in Section 1, we follow the stated idea of Lindley (1972) and consider the
posterior distributions to check the identiﬁability of target model. We describe the Bayesian form of Gaussian model as the target model of the study.

3 Bayesian Gaussian Model
In this section, we illustrate the details of the model containing the prior
distributions and hyper parameters.
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We consider Bayesian Gaussian model as following structure:
(
)
Y | X, β, σ 2 ∼ N Xβ, σ 2 I ,
(
)
β | σ 2 ∼ N 0, σ 2 I ,
)
(
1 1
2
,
,
σ ∼ Inv − Gamma
2 2

(1)

where Y = (Y1 , . . . , Yn )′ is a vector of independent and identically distributed
(iid) samples from the response variable, Xn×P is a matrix of observations
from P co-variates, βP ×1 is the regression coeﬃcients vector and σ 2 is the
variance of Yi and i = 1, . . . , n. This structure of Bayesian Gaussian model
studied detailed by Fahrmeir et al. (2009). Note that we consider the case
that the sample means of the columns of X and the vector of observed response y are zero (and if not we can make it zero by a transformation).
( 1 2
)Hence,
′
P
the intercept is removed from β and it becomes β = β , β , . . . , β . The
hyper-parameters for the prior distribution of σ 2 are suggested by Piironen
and Vehtari (2017).
As was mentioned is Section 1, we should consider the model parameters as
random variables. Now, let put only a prior distribution on β and do not
consider the randomness assumption about σ 2 . Hence, there is no prior distribution for σ 2 in the structure of posterior density. But, σ 2 is an unknown
constant parameter and should be considered in the model. By using the
expressions, we can consider a special case of model (1) as
(
)
Y | X, β, σ 2 ∼ N Xβ, σ 2 ,
(2)
(
)
β | σ 2 ∼ N 0, σ 2 I ,
where σ 2 is just an unknown parameter in the model and not considered as
a random variable.

4 Results
As mentioned in Section 1, the considered model is used in the Bayesian
model selection approaches. Actually, it has a certain usage in each step of
any selection method. In the concept of model selection, the main aim is
choosing the best model among all candidate models. Gaussian model is a
widely applicable procedure in the linear models context. It is necessary to
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check parameters identiﬁability, because the basic of most selection criteria
are based on the statistical inference. Therefore, if the model is unidentiﬁable, the selection criteria become meaningless since the identiﬁability of
model is a necessary condition to ﬁt or select model. Now, we prove the
identiﬁability of the Bayesian Gaussian model.

Theorem 1. Parameters of model (1) are identiﬁable if Rank(X) = P .
Proof. In model (1), assume that (Y − Xβ)′ (Y − Xβ) = ∥Y − Xβ∥22 and
β ′ β = ∥β∥22 , hence the joint posterior density of (β, σ 2 ) becomes:
(
)
(
)
(
)
(
) ( )− n
∥Y − Xβ∥22 ( 2 )− P2
∥β∥22 ( 2 )− 32
1
π β, σ 2 | Y, X ∝ σ 2 2 exp −
σ
exp
−
σ
exp
−
2σ 2
2σ 2
2σ 2
(
)
( )− n+P +3
∥Y − Xβ∥22 + ∥β∥22 + 1
2
exp −
∝ σ2
.
2σ 2

Now, if we put a = − n+P2 +3 , then
)
( (
))
( )
1 (
ln π β, σ 2 | Y, X ∝ a ln σ 2 − 2 ∥Y − Xβ∥22 + ∥β∥22 + 1 .
2σ
Therefore, for checking identiﬁability, we should consider
(
)
(
)
( (
))
( (
))
π β1 , σ12 | Y, X = π β2 , σ22 | Y, X ≡ ln π β1 , σ12 | Y, X = ln π β2 , σ22 | Y, X , (3)

(
) (
)
and show β1 , σ12 = β2 , σ22 . For this purpose, according to (3),

)
)
( )
( )
1 (
1 (
a ln σ12 −
∥Y − Xβ1 ∥22 + ∥β1 ∥22 + 1 = a ln σ22 −
∥Y − Xβ2 ∥22 + ∥β2 ∥22 + 1 . (4)
2σ12
2σ22

Since Y ∈ Rn is a random variable and Xβ1 ∈ Rn , therefore we can put
Y = Xβ1 in (4). Hence,
)
)
( )
( )
1 (
1 (
2
2
2
a ln σ12 − 2 ∥β1 ∥2 + 1 = a ln σ22 − 2 ∥Xβ1 − Xβ2 ∥2 + ∥β2 ∥2 + 1 . (5)
2σ1
2σ2

Similarly, we can put Y = Xβ2 . Hence,
)
)
( )
( )
1 (
1 (
2
2
2
a ln σ12 − 2 ∥Xβ1 − Xβ2 ∥2 + ∥β1 ∥2 + 1 = a ln σ22 − 2 ∥β2 ∥2 + 1 . (6)
2σ1
2σ2
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By subtracting (5) from (6),
(
)
1
1
+
∥Xβ1 − Xβ2 ∥22 = 0.
2σ12 2σ22
Then,
∥Xβ1 − Xβ2 ∥22 = 0,
and thus we can conclude that,
Xβ1 = Xβ2 .
Therefore, Xβ1 = Xβ2 . Since (X ′ X) is invertible, we obtain that β1 = β2 .
Now, for σ 2 , we use the knowledge about β1 = β2 . We have:
( (
))
( (
))
ln π β1 , σ12 | Y, X = ln π β1 , σ22 | Y, X .
(7)
Hence,
)
)
( )
( )
1 (
1 (
a ln σ12 −
∥Y − Xβ1 ∥22 + ∥β1 ∥22 + 1 = a ln σ22 −
∥Y − Xβ1 ∥22 + ∥β1 ∥22 + 1 . (8)
2
2
2σ1
2σ2

Assuming b = ∥Y − Xβ1 ∥22 + ∥β1 ∥22 + 1 in (8),
( )
( )
b
b
a ln σ12 − 2 = a ln σ22 − 2 .
2σ1
2σ2
By using a logarithmic transformation,
( )
( 2)
ln σ12
σ1
ln ( 2 ) + ln
= 0.
σ22
ln σ2

(9)

(10)

Now, let σ 2 ≥ 1, hence, there are three cases. σ12 ≥ σ22 , σ12 ≤ σ22 or σ12 = σ22 .
For the ﬁrst case, if σ12 > σ22 ≥ 1, then
( )
( 2)
ln σ12
σ1
( 2 ) > 1 & ln
> 0,
σ22
ln σ2
Consequently,

( )
ln σ12
σ2
ln ( 2 ) + ln 12 > 0.
σ2
ln σ2
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and it is a contradiction.
Similarly, for the second one, if σ22 > σ12 ≥ 1, then
( )
ln σ12
σ2
ln ( 2 ) < 0, ln 12 < 0.
σ2
ln σ2
Therefore,

( )
ln σ12
σ2
ln ( 2 ) + ln 12 < 0,
σ2
ln σ2

and it is a contradiction too. Hence, we conclude that σ12 = σ22 ≥ 1. On
the other hand, let σ 2 ≤ 1, we obtain the same results for the three aforementioned cases and we imply thT σ12 = σ22 ≤ 1. Therefore, we derive
that σ12 = σ22 . Thus, the parameters identiﬁability of the Gaussian model is
shown.
Theorem 1 proved the identiﬁability property for a general form of Bayesian
Gaussian model. If we consider model (2), then σ 2 is just an unknown constant parameter in the model and we only have the assumption of randomness
and prior distribution for β in the Bayesian Gaussian model. In continue,
we prove that model (2) has the identiﬁability property as the special case
of model (1).
Corollary 1. Parameters of model (2) are identiﬁable if Rank(X) = P .
Proof. For model (2), the posterior density of β become as
(

π β | Y, X, σ

2)

∝
∝

(
)
(
)
( 2 )− n2
∥Y − Xβ∥22 ( 2 )− P2
∥β∥22
σ
exp −
σ
exp −
2σ 2
2σ 2
(
)
( 2 )− n+P
∥Y − Xβ∥22 + ∥β∥22
2
exp −
.
σ
2σ 2

To check identiﬁability we have
( (
))
( (
))
ln π β1 | Y, X, σ12 = ln π β2 | Y, X, σ22 .
Similar to the proof of Theorem 1, by putting Y = Xβ1 , Y = Xβ2 and using
the fact that (X ′ X) is invertible, it is concluded that β1 = β2 . Also, for σ 2 ,
we obtain (10). Hence, σ12 = σ22 .
Corollary 1 implies the Gaussian model still has identiﬁability property
even when there is no assumption about randomness of σ 2 . Now, we want to
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illustrate that the identiﬁability of Gaussian model in frequentist viewpoint
can be concluded as a special case of model (1).
Kass and Raftery (1995) explained that if we consider ﬂat priors on the
model parameters, the inference based on the posterior distribution is equivalent with results via the likelihood. Now, if we put π(σ 2 ) = π(β) = 1, the
posterior density of Gaussian model becomes:
)
(
(
) ( )− n
∥Y − Xβ∥22
,
π β, σ 2 | Y, X ∝ σ 2 2 exp −
2σ 2
and it means that the posterior is equivalent with the likelihood of the observation. Also, similar to Theorem 1 and Corollary 1, it can be easily shown
that the identiﬁability property is still established even if π(σ 2 ) = π(β) = 1.
Therefore, we can derive that the frequentist form of Gaussian model has
the identiﬁability property.

Conclusion
Identiﬁability is an essential prerequisite in statistical inference. Statistical
estimation and inference are very challenging in the lack of identiﬁability. In
this paper, some necessary conditions for identiﬁability in Bayesian Gaussian model and its special cases have been proposed. In Theorem 4.1 and
Corollary 4.2, it is proved and elaborated that having full rank design matrix
is a vital condition for identiﬁability. We hope that the methods used here
to prove Theorem 4.1 and Corollary 4.2 will shed light on the identiﬁability
problem of the other Bayesian statistical models. For the future studies,
assessing the identiﬁability of the generalized linear models in a Bayesian
framework is suggested.
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