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� �� � � � � n

�iO�YD ��yQ�eDt Qo � �OyO�t xH�Dv �Q pqkDU� swyit �pqkDU�
Q� R swyit �Q� R X�N Cr�L QO
pkDUtQ� R k � 
� �� � � � ��Q� bkY w akX xm �Qw�x� �OvW�� p�tQv �� RwD ��Q�O w xDU�ty�v Y w X

w X x�ou� �R� QO �distinct sequence� ��R��tDt ��xr��vO� f�ak� bk� � k � 
� �� � � � g w OvW��
�Ov�pkDUt Y

�iO�YD Q�eDt wO T�U� Q� �y�� RwD R� ��a� �R�UXNWt �

Qw�x� w Ov�xOW u��� pqkDU�
Q� R swyit T�U� Q� xm s�vm�t x��Q� �Q p�tQv �� RwD �R�UXNWt wO �OD��
�OvW���t QD�wk ��� pqkDU� swyit T�U� Q� x��Wt G��Dv R� �Q�mW�

w QiY u�ov��t �� w u�Um� �� RwD �� pkDUtQ� R Y w X �iO�YD ��yQ�eDt O�vm ZQi � �xQ�Ro

xm �Qw�x� �OvW�� 
 Tv�� Q�w

�OvW�� pkDUtQ� R �Y w X ��

�OvW�� pkDUtQ� R X � Y w X � Y ��
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�� p�tDL� w Q�t� QO u� OQ� Q�m w pqkDU��Q� R swyit

����� OvW���t OQ�Ov�DU� p�tQv �� RwD 	�Q�O Y w X 
CQwY u�� QO

�� 	x��k 
��� Ov�pkDUt Y w X xm OwW�tv xH�Dv � 	xQ�Ro 	�yZQi R� xm O�vm xHwD � QmPD

	x��k x� 
hOy x�oO�O R� 
� 	xQ�Ro �OvDUy p�tQv s
�wD �� RwD 	�Q�O xm OwW�tv xH�Dv u�vJty w
�CU� l�ORv �Maxwell�Kac�Berstein� u��DWQ��l �m�pwTm �t

p�tQv �� RwD 	�Q�O 
pkDUt �iO�YD Q�eDt wO �tHpY�L Qo � xm O� wo�t ��� Qt�Qm p�w� 	x��k � QmPD

OvJ R� Oa� xr�kt u�� 	xOvU� wv �Ow� Oy�wN p�tQv �� RwD 	�Q�O R�v �iO�YD 	�yQ�eDt R� l� Qy 
OW��

Ow� xO�O pqkDU� Cr�L 	�Q� xm 
���� T�mwr C��F� R� �Q Qt�Qm 	x��k pqkDU��Q� R �wv 
�UQQ� xDiy
u�Wv sr u�� �Ov�xOW 	Q�Pox��B sr l� T�U� Q� wO Qy 
T�mwr C��F� w Qt�Qm C��F� �OQm 	Q�oxH�Dv
u�� 	x	��Q ZQi Qo � �CU� �entire� s�D ���D 
�iO�YD 	�yQ�eDt R� l� Qy 	xYNWt ���D xm OyO�t
Rwvy sr u�� xm CU� Qw�
HaD 	�xR�Ov� �D 
s�vm QDh�a� 	�x�Lqt p��k 	xR�Ov�x� �Q �iO�YD Q�eDt wO

����� 	x��k 
��� CU� �k�� OwN C�wk x�

pkDUtQ� R�Y wX Qo � w 
OvW�� QiY u�ov��t �� w �� RwDsy Y wX �iO�YD 	�yQ�eDt Qo � � �xQ�Ro

OQ�Ov�DU� p�tQv �� RwD 	�Q�O Y w X x�ou� 
OW�� � 	O�R� 	xHQO �� wO�N �� RwD 	�Q�O �
� �X � Y �

� w
���� OvW���t

Y w X �iO�YD 	�yQ�eDt xm OQ�Ov �twRr 
pqkDU��Q� R ���e QO xm OyO�t u�Wv Q� R p�Ft � QmPD

�OvW�� OQ�Ov�DU� p�tQv �� RwD 	�Q�O

w QiY u�ov��t �� xQ�eDtwO p�tQv s
�wD �� RwD 	�Q�O Y w X �iO�YD 	�yQ�eDt O�vm ZQi � p�Ft

�� RwD 	�Q�O �
��X �Y �� CQwY u�� QO �OvW�� � �oDU�ty 
� Q� w � �

��� �
�

� 	w�Ut 	�yTv�� Q�w
�CU� � 	O�R� 	xHQO �� wO�N

w 
OvW�� �� RwDsy w pkDUtQ� R Y w X �iO�YD 	�yQ�eDt Qo � xm OwW�t xOy�Wt �v�U�x� � QmPD

CU� � 	O�R� 	xHQO �� wO�N �� RwD 	�Q�O �
� �X � Y �� x�ou� 
OW�� uQ�kDt QiY pwL X � Y Qo �
�OvW�� OQ�Ov�DU� p�tQv �� RwD 	�Q�O Y w X Qo � �ki w Qo �

�
� �X�Y �� wX� Qo � �OvW�� �� RwDsy w pkDUtQ� R Y wX �iO�YD 	�yQ�eDt O�vmZQi ��xQ�Ro

���� CU� OQ�Ov�DU� p�tQv Y w X s
�wD �� RwD x�ou� 
OvW�� � 	O�R� 	xHQO �� wO�N �� RwD �� �� RwDsy

R�v X w �p
�
�X � Y � Qo � w 
OvW�� �� RwDsy w pkDUt Y w X Qo � xm O�O u�Wv ���� ��rwB 	
 QmPD
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�v�Oty wrRo �Qk u�ULtqe ��

�Ovm�t QD�wk �Q xH�Dv u�� Q� R �xQ�Ro �CU� OQ�Ov�DU� p�tQv Y w X s��wD �� RwD x�ou� �OvW�� �� RwDsy

�OvW�� � �xYNWt ���D �� w �� RwDsy �pkDUtQ� R Y w X �iO�YD ��yQ�eDt O�vm ZQi � �xQ�Ro

�	

� CU� OQ�Ov�DU� p�tQv Y w X s��wD �� RwD x�ou� �OW�� ��
p
�t� �� Q��Q� X �Y �xYNWt ���D Qo �

��Q�O X � Y Qo � �OvW�� �� RwDsy w pkDUtQ� R Y w X �iO�YD ��yQ�eDt O�vm ZQi � �xQ�Ro

�	

� OvQ�O uQ�kDt �� RwD R�v Y w X �OW�� uQ�kDt �� RwD

�OvW�� uQ�kDt ��y�� RwD ��Q�O w pkDUtQ� R Y w X �iO�YD ��yQ�eDt Qo � xm CU� K��w �� QmPD

uOw� �pkDUt �DL �k�w QO� pkDUtQ� R w X � Y �� RwD uQ�kD R� �t� �OQ�O uQ�kDt �� RwD X � Y x�ou�
uOw� uQ�kDt R� xm OyO�t u�Wv � �xQ�Ro �Ov�uQ�kDt Y w X ��y�� RwD xm OwW�tv xH�Dv Y w X
wO Qo � OwW�t xH�Dv �iO�YD Q�eDt wO ��y�� RwD uOw� uQ�kDt �pkDUtQ� R Q�eDt wO �tHpY�L �� RwD

�OvW�� �� RwDsy ��w� Qt Q�eDt

�s�W�� xDW�O �Q Q� R �r�H Cr�L wO R� �m� CU� umtt �pqkDU��Q� R ���e QO

�OQ�O uQ�kDt �� RwD R�v X � Y w OvDUy uQ�kDt ��y�� RwD ��Q�O Y w X ��

�OQ�Ov uQ�kDt �� RwD X � Y �rw �OvDUy u�Um� uQ�kDt ��y�� RwD ��Q�O Y w X ��

�O�vm xaH�Qt 	

� x� ��� w ��� ��yCr�L x� �w� Qt ��yp�Ft ��Q�

X Qo � �OW�� uQ�kDt X � Y �� RwD w pkDUtQ� R Y w X �iO�YD ��yQ�eDt O�vm ZQi 	 �xQ�Ro

uQ�kDt ��twRr Y �� RwD x�ou� �OW�� �yt �xty ��Q� �X �t� �� 
 �xYNWt ���D �� uQ�kDt �� RwD ��Q�O

�	

� Ow� Oy�wN

xwqa Qo � �Ow� Oy�wN �k�kL u� �xYNWt ���D �OW�� uQ�kDt �iO�YD Q�eDt l� �r�oJ ���D Qo �
��� CU� Q�PBp�QoDv� ��w� Qt �xYNWt ���D �OW�� C�Ft xYNWt ���D w Q�Ov�Qm �r�oJ ���D �uQ�kD Q�
�Q Q�N� C�Y�N �� �iO�YD Q�eDt �Ow� Oy�wN �r�oJ ���D l� R� �� Q	t OwN xH�Dv QO w 	�
 X
�Q �iO�YD Q�eDt l� �OQm Z� waD �Q xYNWt ���D w �r�oJ Vkv u�wD�t �Q� R �Ovt�v�t �Twmat�
�OvW�� Qo�Om� R� �� Q	t �u� �r�oJ ���D w xYNWt ���D Qo � Ov� wo �self�reciprocal� �Twmat�OwN�

w X Qo � �OvW�� Q�Ov�Qm �r�oJ ���D �� w �� RwDsy Y w X �iO�YD ��yQ�eDt O�vm ZQi 
 �xQ�Ro
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�� p�tDL� w Q�t� QO u� OQ� Q�m w pqkDU��Q� R swyit

����� CU� Twmat X � Y �OvW�� pkDUtQ	 R �Y

CQwY u	� QO �OvW�� Twmat w pkDUtQ	 R Y w X �iO�YD 
�yQ�eDt O�vm ZQi �� �xQ�Ro

����� CU� Twmat R�v X � Y

Qw�x� Y �iO�YD Q�eDt w OQ�Ov�DU� p�tQv �	 RwD 
Q�O X �iO�YD Q�eDt O�vm ZQi �� �xQ�Ro

Twmat�OwNX �Y x�ou� �OvW�� pkDUtQ	 R Y wX �iO�YD 
�yQ�eDt Qo � �OW�� �Q	PBVN� �y�vDt�v
����� OW�� p�tQv Y �iO�YD Q�eDt �	 RwD Qo � �ki w Qo � CU�

xm OOQo �iO�YD 
�yQ�eDt R� xDUO u� pt�W xm s�yO�t s�taD u�vJ �Q uOw�Twmat�OwN h	 QaD �t
A w � u� QO xm �OW�� 
w� Qt 
xYNWt ���D Af��t� xm OW�� C�Y�N u	� 
�Q�O f ��yu� �r�oJ ���D
�strictly self�reciprocal� �Twmat�OwN ��O�m �� �Q �iO�YD 
�yQ�eDt �wv u	� �Ov��U�vt 
�yC��F

�s�t�v�t

��O�m � Y �iO�YD Q�eDt w �OQ�Ov�DU� p�tQv �	 RwD 
�Q�O X �iO�YD Q�eDt O�vm ZQi �� �xQ�Ro

�	 RwD Qo � �ki w Qo � CU� Twmat�OwN X � Y CQwY u	� QO �OW�� X R� pkDUtQ	 R w Twmat�OwN
����� OW�� p�tQv u�

�iO�YD Q�eDt wO R� V�� Cr�L �

s�taD xm �s�vm�t u��� �iO�YD Q�eDt wO R� V�� Cr�L 
�Q� �Q pqkDU��Q	 R h	 QaD CUNv �VN� u	� QO
�s�vm�t x��Q� C�	F� uwO� �Q Cr�L u	� QO xOt� CUO x� �G	�Dv TBU �CU� � w � h	 Q�aD K��w

�xawtHtQ� R Qy ��Q� Qo � Ov� wo pkDUtQ� R �Q Xn �� � � �X� �X� �iO�YD ��yQ�eDt � h� QaD

�OW�� Q�QkQ� Q� R �x���Q fX�� X�� � � � � Xng R� fX��
� X��

� � � � � X�kg

�X�
�
�X�

�
���� �X�

k
�t� t� � � � � t� � �X�

�
�t��X�

�
�t� � � ��X�

k
�t�� t � R

Q	 R h	 QaD xU x� R��v �s�vm u��� pqkDU��Q	 R swyit T�U� Q� 
RmQt �
�OL 
x�
k l	 xmu� 
�Q�
�s	 Q�O

�CU� Q�QkQ� �yu� ��Q� Q� R ���QW xm �Q X �iO�YD ��yQ�eDt �xty �xawtHt �� � � x�oQy � h� QaD

�s�t�v�t R�

J� Stat� Res� Iran � ������ �	
�� Q�t� �xOmWywSB ���� c�



�v�Oty wrRo �Qk u�ULtqe ��

�EjX j� �� ��

�iO�YD Q�eDt �Z Qw�DWo u�t�k �mk u� QO xm �k � �� �� � � � � ��� �E�Xk� � mk ��

�CU� �OQ�Ov�DU� p�tQv

��R�x� �OW�� X � R� �iO�YD ��yQ�eDt �� RwD ���wD �xty �xawtHt M� O�vm ZQi � h� QaD

�s�vm�t h� QaD Q� R CQwYx� �Q R x� M� �M� R� d� ���D �� � �

d��F�G� � sup
t�R

����E
�
eiXt � eiY t

jtj�

������
�OvDUy Y w X �iO�YD ��yQ�eDt �� RwD ���wD ���DQDx� G w F u� QO xm

���D �OvW�� �� RwDsy w pkDUtQ� R �R� x� jraDt Y w X w �� � � xm O�vm ZQi � h� QaD

�xYNWt ���wD �UL Q� �OQ��t X�Y
�

�� RwD ���D x� �Q X �� RwD ���D xm CU� �a��D T� �M� �M�

�OyO�t C�Uv ��� t
�
� x� �Q ��t� �xYNWt ���D T�

u�ov��t �� w ��� RwDsy w pkDUtQ� R �iO�YD ��yQ�eDt R� ��xr��vO � � � �X� �X� O�vm ZQi � �x��k

�CQwY u�� QO �EjX j� �� s�W�� xDW�O �� � � �� Qy ��Q� xm �Qw�x� OW�� 	 Tv�� Q�w w QiY

��n

�

�nP
i��

Xi

D
� Z� n�� �Dkw


d� �va��M� l� QDt QO ��n

�

P�n

i��Xi �� RwD ���wD �xwqax� �CU� �� RwD QO ���Qoty D u� QO xm
�R� CU� CQ��a ���Qoty MQv w OvDUy �Qoty

d��T
np
�
F��� � �n����

�
��EjX j� �EjZj���

�
	�� CU� Z OQ�Ov�DU� p�tQv �iO�YD Q�eDt �� RwD ���D � u� QO xm

s�taD �OvDUy �� RwDsy �pkDUtQ� R �iO�YD ��yQ�eDt xm CU� xOW u��	 �Dr�L ��Q	 q�	 �x��k
w CU�v Q�wWO �OvwW xDiQo Q�v QO �yT�Ov� �xty w OvDU�v �� RwDsy �yQ�eDt xm �Dr�L x	 x��k u��

�OwW�t xO�yv �v	 Q� R 
sr T�U� Q	

�� � � w OvW�� R� QO pkDUtQ� R �iO�YD Q�eDt R� CiH wO Y� �Y� w X� �X� O�vm ZQi � sr

�CQwY u�� QO �OvW�� �yu� �� RwD ���wD ���DQDx� G� �G� w F� �F� O�vm ZQi u�vJty

d��F�G� � ���fd��F�� G�� � d��F�� G��g�

�
	�� CU� Y��Y�

�
�� RwD ���D G w X��X�

�
�� RwD ���D F u� QO xm
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�� p�tDL� w Q�t� QO u� OQ� Q�m w pqkDU��Q� R swyit

�CU� Q�QkQ� R�v CU�v R� QO ��twRr X��X�

�
xm �Dr�L ��Q� q�� �sr xm O�vm xHwD �� QmPD

OW�� �� � �� �R� QO pkDUtQ� R �iO�YD ��yQ�eDt R� ��xr��vO � � � �X� �X� O�vm ZQi � �x��k

�	
�� CQwY u�� QO 
OvDUy M� QO Q�Ov�Qm ��xawtHt x� jraDt �yu� �� RwD ���wD xm

�p
n

nP

i��
Xi

D� Z� n�� �Dkw

R�v
p
� RHx� � R� �Qo�O Q�O�kt ��Q� G��Dv u�� ��	 xm OwW KQ�t p�
wU u�� CU� umtt �� QmPD

Qy Tv�� Q�w �Q� R �T�M� ��M� xm CU� u�� OwW�t Qy�� � � � ��Q� M� QO xm �rmWt �OvQ�QkQ�
w � � � s�vm�t ZQi �t 
u�� Q� �v� �CU� �

�� �� Q��Q� T�X Tv�� Q�w �rw 
CU� � �� Q��Q� M� w�a
QO �OwW Q��DN� � � � �

� O��� 
OW�� �strictly contractive� xOvvmZ�kvt ��O�m � T� ���D xmu�� ��Q�
�CU� u	 C��F �x�kv ���x�kv sQH� � �� RwD xmr� 
CU�v T� C��F �x�kv 
p�tQv �� RwD 
Cr�L u��

�Qw�x� OW�� �� RwDsy w pkDUtQ� R �iO�YD ��yQ�eDt R� ��xr��vO � � � �X� �X� O�vm ZQi � �x��k

Qo � 
EjX j� �� s�W�� xDW�O �� � � � � �� l� ��Q� xm

�OW�� QiY u�ov��t w � � � � � ��

��

�Ovm Q�QkQ� �Q � � � �

� �w�Ut�v � w � � � � � ��

x�ou�

��n
�nP

i��
Xi

D� Y� n�� �Dkw


	
�� CU� � �� RwD ���D �� �iO�YD Q�eDt Y u� QO xm

p�rO �VJ�B 	UL Q� xv s�OQm x��Q� xYNWt ���wD 	UL Q� �Q � h� QaD xm O�vm xHwD �� QmPD

�x��k uOQm C��F �CU� xYNWt ���wD T�U� Q� ���r�e ���Qoty ��yx��k C��F� xm CU� u�� 
Q�m u��
�CU�v ��xO�U Q�m 
VJ�B �� RwD T�U� Q� �qFt 
�RmQt ���OL

Ov�wD�t xOvv�wN �CU� xOW xDiQo ��� R� xm s�vm�t KQ�t �Q ��r�H p�Ft 
VN� u�� �xtD�N QO
�O��tv xO�iDU� u	 R� TQO Tqm QO hrDNt u� w�va CLD w OW�� xDW�O p�Ft u�� R� �Dw�iDt ��yCW�OQ�

�iO�YD Q�OQ� ��Q� �r�oJ ���wD �xty �xawtHt w 
f�u� � expf�u
�

� g O�vm ZQi 	 p�Ft
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�v�Oty wrRo �Qk u�ULtqe ��

�OwW�t h� QaD Q� R CQwYx� xm O� Q�o� Q�v QO �Q �X�� X�� � � � � Xn�

f��x�� x�� � � � � xn� � �����n

�

nY
j��

f�xj�

�
�� ��x�

�
� x�

��

�

nY
j��

xjI�������xj� exp

��
�

nX
j��

x�j

��
�

xm OwW�t Q��DN� u�vJ � w ��x�� x�� � � � � xn� � Rn �u� QO xm
������x�� � x���

nY
j��

xjI�������xj� exp

��
�

nX
j��

x�j

����� � ��

�R� CU� CQ��a �X�� X�� � � � � Xn� 	�Q� xYNWt ���D
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The Consept of Sub�independence and

Its Application in Statistics and

Probabilities

G� G� Hamedani

Marquette University

Abstract� Many limit theorems� convergence theorems and characterization

theorems in probability and statistics� in particular those related to normal

distribution� are based on the assumption of independence of two or more

random variables�

However� the full power of independence is not used in the proofs of these

theorems� since it is the distribution of summation of the random variables

which is needed and not the joint distribution of those variables� A concept

is re�introduced� which is quite weak in comparison to independence� and can

replace the concept of independence in most of the above mentioned theorems�

Another relatively new concept will also be mentioned and some related results

are discussed�
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