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245 uQDWvoQwt�p@t=o�|rQ=i pOt CLD u}ov=}t |QDt=Q=B=v |=yu=Qm w l}Uqm OQwmQ x=Qty Q:}eDt |=yQw=DWon > 1 Qy |=Q@ wTn = minfj : Xj > XTn�1g:|=Q@ Qo = s}} wo|t q=@ OQwmQ l} =Q Xj |xOy=Wt '|iO=YD |=yQ:}eDt R= fXig |y=vDt=v |xr=@vO QO'1 h} QaD R= xO=iDU= =@ Qo}O CQ=@ax@ "Xj > Xi s}W=@ xDW=O i < j QyRn = XTn ; n = 0; 1; 2; : : :`@=D w fX p=tDL= |r=oJ `@=D =@ `} RwDsy w pkDUt |xDUw}B |iO=YD |=yQ:}eDt =yXi xmv}= ZQi =@:CU= Q} R CQwYx@ q=@ s=n OQwmQ |r=oJ `@=D 'OvW=@ FX |atHD `} RwD(1) fRn(x) = 1n!fX(x)f� log(SX(x))gn; u; QO xmSX(x) = 1� FX (x)::=@ CU= Q@=Q@ q=@ OQwmQ n+ 1 u}DUNv s-=wD |r=oJ u}vJty(2) fR0;:::;Rn(x0; :::; xn) = fX(xn) n�1Yi=0 fX(xi)SX(xi) ;:CU= Q} R CQwYx@ OQwmQ wO s-=wD |r=oJ `@=D m < n |=Q@ w(3)fRm;Rn(x1; x2) = f� log(SX (x1))gm�� log�SX(x2)SX(x1)��n�mfX(x1)fX(x2)m!(n�m� 1)!SX(x1) :w 1 h} QaD wO "OQm xaH=Qt �1998� u=Q=mty w OrwvQ; x@ u=wD|t �3� w '�2� '�1� C=@F= C=}�RH |=Q@"Ov=Hvo u; uDt QO =Q x=Qty Q:}eDt h} QaD u=wD|t u}vJty "Owtv KQ]t R}v s-=wD CQwYx@ u=wD|t =Q 2"Ovm|t |iQat =Q =yOQwmQ x=Qty Q:}eDt w =yOQwmQ |xr=@vO 'OQwmQ u=tR s}y=it u=tRsy Qw]x@ 3 h} QaD|=yQ:}eDt |xr=@vO "OW=@ xOWCiH |iO=YD |=yQ:}eDt R= |=xr=@vO i > 1 '(Xi; Yi) O}vm ZQi:s}vm|t h} QaD Q} R CQwYx@ =Q i > 0 '(Ri; R[i]) xOWCiH |iO=YD(R0; R[0]) = (X1; Y1); l} p=tDL= =@64 c
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|OtL= QiaH w |v}t= /|[DQt 246n > 1 Qy |=Q@ w(Rn; R[n]) = (XTn ; YTn);"CU= pw= |xir-wt QO OQwmQ u}t=n O=ONQ u=tR Tn u; QO xm|xt=O= QO "OwW|t xDio q=@ s=n OQwmQ x=Qty Q:}eDt R[n] x@ w q=@ s=n OQwmQ Rn x@ CQwY u}= QO|r=oJ `@=wD pt=W 2 VN@ "CU= q=@ s=n OQwmQ x=Qty Q:}eDt u=ty s=n x=Qty Q:}eDt R= Qw_vt 'xr=ktuQDWvoQwt�p@t=o�|rQ=i pOt CLD Q:}eDt u}= |=yQw=DWo |=Q@ |}=ypwtQi w x=Qty Q:}eDt |=x}W=L w s-=wD=@ FGM pOt CLD s=n x=Qty Q:}eDt u}ov=}t |=Q@ |QDt=Q=B=v |=yu=Qm 3 VN@ QO "CU= (FGM)|@}DQD |=yxQ=t; w =yOQwmQ |=Q@ =yu=Qm u}= x@=Wt "Ov=xOW xU}=kt sy =@ w xOt;CUO x@ Cw=iDt C=}[Qi"OQm x_Lqt �1978� =H=Q=o =v w �1990� u=vW} Qm q=@ QO u=wD|t =QFGM pOt CLD x=Qty Q:}eDt 2|xOWCiH |iO=YD |=yQ:}eDt R= `} RwDsy w pkDUt |=xr=@vO : : : '(X2; Y2) '(X1; Y1) O}vm ZQi=Q X = x \QWx@ Y |]QW |r=oJ "OW=@ f(x; y) |r=oJ `@=D w F (x; y) `} RwD `@=D =@ xDUw}BO}vm ZQi u}vJty "s}yO|t u=Wv fY (y) w fX(x) =@ =Q |=x}W=L |=y|r=oJ w fY jX(yjx) =@OW=@ Rr1 ; : : : ; Rrk s-=wD p=tDL= |r=oJ `@=D |xOvyO u=Wv fRk(x ) = fRr1 ;:::;Rrk (x1; :::; xk)u; QO xm1 6 r1 6 � � � 6 rk 6 n; 1 6 k 6 n:xOW EL@ �1977�nv=} QO xm Qw]u=ty 'i > 1 '(Xi; Yi) |=yGwR pqkDU= x@ xHwD =@ CQwY u}= QO:s} Q=O CU=fR[r1];:::;R[rk]jRr1 ;:::;Rrk (y1; : : : ; ykjx1; :::; xk) = kYi=1 fY jX(yijxi):x=Q t y Q :} e D t k s-=w D | r= o J ` @= D ' fR[K](y) = fR[r1];:::;R[rk](y1; : : : ; yk) 'u }= Q @ = v @:CU= Q} R CQwYx@ �R[r1]; : : : ; R[rk]�(4) fR[k](y) = Z 1�1 Z xk�1 : : : Z x2�1 kYi=1 fY jX(yijxi)fRk(x ) kYi=1 dxic
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247 uQDWvoQwt�p@t=o�|rQ=i pOt CLD u}ov=}t |QDt=Q=B=v |=yu=Qm w l}Uqm OQwmQ x=Qty Q:}eDt |=yQw=DWon + 1 u}DUNv s-=wD |r=oJ `@=D 'fR[n+1](y) = fR[0];:::;R[n](y0; : : : ; yn) 'q=@ C=[wQit CLD:=@ CU= Q@=Q@ q=@ |=yOQwmQ x=Qty Q:}eDtfR[n+1](y) = Z 1�1 Z xn�1 : : : Z x1�1 fX;Y (xn; yn) n�1Yi=0 fX;Y (xi; yi)SX(xi) nYi=0 dxi::CU= Q} R CQwYx@ s=n x=Qty Q:}eDt |=x}W=L |r=oJ `@=D '?}DQD u}O@(5) fR[n](y) = 1n!Z 1�1 fY jX(yjx)fX(x)f� log(SX(x))gndx:Q}O=kt \QWx@ Y |]QW |r=oJ `@=D w x=Qty Q:}eDt |r=oJ `@=D u}@ x]@=Q l} |xOvyOu=Wv �5� |x]@=QQ}O=kt \QWx@ Y |]QW |=yQw=DWo w X |iO=YD Q:}eDt `} RwD uOw@ swrat =@ `k=w QO "CU= X hrDNt|=yQw=DWo |x@U=Lt |=Q@ Q} R CQwYx@ |}=ypwtQi u=wD|t 'xOW xDio?r=]t R= xO=iDU= =@ w X hrDNt:OQw; CUO x@ x=Qty Q:}eDt�(k)[n] = EfE(Y kjX = Rn)g w(6) �(t;s)[m;n] = EfE(Y tjX = Rm)E(Y sjX = Rn)g:|=Q@ "OvDUy x=Qty Q:}eDt ?Q[pY=L Qw=DWo w s=k |x@DQt Qw=DWo ?}DQDx@ �(t;s)[m;n] w �(k)[n] u; QO xm|Or=N =} �2002� """= u=UL= w?mQ x@ u=wD|t �6� w �5� '�4� OQ=wt C=@F= XwYN QO QDV}@ C=}�RH"OQm xaH=Qt �2001� Q=Jwm wQO FGM pOt "s}vm|t |UQQ@ FGM pOt CLD =Q u; |=yQw=DWo w x=Qty Q:}eDt X=wN p=LCQwYx@ w CU= Q:}eDt wO u; |=x}W=L |r=oJ ?UL Q@ |iO=YD Q:}eDt wO s-=wD |r=oJ R= |rOt Ck}kL:OwW|t h} QaD Q} RpOt s-=wD |r=oJ `@=D 'fX(x) w fY (y) |=x}W=L |r=oJ `@=wD =@ (X,Y) |iO=YD Q=OQ@ l} |=Q@:CU= Q} R CQwYx@ FGMfX;Y (x; y) = fX(x)fY (y)f1+ �(1� 2FX (x))(1� 2FY (y))g;"� 2 (�1; 1) u; QO xm"s} Qw;|t CUO x@ =Q R[n] |r=oJ `@=D p=L:CU= Q} R CQwYx@ s=n x=Qty Q:}eDt p=tDL= |r=oJ `@=D FGM pOt CLD 1 |x}[k(7) fR[n](y) = fY (y)f1+ �(1� 2�n)(2FY (y)� 1)g:62 c
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|OtL= QiaH w |v}t= /|[DQt 248q=@ s=n OQwmQ x=Qty Q:}eDt |r=oJ `@=D QO xOW xO=O FGM pOt CLD w �5� R= xO=iDU= =@ "u=yQ@:=@ CU= Q@=Q@fR[n](y) = Z 1�1 fY jX(yjx)fX(x)f�log(SX (x))gnn! dx= Z 1�1 fX;Y (x; y)f�log(SX(x))gnn! dx= 1n! Z 1�1 fX(x)fY (y)f1+ �(1� 2FX(x))(1� 2FX (x))g� f� log(SX(x))gndx::=@ CU= Q@=Q@ q=@ p=QoDv= Q=Okt z = � log(SX(x)) Q:}eDt Q}}eD =@fY (y)�1+ �n! (2FY (y)� 1) Z 10 (e�z � 2e�2z)zndz�;"OwW|t pt=m u=yQ@ sRq |Q@H |=yx@U=Lt =@ xmsy=Qi =yu; x=Qty |=yQ:}eDt |=Q@ =Q =yOQwmQ R= pkDUt ,qt=m |x]@=Q l} �7� QO xOW xO=O |r=oJQ:}eDt `} RwD R= |D=aq]= uDW=O =@ \ki =Q Q:}eDt u}= x@ \w@ Qt |=yQw=DWo u=wD|t ?}DQD u}O@ "Ovm|t\w@ Qt Qw=DWo ẁv wO w x=Qty Q:}eDt s=k |x@DQt Qw=DWo u}@ |=x]@=Q Q} R |x}[k "OQm |UQQ@ Y |iO=YD"Ovm|t u=}@ =Q Y `} RwD x@:CWwv Q} R CQwYx@ u=wD|t =Q s=n x=Qty Q:}eDt s=k Qw=DWo 'FGM pOt CLD 2 |x}[k�(k)[n] = �(k) + �(1� 2�n) (�(k)2:2 � �(k));|}=DwO |xvwtv l} QO ?:DQt |xQ=t; u} QDnQR@ s=k Qw=DWo �(k)2:2 w Y `} RwD s=k Qw=DWo �(k) u; QO xm"CU= `} RwD u}= R=:s} Q=O '|}=DwO |xvwtv l} QO |@}DQD |xQ=t; u}twO p=tDL= |r=oJ `@=D w �7� R= xO=iDU= =@ "u=yQ@�(k)[n] = Z 1�1 ykfR[n](y)dy= �(k) + �(1� 2�n)�Z 1�1 2ykfY (y)FY (y) dy � �(k)�= �(k) + �(1� 2�n) (�(k)2:2 � �(k)):c
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249 uQDWvoQwt�p@t=o�|rQ=i pOt CLD u}ov=}t |QDt=Q=B=v |=yu=Qm w l}Uqm OQwmQ x=Qty Q:}eDt |=yQw=DWo:=@ CU= Q@=Q@ s=n x=Qty Q:}eDt Tv=} Q=w w u}ov=}t 3 |x}[k x@ xHwD =@ 1 |xH}Dv�[n] = �+ �(1� 2�n) (�2:2 � �); w�2[n] = �2 + �(1� 2�n)( �2 � �2 + �(2)2:2 � 2��2:2)� �2(1� 2�n)2(�2:2 � �)2;"OvDUy Y |iO=YD Q:}eDt Tv=} Q=w w u}ov=}t �2 w � =yu; QO xmO=O u=Wv u=wD|t CQwY u}= QO "OvW=@ OQ=Ov=DU= p=tQv `} RwD |=Q=O =y Yi O}vm ZQi 1 p=Ft:=@ OvQ@=Q@ ?}DQDx@ s=n x=Qty Q:}eDt Tv=} Q=w w u}ov=}t 'u}= Q@ =v@ "�(2)2:2 = �(2) = 1 w �2:2 = 1p��[n] = �(1� 2�n) �2:2 = �p� (1� 2�n); w�2[n] = 1� �2� (1� 2�n)2:|r=oJ `@=D u}= "s} Q=O R=}v x=Qty Q:}eDt wO s-=wD `} RwD x@ ?Q[pY=L |=yQw=DWo uOQw;CUO x@ |=Q@ =t=Q} R sr QO p=QoDv= l} |x@U=Lt x@ R=}v x}[k u=}@ R= p@k =t= "CU= xOt; CUO x@ 3 |x}[k QO s-=wD"s} Q=O'm < n |=Q@ O}vm ZQi 1 srI(a; b) = Z 1�1 Z 1x1 FX (x1)aFX (x2)bfRm;Rn(x1; x2)dx2 dx1;"b = 0; 1 'a = 0; 1 u; QO xm:s} Q=O CQwY u}= QOI(a; b) = 8>>>>>>><>>>>>>>: 1; a = 0; b = 0(1� 2�n�1); a = 0; b = 1(1� 2�m�1); a = 1; b = 01� 2�m�1 � 2�n�1 + 3�m�12m�n: a = 1; b = 160 c
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|OtL= QiaH w |v}t= /|[DQt 250Q :} e D t Q } } e D w | rN=O p=Q o D v= |=Q @ z = � log�SX(x2)SX(x1)� Q :} e D t Q } } e D = @ "u= yQ @"OwW|t x@U=Lt |DL=Qx@ p=QoDv= Q=Okt |vwQ}@ p=QoDv= |=Q@ w = � log(SX(x1)):=@ CU= Q@=Q@ x=Qty Q:}eDt wO s-=wD |r=oJ m < n |=Q@ 'EL@ OQwt C=[wQit CLD 3 |x}[kfR[m];R[n](y1; y2) = fY (y1)fY (y2)�1+ �(2FY (y1)� 1)(1� 2�m)+ �(2FY (y2)� 1)(1� 2�n) + �2(2FY (y1)� 1)� (2FY (y2)� 1)(3�m�12m+2�n � 2�m � 2�n + 1)�::CWwv u=wD|t �4� R= xO=iDU= =@ "u=yQ@fR[m];R[n](y1; y2) = Z 1�1 Z 1x1 fY jX(y1jx1)fY jX(y2jx2)fRm;Rn(x1; x2)dx2 dx1::s} Q=O FGM pOt CLD 'u}= Q@ =v@fR[m];R[n](y1; y2) = fY (y1)fY (y2)Z 1�1 Z 1x1 g(x ;y)fRm;Rn(x1; x2)dx2 dx1;u; QO xmg(x ;y) = Yi=1;2[1+ �(2FX (xi)� 1)(2FY (yi)� 1)]:"OwW|t pt=m C=@F= 1 sr R= xO=iDU= =@ TB"s} Q=O =Q Q} R G}=Dv 3 |x}[k R= xO=iDU= =@:s} Q=O m < n w x=wNrO s w t |=Q@ 'FGM pOt CLD 2 |xH}Dv�(t;s)[m;n] = �(s)�(t) + �(1� 2�n) �(t)(�(s)2:2 � �(s))(8) + �(1� 2�m) �(s)(�(t)2:2 � �(t)) + (�(t)2:2 � �(t))(�(s)2:2 � �(s))� �2 (3�m�12m�n+2 � 2�m � 2�n + 1)::=@ CU= Q@=Q@ m < n |=Q@ x=Qty Q:}eDt wO Tv=} Q=wm 'FGM pOt CLD 3 |xH}Dv(9) Cov(R[m]; R[n]) = (3�m�12m�n+2 � 2�m�n) �2(�2:2 � �)2:c
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(2005) J. Stat. Res. Iran 2



|OtL= QiaH w |v}t= /|[DQt 252FGM pOt CLD u}ov=}t |QDt=Q=B=v |=yu=Qm 3|=Q@ q=@ u=Qm l} u=wD|t 'hrDNt |=yxw}W R= xO=iDU= =@ OW=@v swrat =y Yi j}kO `} RwD xm |OQ=wt QOu}= QO "CU= TDQ=wW�|Wwm |Q@=Q@=v R= xO=iDU= =yxw}W u}= u} QDpw=ODt R= |m} "Ci=} R[n] u}ov=}tu}ov=}t |=Q@ Cw=iDt |q=@ |QDt=Q=B=v |=yu=Qm 'Cw=iDt \}=QW CLD w |Q@=Q@=v u}= R= xO=iDU= =@ VN@"O};|t CUO x@ x=Qty Q:}eDt|twta u=Qm 3 1E(Yi) = 0 xm OQm ZQi u=wD|t C}:rm R= uDU=m uwO@ 'u}ov=}t |QDt=Q=B=v |=yu=Qm uOQw;CUO x@ |=Q@:CWwv u=wD|t 1 |xH}Dv R= xO=iDU= =@ 'u}= Q@ =v@ 'V ar(Yi) = 1 w(10) �[n] = �(1� 2�n) �2:2;"OyO|t x�=Q= TDQ=wW�|Wwm |Q@=Q@=v R= xO=iDU= =@ =Q |QDt=Q=B=v u=Qm u} QDxO=U Q} R |x}[k:CU= Q} R CQwYx@ R[n] u}ov=}t |=Q@ |QDt=Q=B=v u=Qm l} 4 |x}[k(11) �[n] 6 �p3 (1� 2�n)::s} Q=O �2:2 = Z 1�1 yfY (y)FY (y) dy QO u = FY (y) Q:}eDt Q}}eD =@ "u=yQ@�[n] = �(1� 2�n) �2:2= 2�(1� 2�n)Z 10 F�1Y (u)u du= Z 10 F�1Y (u)f2�(1� 2�n)u� �g du::CWwv u=wD|t TDQ=wW�|Wwm |Q@=Q@=v R= xO=iDU= =@�[n] 6 �Z 10 f2�(1� 2�n)u� �g2du� 12 ::OwW|t xH}Dv Q} R CQ=@a 'q=@ |Q@=Q@=v CU=Q CtU uOQm xO=U R= TB xm�[n] 6 �43�2(1� 2�n)2 � 2�(1� 2�n)�+ �2� 12 :c
(2005) J. Stat. Res. Iran 2 57



253 uQDWvoQwt�p@t=o�|rQ=i pOt CLD u}ov=}t |QDt=Q=B=v |=yu=Qm w l}Uqm OQwmQ x=Qty Q:}eDt |=yQw=DWo"CU= pt=m C=@F= xH}Dv QO 'OwW|t st}v}t � = �(1� 2�n) |=R=x@ q=@ |Q@=Q@=v CU=Q CtU"Ovm|t jOY xOa=k u}= QO �1 p=Ft� OQ=Ov=DU= p=tQv `} RwD O}vm|t x_Lqt xm Qw]u}tyO};|t CUO x@ |v=tR q=@ u=Qm 'TDQ=wW�|Wwm |Q@=Q@=v QO |w=UD |Q=QkQ@ \QWx@ xHwD =@ 4 |xH}Dv:OvW=@ xOt; CUO x@ Q} R Twmat |atHD `} RwD `@=D =@ |=xat=H R= =yYi xmF�1Y (u) = 1�p3(1� 2�n)f1+ �(1� 2�n)(2u� 1)� 1g= p3(2u� 1): :Ow@ Oy=wN Q} R CQwYx@ |atHD `} RwD `@=D 'u}= Q@ =v@FY (y) = 1+p3y2 :"OvW=@ (�p3;p3) |xR=@ QO CN=wvm} `} RwD |=Q=O =yYi xm O};|t CUO x@ |v=tR q=@ u=Qm 'xH}Dv QO:O};|t CUO x@ Q} R CQwYx@ �11� u=Qm OL 'O@=} V}=Ri= xvwtv |xR=Ov= xm |v=tR 5 |xH}Dvlimn!1 �p3 (1� 2�n) = �p3 : Qo}O CQ=@a x@limn!1�[n] 6 �p3 :QO |twta u=Qml} u=wvax@ =Q q=@ u=Qm u=wD|t CU= |OwaY n x@ C@Uv (1� 2�n) xm u}= x@ xHwD =@`} RwD |=Q@ =Q u=Qm u}= u=wD|t '4 |x}[k u=yQ@ pL=Qt |=QH= w �7� R= |Q}oOL =@ u}vJty "CiQo Q_v:OQw; CUO x@ Q} R |OLlimn!1fR[n](y) = fY (y)f1+ �(2FY (y)� 1)g:=Q 4 |xH}Dv w 4 |x}[k 's}kDUt Q}e Qw]x@ u=wD|t �2:2 |=Q@ x@=Wt G}=Dv R= xO=iDU= =@ 2 QmPD�1954 '1951� |Dwo} Qwt w �1954� p@t=o w �1954� O} w}O w |rDQ=y xm Qw]u=ty =Q} R "OQw;CUO x@:Ov=xO=O u=Wv�n:n 6 n� 1(2n� 1) 12 :56 c
(2005) J. Stat. Res. Iran 2
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