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Abstract. The process personnel always seek the opportunity to
improve the processes. One of the essential steps for process im-
provement is to quickly recognize the starting time or the change
point of a process disturbance. Different from the traditional nor-
mally distributed assumption for a process, this study considers

a process which follows a gamma process. In addition, we con-
sider the possibility of the existence of more than one change
point. The proposed approach combines the commonly used X
control chart with the Bayesian estimation technique using re-
versible jump Markov chain Monte Carlo method (RJMCMC) to
obtain Bayes estimates. The efficiency of our proposed method is
evaluated through a series of simulations. The results show that
in many cases if there exist more than one change point, our pro-
posed method is able to estimate the true model. Consequently,

if there exist more than one change point in the process we have
some chance to estimate the true model which will be helpful to
determine and remove the root causes introduced into the process.
This method is more flexible than the case we assumed that there
is just one change point in the process.
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1 Introduction

Nowadays, the statistical process control (SPC) charts are widely used in in-
dustries. Typically it is assumed that, the quality characteristic of a process
would follow a certain probability distribution. One can derive the upper con-
trol limit (UCL) and the lower control limit (LCL) in light of the specified type
I error. When the sample observations are located within the control limits,
we may conclude that the process is in a state of statistical control. On the
the other hand, an out-of-control could occur when the sample observations
fall outside the control limits. The major reason for the occurrence of out-of-
control is that the disturbances have been introduced into the process. These
disturbances change the probability distribution of the quality characteristic of
the process, and this is detected by the SPC charts after some periods of time.
There is a difference between the change point and the out-of-control signal
time which is triggered by the SPC charts. The starting point of a process
disturbance is called, change point. If we can accurately estimate the change
point, we should have a good chance to easily and quickly determine the root
causes of the problem and bring the process back to the in-control state.

SPC applications usually assume that the observations are normally dis-
tributed. If the sample size is moderate, according to the central limit theo-
rem, this assumption is not far from reality. However, due to the shortage of
sampling personnel, the cost of sample products, there are certain applications
in which it may not be possible to have such moderate sample size. The semi-
conductor industry, for example, is a familiar case with nonnormal and skewed
distributions for impurities and particle counts (Levinson, 1997; Levinson and
Polny, 1999). In their papers, Samuel et al. (1998a, 1998b) addressed the issue
of estimating the change point of a normal process. Pignatiello and Samuel
(2001) used the EWMA and CUMSUM charts and the MLE to estimate the
change point of a process. Shao and Hou (2004) provided some statistical
properties for the change point estimators. In addition, Shao and Hou (2006)
derived the change point estimators under the case where the X-bar chart and
the MLE are used in a gamma process. Different from the Shao and Hou’s
(2006) concern, in this paper we assume after the change point occurrence, the
parameter A may change several times before the out-of-control signal is trig-
gered by the SPC chart. In addition, we use the Bayesian approach to estimate
the parameters. The multiple change point occurs when several disturbances
are introduced into the process at different times. Knowing the number of the
change points and estimating them is helpful to determine the root causes of
the disturbances.

Below, we present the model in section 2. Section 3 is devoted to estimation
of the parameters. In section 4, we illustrate our proposed method by various
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examples. Section 5 concludes the paper.

2 The Model

It is assumed that we have a gamma process which is initially in control and
the sample observations come from a gamma distribution with a pair of known
parameters ag and Ag. After an unknown time period 7q, the process parameter
Ao changes to an unknown value \; and remains at this new level until the
unknown time 75, again at this time the parameter A\; changes to As and
remains at the new Ievel A5 until the unknown time 753. This process is repeated
k times where k is also an unknown parameter. After time 7, the parameter
A remains unchanged until time 7', the trigger time of the SPC chart. Thus,
we have k change points 71,7, ..., 7. Among these change points, 7; may be
more important, because it is the first time some disturbance is introduced into
the process. In many cases it may be the main reason for the process going
out of control. Let X;; denote the jth observation in subgroup ¢ with gamma
distribution G(-,-). That is,

1d
XijNG(ao,)\o), i:1,2,.‘.,T1—1, ]'21,2,.‘.,77,
i1d
XijNG(ao,)\l), t=7n,n+1,...,m—1, j:1,2,...,ni

i1d
XiJNG(ao,)\z), t=1o,o+1,...,73—1, j:1,2,...,ni

iid
Xi; ¥ Glag, \), i=meme+ LT =120 0

where n; are the sample sizes, T is the signal time when the subgroup sample
mean X crosses one of the X control chart’s limits. For convenience, one can
set n; =nfori=1,...,T. For fixed T and x; = (x;1,...,2m), t =1,...,T,
the joint distribution of the observations is

f(wij)
=1 j=1 =71 j=1 =T j=1
T1—1 n @ To—1 n @
— H )\0 xa() 1 —A()Z,J H H A Ot() le—Al‘t,,
'«
i=1 j=1 (a0) i=r1 j=1
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where 0 = (k, 71,72, ..., Tk, A1, A2,...,Ar). By factorization theorem, (Y1,Y53,

., Y7) is a sufficient statistic for 6, where Y, = 3°% | X,j, r = 1,2,...,T.
Thus one can make inference about 6, using the joint distribution of (Y1,Y3,...,
Y7r). By reproductive property of gamma distribution,

T1—1 na() T2—1 )\na()

f(}’h}’z, o 7yT|9) — H na()—le—/\()yi H

r nao) Yi

><H

= ww—l
— i=1 Y4 /\na()(n—l))\na()(-rg—n) . /\na()(T—TA-,-i-l)
{T( nao)}T 0 1 k

=T
% Mo Xty TuimM 2 i D, i

Zwéo—le—/\lyt

(nag)

i:Tl
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nao le—/\A Yi

Below, this distribution is considered as the likelihood function of the parame-
ters. Assuming some priors, it will be used to derive the posterior distribution
of the parameters.

If observations X;;, ¢ =1,...,T, j = 1,...,n were independent and under
control, then all of them would have the same gamma distribution, G(ag, \o). It
can be derived that the subgroup sample mean X;, (i = 1,...,T) has a gamma
distribution G(nag,n)Ag). The upper (100 x «a)th percentile of a gamma distri-
bution G(nag,n)g) can be easily obtained and expressed as xZ(2nag)/(2n\o),
where 2 (d) denotes the upper (100 x )th percentile of a chi-square distribu-
tion with d degrees of freedom. If the process is in-control, then 100(1 — «)
percent of the X values would fall between x?__ (2nag)/(2n)o) and x2(2nag)/

Obviously, almost all of the X values would fall between \2 gog65(2n00)/
(2nXo) and X2 goo135(2n)/(2n)g), unless the system had actually changed.
Accordingly, if ap and \g are known, we can use X2 gog65(2n000)/(2n)\o) and
X2 00135 (2na0)/(2nXg) as the lower and upper control limits.

Now, we assume that there have been some change points which were indi-
cated by the trigger time of SPC chart and we intend to estimate their number
and locations via a Bayesian procedure.
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3 Bayesian Estimation of the Parameters

To estimate the parameters using Bayesian approach, first we should determine
the prior distributions for these parameters. In choosing the prior distributions
for the parameters, we should consider their nature. We are dealing with a
positive discrete variable & which cannot be too large. First we assume that
the maximum number of change points is a known integer value ky.x, and k is
distributed uniformly on {1,2, ..., kynax}. In absence of any explicit information
about k, we can use,

1
ﬂ.l(k): L ) k:1»27~wkmax
Given k, we assume that the parameters A;, 7 = 1,2,..., k are independent and

distributed as G(a*, ) since it is a positive quantity and its smaller values are
more likely than its larger values. Therefore,

To(Nilk) = B AP =12k
INCOE
seems a sensible choice. Finally, due to lack of sufficient knowledge on change
points, we may only imagine that 7,7, ..., 7, are the order statistics of k
values drawn without replacement from the set {2,3,...,T}. Then we can set
1
m3(7T1, T2y - Th|R) = 5

el

Then the joint posterior of the parameters is
77(]‘777'1»-~7Tka/\1»-«-»)\k|}’) =
J(y10)7s(0:1[k)w(02]k)m (k)
Y S Jo e JoT F(y10)ms(0a]k)m (0o k)my (R)dAy - - dAw

and the marginal posterior of (k,71,...,7g) 1S given as

w(k,m1,...,Tk|ly) =
f fO y|0)71'3 91|]€) (92|]€)7T1(k)d/\1 e d/\k
o, Z I I F(y10)ms (01 k) (02 k) (R)dAs - - - dA
where 6 = (k: Tl s Tha Ao AR), 01 = (11,...,Tk), @2 = (A,...,A), and

m(02]k) = H - 7T2()\ |k). The summations on 7;’s are taken for all (71,...,7)
in the sets

7

Ay ={(n,....m)|2<n<m< - <m<I, €N, 1=1,...,k}
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Regarding the unknown dimension of the parameters when k,,,x is large, com-
putation of the posterior distributions of the parameters is difficult. There-
fore we use the reversible jump Markov chain Monte Carlo (RJMCMC)(see
Green(1995) or Givens and Hoeting (2005) for details) to compute the Bayesian
estimates of the parameters. RIMCMC is an extension of Metropolis-Hastings
method, and applies to various varying-dimension problems.

To apply this method, one starts using an initial value for the parameters.
If the value of the jth random draw is 2; = (k, ™)), a proposal value for ;1
is 2* = (kK',0%*)). The relation between #*) and #*) is as follows: If the
dimension of %) and %) are not equal, the random vectors «(!) and u®
are generated such that the dimension of (%), «®) and (6%, u™) would be
equal. Then we set 8" to be some deterministic function of %) and vV, and
6%) to be some function of #*) and u(2).

Now x;41 is set to be x* with probability r and it is equal to z; with
probability 1 — r, where

in which j(z) is the probability of choosing this move, ¢;(-) and ¢2(-) are the
pdf’s of u(®) and u(? respectively, and the last term is the Jacobian.

In practice, we do not have to generate both u(*) and u(?»). For example,
if the dimension of ) is m and that of %) is n, such that m > n then
it is enough to generate random vector u(1) with dimension n, where m =
n+ns. In this case #*) will be some function of (§*),u(1), and the acceptance

probability becomes
}' (1)
3.1 TUsing RIMCMUC for Change Points

In developing a RIMCMC sampler for the change point problem, we are guided
by intuition in designing appropriate moves, coupled with the requirements that
the dimensions can be balanced properly, that the moves can be simulated
conveniently, and that the acceptance ratio can be computed economically.

In using this method, some possible transitions are (a) change to the A of
a randomly chosen change point, (b) a change to the position of a randomly
chosen change point, (c) birth of a new change point at a randomly chosen
point from the set {2,3,..., T} — {r,7,..., 7}, and (d) death of a randomly
chosen change point. We denote these transitions with (L, P,k+1,k—1). Here

() u(2)
FICCRIE)

o p(R 65Dy 65))ga (u®)
r =min\< 1, - :

r=min < 1 p(k', 6% |y)j(k', 6¢)) a(6™"))
= 2l 0Tk, 60 gn (a ) {360, 1)

© 2007, SRTC Iran



M. E. D. Monfared and M. R. Meshkani 209

L means a A change, P a position change, k — 1 denotes a death of a change
point that reduces the number of change points from £ to £k — 1, and £k + 1
denotes a birth of a change point that increases the number of change points
from k to k + 1.

Now, we describe these transitions in more details. At each transition, an
independent random choice is made between attempting each of the at most
four available move types. We have probability 7, for L, 7y for P, by for k+1,
and dj, for k—1, depending only on the current number of change points k, and
satisfying n, + m + bx + di. = 1. Naturally, d; = 0 and by,,,, = 0. If a move of
type L or P is chosen, the remaining details are straightforward. A change to
a A; is attempted by first choosing one of A1, Ag,..., A\, at random, obtaining
Aj say, then proposing a change to A} such that u = log(X’/);) is uniformly
distributed on the interval (—%,%). This choice is made for convenience, so
that the proposal density ratio takes a simple form. Then we have

2V B
8—)\]- = exp(u) =

<

>,|>,

I
J

and the acceptance probability for this move is found to be

NAY
min {1, (likelihood ratio) x <)\—j> e—,@(x‘y—,\_,‘)}

J

in the usual way. Hereafter, the likelihood ratio means p(y|z*)/p(y|z), where
and x* stand for the current and proposed new values of all parameters.

For a position change move, one of 71,7,...,7; is drawn at random, ob-
taining say 7,. The proposed replacement value is 7], drawn uniformly from
{r]T € N, 1,21 <7 < Tj+1}, and the acceptance probability turns out to be

min{1, (likelihood ratio)}.

The details for a birth of a change point are more complicated, as follows. We
first choose an integer value 7 for the proposed new change point, uniformly
distributed on {m,71 +1,...,T} — {1, 7,..., 7% }. The reason why we choose
7* greater than 71 is that 7y is the first change point, and there is not any
change point before 7. The parameter 7* must lie, with probability 1 within
an existing interval (7;,7;4+1), say. If accepted, 77, will be set to 7%, and
Tj+1,Tj+2,- .-, Tk Will be relabeled as 7} 5,7} 3,...,7;,; with corresponding
changes to the labeling of the corresponding A’s. We wish to propose new \’s,
AL, and X%, for the distribution of the observations on the subintervals [7;, 7*)
and [7%,7;41) which recognize that the current A on the union of these two
intervals is typically well-supported in the posterior distribution, and should
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therefore not be completely discarded. Thus the new \’s, /\3, and /\3 +1 should
be perturbed in either direction from A; in such a way that A; is a compromise
between them. To preserve positivity and maintain simplicity in the acceptance
ratio calculations, we use a weighted geometric mean for this compromise, so
that (7% — 7;)log(\}) + (141 — 7%) log(N; 1) = (7541 — 75)log(};) and define
the perturbation to be such that

!

1 1—u
! - b
oy U

(2)

with « drawn uniformly from [0, 1]. Details for a death are as follows. The 7,41
that is proposed for removal is simply drawn at random from 7, 7o,..., 7. If
7j+1 is removed, the new A over the interval (77,77 ;) = (75, 7j42) is A}, the
weighted geometric mean satisfying

(Tj+1 — 75) log(A;) + (Tj42 — Tjr1) log(Njr1) = (14 — 77) log(\)).

The pair of birth and death moves thus defined satisfy the dimension-matching
requirement. The birth increases the dimensionality from 2k to 2k + 2, the
difference is 2 which is the number of variables we need to separate \; and X},
namely 7% and w. In deriving an expression for the acceptance probability of
the birth proposal, it is helpful to re-write (1) in the form

min{1, (likelihood ratio) x (prior ratio) x (proposal ratio) x (Jacobian)},

noting that p(z]y) = p(y[x)p(x)/p(y). Then the prior ratio which previously
was p(k',0%)) /p(k,0()) becomes

T— o af—1
( k ) ) s <)‘9)‘3‘+1> PR UCYESVIREDY)|

(ki) Tl \ A

and the proposal ratio which was j(k",0%))/j(k,68%))q (u™)) becomes

dep1 (T —m —k+1)
bik )

R Py _
Now, we compute the Jacobian. We have =+ = =% =1 7 then
T

(7" = ) 10g(X) + (71 = ) 1og { (5 =1) %} = (171 = ) logh). @)

Taking derivative with respect to v from both sides, we have

8% -1 2
o =mg o= [ S ) <o
J u J
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Then we have

0% T T
LT b o
(TJ+1 TJ) )\; u(l _ U) .
Thus,
o\, _ (Tjr1 — 7N}

ou (1401 —m)u(l —u)

Using (2) we have

a ., O (1—w,\ 1., 1-u/74q—7"
a()\“l) B 8u< u )\j)__ﬁ)\j—i_ u Ti+1 = Tj

- _m=T)
u?(Njp1 = Aj) 7

Taking derivative with respect to A; from both sides of (3) we have

N, N,
Y 2V N & S
(T TJ) )\3 +(T]+1 T ) )\3 )\] .
Then
ax,
> _ Tt =T
(Tj+1_T]) )\/ - s )\] j‘
That is,
8)\; B )\];.
oX; A
Using (2) we have
ONipn 9 (1 uy) (Lo Aj
O\, O\, w Y u )N
[hus we have
oY i ‘ ‘
s N OAj :_<)\_gz>i:_()\3+)\3+1)2
‘ 2 , :
a_)\/j 0>\3‘+1 )\] (73 )‘]
ou ou

The last equality is obtained using the fact that

!
I1-—u A
=
U )\j
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Then, we have

1 ()\/ +/\/+1)2
u2 )\/2 :

At Tast we have

(A + X+1)2

J| =
1=

The acceptance probability for the corresponding death step has the same form
with the appropriate changes of labeling of the variables, and the ratio terms
inverted.

3.2 Estimating the Hyperparameters o* and 3

Here we use the emperical Bayes method to estimate the hyperparameters a*
and 3. To do so, first we should compute the likelihood function L(a*, By, y2,
..,yr). We have

kmax —+ o0
L(a*vﬁwl»y‘za"wyT) = Z Z Z Z / / ylw"»yTle)

k=1 2<m1<7a< <7, <T—1

x 1 (k) (H m(mk)) T5(71s . Telk)dAy - - d),

=1

where 0 = (b, 71, T2, o, Thy AL, A2y -« oy Ak).

It is noticed that computation of the above expression is difficult, but can
be approximated by Monte Carlo integration method. The values of o* and 3
which maximize L(a*, Bly1,...,yr) are the estimates of a* and /3, which can
be found numerically.

4 Examples

Suppose that a gamma process is monitored by an X chart. When a signal
is triggered by the X chart, the RIMCMC is then applied to data to obtain
Bayes estimates of the number of change points, k, and their corresponding 7’s.
To do this, first we assume that A; ~ G(a*,3), i = 1,2,...,k, and the method
mentioned in subsection 3.2 is used to estimate o* and 3. In addition we as-
sume that kn.x = 10, the probabilities of changes in the parameter values are
bi :di :0.45fori:2,...,9, blO :dl :0, d10 :bl :0.9, andm =1 =0.05
for ¢ = 1,...,10. For this setting, we have run the Monte Carlo simulation
for 40000 updates. We use the posterior mode as an estimate of k, while the
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nearest integers to posterior means are used to estimate 79,7 ..., 7. To eval-
uate the effectiveness of our proposed approach for estimating the number of
change points and their values, a series of simulations were conducted. Sample
observations were produced randomly in subgroups of size 10 from a gamma
distribution with parameters a and A. In the following simulation examples,
100 runs were performed for each example, then using the proposed method,
the average of the estimates of k, 7,7 ..., 7 for those 100 runs were recorded
with their standard errors for each estimates of k. The results for Example 1
are given in Tables 1T and 2. For Example 2, they are given in Tables 3 and 4,
and for the last example in Tables 5 and 6. The examples are as follows.

Example 1. Suppose for the first 99 subgroups, the observations followed
G(1,1); but starting from subgroup 100, sample observations followed G(1,0.8).

In this example, the parameters are, K =1, A\g = 1, Ay = 0.8, and 7; = 100.
According to Table 1, we see that in 95% of the times our method estimats the
true model (K = 1). The estimates of 7 for each estimated value of k are given
in Table 2.

Example 2. Suppose for the first 49 subgroups, the observations followed
G(1,1); but starting from subgroup 50 to 99, the observations followed G(1,1.2).
In addition, we assume that all these observations are located within the con-
trol limits. Finally, suppose starting from subgroup 100, sample observations
followed G(1,0.8).

In Example 2, the parameters are k = 2, A\g = 1, Ay = 1.2, Ay = 0.8,
71 = 50, 75 = 100. According to Table 3, we see that in 75% of the times our
method estimate the true model. The estimates of 7 for each estimated value
of k are given in Table 4.

Example 3. Suppose for the first 69 subgroups, the observations followed
G(1,1); but starting from subgroup 70 to 129 the observations followed G(1,0.8),
while starting from subgroup 130 to 179 the observations followed G(1,1.1). In

addition, we assume that all these observations are located within control lim-

its. At last, starting from observation 180 the observations followed G(1,0.9).

In Example 3, the parameters are k = 3, A\g = 1, Ay = 0.8, Ay = 1.1,

A3 = 0.9, 7, =70, », = 130, 73 = 180. According to Table 5, we see that in
48% of the times our method estimates the true model. The estimates of T for
each estimated value of k are given in Table 6.

Table 1. The estimate of posterior probability distribution
of & under the conditions mentioned in Example I.

k 1 2

7(EX) 0.95 0.05
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Table 2. The estimates of k and average change point estimates with their standard
errors for each estimated k£ under the conditions mentioned in Example I.

1 Ty T2
99.11 66.45 98.93
(12.32) (30.62)  (22.62)

Table 3. The estimate of posterior probability distribution
of k under the conditions mentioned in Example 2.

k 1 2 3

w(k|x) 011 075  0.14

Table 4. The estimates of £ and average change point estimates with their standard
for each estimated k errors under the conditions mentioned in Example 2.

F=1 k=2 F=3

71 1 72 71 72 73
103.17 49.93  100.58 54.27  93.75  157.33
(7.08) (10.97)  (7.77) (17.07) (6.57) (69.78)

Table 5. The estimate of posterior probability distribution
of £ under the conditions mentioned in Example 3.

k 1 2 3 4

(kX 035 004 048 0.13

Table 6. The estimates of £ and average change point estimates with their standard
errors for each estimated k under the conditions mentioned in Example 3.

(56.2)  (29.09) (28.75) (12.9) (6.4) (34.1) (8.99) (4.72) (10.45) (119.16)
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5 Conclusion

To identify the change point of a gamma process, monitored by X control chart,
there is no reason to constrain ourselves to one change point. In fact, some
disturbances may be introduced into the process in different times before the
X chart triggers a signal. Knowing the number of times when the disturbances
were introduced into the process, and estimating those times will be helpful
to determine the root causes of the disturbances and for removing them. This
study proposes a method to estimate the the number of change points and
their values in a gamma process monitored by X control chart, using RJM-
CMC algorithm. Application of the proposed method and the efficiency of its
performance are illustrated through a series of simulations. In this paper, we
used the X control chart to monitor a gamma process. There are other types
of control charts (for example, S, EWMA, and Cusum control charts) to inves-
tigate. Those who are interested in this issue may apply the same concept to
study the other control charts.
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