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Effect of Measurement Errors on a Class of
Estimators of Population Mean Using

Auxiliary Information in Sample Surveys
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Abstract. We consider the problem of estimating the population
mean of the study variate Y in presence of measurement errors
when information on an auxiliary character X is known. A class of
estimators for population mean using information on an auxiliary
variate X is defined. Expressions for its asymptotic bias and mean
square error are obtained. Optimum conditions are obtained for
which the mean square errors of the proposed class of estimators

are minimum.
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1 Introduction

The standard theory of survey sampling usually assumes that we observe the
“true values” when data are collected. In practice such a supposition may
not be tenable and the data may contain observational or measurement errors
due to various reasons; see Cochran (1968), Sukhatme et al. (1984), Fuller
(1995), Srivastava and Shalabh (2001), Sud and Srivastava (2000), Allen et al.
(2003), and Singh and Karpe (2008, 2009). For more interesting details and
illustrations readers are referred to Beimer et al. (2004), Groves et al. (2004)
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176 Effect of Measurement Errors on a Class of Estimators of ...

and Lessler (1992). In many sample surveys it is recognized that errors of
measurement can arise from the person being interviewed, from the interviewer,
from the supervisor or leader of team of interviewer, and from the processor who
transmits the information from the recorded interview on to the punched cards
or tapes that will be analyzed (see Cochran, 1968, p. 638). When two sampling
strategies are compared, it is customary to compare them on the basis of their
mean square errors calculated on the assumption that there are no errors of
measurement. But such a comparison may be misleading when measurement
errors are present. The reason is that measurement errors may introduce bias
and variance. Hence there is a need to take the contribution of measurement
errors into account when making such a comparison (see Chandhok and Han,
1990).

It is well known that the use of auxiliary information in sample surveys
which is related to the survey variable results in substantial increase in the
accuracy of the estimators of population mean or total. Out of many ratio,
product and regression methods of estimation are good examples in this con-
text. When the population mean pux of the auxiliary variate X is known, a
large number of estimator for population mean or total of the study variate Y
have been proposed and their properties are studied assuming that response
variable measured without error.

Let (Y, X) be the study variate and the auxiliary variate respectively. For
a simple random sample of size n, let (y;,x;) be the pair of values instead
of the true values (Y;, X;) on the two variates (Y, X) respectively for the ith
(i=1,2,...,n) in the sample.

The observational or measurement errors are defined as

ui = (yi — Yi), @)
vi = (z; — Xy), (2)

which are assumed to be stochastic with mean ‘zero’ but possibly with different
variances o7 and 0.

For the sake of simplicity in exposition, we assume that (i) u;’s and v;’s are
uncorrelated although X;’s and Y;’s (« = 1, 2,...,n) are correlated, (ii) u;’s
and v;’s are uncorrelated with true observation X;’s and Y;’s (1 =1, 2,...,n),
(iii) the population is large enough so that finite population correction terms
can be ignored.

Let (uy,px) and (0%,0%) be population means and variances of (Y, X),
respectively. Further, let p be the correlation coefficient between Y and X. We
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also denote:

1 T
T = -~ Z x; : the mean of sample observations on z,
=1
1 .
s% = D Z(xl — #)? : the sample variance for X,
i=1
1 ‘
g= Z yi © the mean of sample observations on Y,
=1
OY = J_Y7 OX = J_Xv
ny X
X
e = VA@ =B (-9,
By(X) = pa(X) ) = he,X)
== =

2 3
Ox Oy0x

1v =Vpi(v) = MZ(;}), Yov = fa(v) — 3,
v

Bow) = P @) = B(X - ),

Oy

ps(z) = B(X — pz)?,
E(v4),

ns(v) = B(v?),

pa(v) 112(X,Y) = B{(X; — ux)(Yi — puy)?}

Let 62 = s% — 0%, > 0 is unbiased estimator of population variance 0% of the
auxiliary variate X.

Furthermore we define

— A2 —
T G 7
a=—, b=—=, ea=a-1 e=0-1 ¢c=—-1,
X Ox Hny
Therefore

0
. C? o? . Cc? o2
Y

n k)
and to the first degree of approximation,

1 ot o? 2
E(e3) = o 12X +72VU—4V+2<1+—2V> ;
X
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178 Effect of Measurement Errors on a Class of Estimators of ...

Eleoes) = <%> Cy,

3
E(eie9) = Ox <’le + ’Ylva—3v> :
n 0%
The objective of this paper is to suggest a class of estimators of the popula-
tion mean py of the study variate Y using information on the known population
mean x, population variance 0% and the known error variance o7, in the pres-
ence of measurement errors. The class of estimators considered is very large
and the estimators proposed by Shalabh (1997) and Manisha and Singh (2001)
are members of the suggested class of estimators. Expression for the bias and
mean square error of the estimator, up to the terms of order n~! has been
obtained. Conditions for an estimator to be optimum in the sense of having
smallest mean square error upto terms of the order n~! in the class and the
corresponding minimum mean square error have been obtained. The results
hold for simple random sampling with replacements also. When there are no
measurement errors in both the variates X and Y, the results of this paper
reduce to Srivastava and Jhajj (1981).

2 The Suggested Class of Estimators

Let the error variance o7 be known a priori. Then the unbiased estimator of
the population variance 0% is 62 = s% — 0% > 0; see for example, Madansky
(1959), Birch (1964), Barnett (1967), Schneeweiss (1976), Fuller (1987, Ch.1),
Cheng and Van Ness (1991, 1994), and Srivastava and Shalabh (1996, 1997).
We also assume that the measurement errors are independent of the true value
of variables.

Whatever be the sample chosen, let (a,b) assume values in a bounded,
closed convex subset, ¢ on the two dimensional real space containing the point
(1,1).

Following the approach similar to that adopted by Srivastava (1971, 1980)
and Srivastava and Jhajj (1980, 1981), we consider the class of estimators of
the population mean py of the study variate Y defined by

dp = gh(aa b)a (3)
where h(a,b) is a function of ¢ and b such that

h(1,1) =1 (4)

and such that it satisfies the following conditions:

(i)  The function A(a,b) is continuous and bounded in Q.
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(i)  The first and second order partial derivatives of h(a,b) exist and are
continuous and bounded in @.

Expanding the function h(a,b) about the point (1,1) in a second order
Taylor’s series, we obtain

dp = g{h(L 1)+ (a—1)hi(1,1) + (b — 1)ho(1,) + %{(a —1)%hy1(a*, b%)
+2(a —1)(b — 1)ha(a*,b*) + (b — 1)*has(a”, b*)}],

where a* =1+ n(a—1),0* =1+nv—1),0<n <1, and

oh(-) Oh(-) 9%h(-)
h1(171) , h2(171) = — , hll(a*,b*) = 5
da | ) b |1 9a? | (ge )
e ey O7R() 0]
hz(a”,b7) = 5o (a0.04) ha2(a”07) = =55 (ar0%)

Substituting for g, a, and b in terms of ¢, €1, and e3, where eg = (§/pty) — 1,
g1 = (a—1) and g2 = (b — 1) respectively, we have

dy, = ,lLy(l + 80) |:1 + €1h1(1, 1) + 82h2(1, 1)

1 * * * * p * *
+ 5 {sfhn(a N )—|—25152h12(a N )—|—5§h22(a ,0 )}J,

dp = fhy 1+¢e9+ €1h1(1, 1) + €2h2(17 1) + €0€1h1(1, 1) + €0€2h2(17 1)

—

+ (1 + 80) {S%hn(a*, b*) + 25152h12(a*, b*) + €gh22(a*, b*)} :| . (5)

DN | =

Taking expectation and noting that the second order partial derivatives of the
function h(a,b) are bounded, we obtain

E(dn) = py +O(n™1),

which shows that the bias is of the order n~!, and hence the contribution to the
order of n=2. The mean square error (MSE) of the proposed class of estimator
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180 Effect of Measurement Errors on a Class of Estimators of ...

dy, upto the first degree of approximation is given by

MSE(dy) = E(d — py)?
= uf/E[ao +e1hi(1,1) + e2ho(1,1)]?
= p2E [ef + &1hi(1,1) + e3h3(1,1) + 22061 h1 (1, 1) + 28082h2(1, 1)
+2e162h1(1,1)ho(1,1)]

2T o? . o} ; oy
- [c@ <1 + —’j) +C2 (1 + —2"> hi(1,1) + {vzx +Y2v —
n oy Ox Tx

2 2
+2 (1 + Z—X) }hg(l, 1) 4+ 2pCxCyhi(1,1) +2Cx <71X
X

3

oy Z—3V> hi(1,1)ha(1,1) + 2ACy ha(1, 1)]
X

2
= %Y{C%(l +py) + Cx (14 px)hi(1,1) + Ah3(1,1)

+ 2pCXCYh1(1, 1) + 2/\0Yh2(1, 1) + 2CXBh1(1, 1)h2(1, 1)}, (6)

where
2 2
_ % v
Py = 0_%/7 Px Jg{ )
_ 2 2 _ 3/2
A= [ypx +vnvex +2(1+px)°], B=[nx+nvey |
The MSE of d}, at (6) is minimum when
AB — pA)C
(1) = QB P )

{AQ+px) - B*}Cx

ha(1,1) = {’f[i(_l i(;:)p_ng;y =70 (say)

(7)

Thus the resulting minimum mean squared error (MSE) of the class of estima-
tors dy, is given by

(8)

2 5 5 —
min MSE(d;) = - {(1 L py) - PAF X0+ px) 2)\pB}

A(l+px)—B?

Thus we state the following theorem.
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Theorem 1. Up to terms of order n=!

2
use(dn) > 2 {14 v) -

PPA+ N (1+px) — 2/\,03}
A(l+px) — B? ’

with equality holding of ha(1,1) = do (say) and ha(1,1) = vo (say), where &y
and 7o are given by (7).

The minimum MSE of dj, at (8) re-expressed as

. o2 2 {pB — A1+ px)}?

min.MSE(dy) = TY {(1 +pv) - 1+ px B (1 +px){A(l +px) — B?} } )
_d S (AB — pA)’
—7’/{(1“’”‘1‘A{A(1+px)—B2}} 1o

In (9) (or (10)), the first term on the right hand side gives the asymptotic
MSE of class dj, when no information is used. The second term in (9) gives the
reduction in asymptotic MSE when population mean of the auxiliary variate
X is only used and the third term provides the amount of reduction when
population mean px is used along with 0% and of,. Further we note that the
second reduction in asymptotic MSE when population variance 0% and the
error variance 0¥, are used.

The class of estimators dj, in (3) is very large if the parameters in function
h(a,b) are so chosen that they satisfy (7), the resulting estimator will have
MSE given by (9) (or (10)).

The following functions, for example, yield some simple estimators of the
class:

(i)  h(a,b) = a“bP,

ii h(a,b :alaa+agbﬁ, a; +as =1,
(ii)

(iii)  hla,b) ={l-a(a-1)-4(b-1)}

(iv)  ha,b) = b,

(v)  hab)={l-oa1(a=1)=B0b-1)}"",
(Vi) h(a,b) =exp{ala—1)—-B(b-1)}
(vii)  h(a,b) =aa+ (1 —a)b?,

(viii)  h(a,b) = (1 —a) a+ ab®,
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182 Effect of Measurement Errors on a Class of Estimators of ...

etc. where «;(i = 1,2), o, and 8 are suitably chosen constants. The optimum
values of these constants are determined from the conditions (7) and with these
optimum values the asymptotic MSE is given by (8).

In the special case when (X, Y) follows a bivariate normal and u; ~ N (0, o)
and v; ~ N(0,0%), one would have

_ pCy - _K -1
hi(1,1) = Tt p0Cx K(1+px) (11)
and

and thus the resulting minimum MSE is given by

0.2

min.MSE(d,) = TY {(1 +py) — I f:pX } (13)

where K = p(Cy /Cx).

Thus it follows from (11) that with the knowledge of the parameters (K, px)
one would be able to generate a large number of estimators which has smaller
asymptotic MSE than conventional unbiased estimator . The value of the
parameter K is known to the experimenter, as it is stable overtime; see Murthy
(1967, p.325), Walsh (1970), and Reddy (1973, 1974).

If there is no measurement errors in both the variables X and Y, then the
minimum MSE in (9) reduces to:

2 _ 2
min.MSE(d) = %Y {1 —p? - %} (14)
2X T 'nx
_ % {1 A _Dax e 2P }
n Yox +2  (vax +2)(v2x —vix +2) )7

which is same as obtained by Srivastava and Jhajj (1981).

In case of bivariate normal population, the minimum MSE of d; at (14)

reduces to
2

min.MSE(dy,) = ‘%(1 — %), (15)

which equals to the approximate variance of the usual regression estimator.
From (9) (or (10)) and (14) (or (15)) it is observed that sampling variability
increases when measurement errors are present. Thus we conclude that the
minimum MSE of the class of estimators reported by Srivastava and Jhajj
(1981) increases in presence of measurement errors. This fact is also true in
case of bivariate normal population too; see expressions (13) and (15).
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It may be noted that the minimum mean square error (8) (or (9) or (10)) is
attained only when the optimum values of the parameters, which are functions
of the unknown population values A, p, Cy, Cx,7x, 11v,72x, and oy are
used. When the optimum values of h;(1,1) and ho(1,1) yields solution in the
form of constants equated to some parametric function then it may be possible
to use the optimum values by using past experience or the past data regarding
parameters or by estimating the parameters involved in the optimum value of
constant using the sample values (see Reddy, 1978). It has been shown that
upto the terms of order =1, the minimum value of the mean squared error of
the estimator is unchanged if we estimate the optimum values of the constants
by using the sample values (see Srivastava and Jhajj, 1983). Further it may
be noted that even if the values of the parameters used in the estimator are
not exactly equal to their optimum values as given by (7) but if they are close
enough, the resulting estimator will be better than the conventional estimator ¥,
as has been illustrated by Das and Tripathi (1978, sec. 3) in case of estimation
of population variance 0% more discussion on a similar point may be found in
Srivastava (1966).

3 Bias of the Proposed Class of Estimators d,

To obtain the bias of the estimator dj, we will have to strengthen the conditions
on h(a,b) of section 2 supposing that its third order partial derivatives also exist
and are continuous and bounded. Expanding h(a,b) about the point (1,1) in
a third order Taylor’s series, we have

dy = g{h(L 1)+ (a—1)ha(1,1) + (b — Dho(1,1) + %{(a - 1)%

+ (b - 1)%} h(a*,b*) + %{(a - 1)2h11(17 1) + 2(a - 1)(b - 1)h12(17 1)

+ (b — 1)2h22(1,1)}J

1
= p,y(l + 80) [1 + €1h1(1, 1) + SQhQ(l, 1) + 5{6%}111(1, 1) + 2€1€2h12(1, 1)

A ) R
+€§h22(171)} —+ 6{61% +€2%} h(a*,b )]
:NY|:1+50+51h1(1a1)+52h2(171)+5051h1(1a1)+5052h2(171)

1
+ (1 + 50){ 5 (S%hn(l, 1) + 2€1€2h12(1, 1) + Sghzg(l, 1))
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1 d oN° . L,
+6 <€1%+€2%) h(a,b )}:|

(dh — p/y) = py |:€0 + €1h1(1, 1) + 82h2(1, 1) + €0€1h1(1, 1) + 8082h2(1, 1)

or

1. . .
+ 5 {6%h11(17 1) + 2€1€2h12(1, 1) + Eéhgz(l, 1)} J .

Taking expectation of both sides of the above expression we get the bias of dj,
to the first degree of approximation as

B(dy) = %{C§(1 + px)hin(1,1) + 2Cx Bhia(1,1) + Ahas(1,1)
+2pCy Cxhy(1,1) + 2X\Cy ha(1, 1)} (16)
= %{C§(1 +px)h11(1,1) + Cx Bhi2(1,1) + 2pCy Cx hy(1,1)
+ Ahao(1,1) + Cx Bh12(1,1) + 2ACy ho(1,1)}. (17)

Then

B(dy) = ’%[hlu, D{C%(1 + px)h1(1,1) + Cx Bha(1,1) + pCy C'x }
+ ha(1,1){Ahy(1,1) + Cx Bhy(1,1) + A\Cy }]. (18)

The bias of dp, in (18) is zero if

Cx(1+px)hi(1,1) + Bha(1,1) = —pCy, (19)
AhQ(l, 1) + CxBh; (1, 1) = —-\Cy.
Solving (19) we get
_ Cy (AB — pA) _
M= G - By T .
hg(l,l): Cy {pB_/\(1+pX)} _ (21)

A(l+px)— B? = Yo

where 69 and ~y are given by (7). Thus we state the following theorem.

© 2007, SRTC Iran



H. P. Singh and N. Karpe 185

Theorem 2. Under the conditions

hi1(1,1) = 2h3(1,1),

hao(1,1) = 2h3(1,1),
hio(1,1) = 2h, (1, 1)hy(1, 1),

along with h(1,1) = 1, the function h(a,b) will generate unbiased as well as
minimum variance bound estimator for the population mean wy .

Example 1. To illustrate we consider an estimator for uy as

diy =g{l+ai(a—1)+ax(b— 1)},

where (aq,as) are suitable chosen constants. Here

ha,b) = {1+ (a—1)+as(b—1)} . (22)

For this function we have

hl(l, 1) = —Qq, hz(l, 1) = —Qa,

hi1(1,1) = 202, hao(1,1) = 2a3, hi2(1,1) = 2a, as,

which imply that

h11(171) =2hf(171), h22(171):2h§(171)7 h12(171)22h1(171)h2(171)

Thus the function h(a,b) given by (22) satisfies all the conditions stated in
Theorem 2. Thus to the first degree of approximation the bias and MSE of d;
are respectively given by

B(d) = “%{03( (1+px)a? +2CxBaias — pCyCxas
+ Aad — axA\Cy (23)

2
MSE (di) = EX{C} (14 py) + C% (1 +px) of + Aad + 2Cx Basa
— 2prCXa1 — 2&2)\Cy}. (24)

The MSE (dy) is minimized for

{al = ~b, (25)

Q3 = —70-
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186 Effect of Measurement Errors on a Class of Estimators of ...

Substitution of (25) in (23) yields
B(dy) = 0.
Putting (25) in (24) we get the minimum MSE of d; as
min.MSE (d;) = min.MSE (d3) ,

where min. MSE (d},) is given by (8). Thus the estimator d; is almost unbiased
at optimum values of o; and s has the least MSE (or variance) equals to the
min.MSE (d;) given by (8).

4 A Wider Class of Estimators

The class of estimators dj, at (3) does not include the difference type estimator

d:y—)\l(:?—,ux)—)\g(s%(—a%(),

where A\; and Ay are suitably chosen scalars. However, it is easily shown that
if we consider a class of estimators wider than (3), defined by

dg = H(y,a,b) (26)

of population mean py, where H(-) is a function of ¢, a, and b such that
H(:U'Y7171):/j’Y7 (27)

the minimum asymptotic mean square error of dj is equal to (8) and is not
reduced.

Remark 1. Shalabh (1997), Manisha and Singh (2001), and Singh and Karpe
(2008) have respectively suggested the following estimators:

tR =17 ?X .
tr = 0y (55) + (1 -0,

trp = WY (NTX) +(1—-w)y <i) R
T 1154
where 6 and w are suitably chosen constants.

It can be seen that the estimators tg, tg1, and tgp are particular members
of the suggested classes of estimators dp,(dg) given by (3) (or (26)). The mean
squared errors and biases of tg, tr1, and tgp can be obtained first by putting
the suitable values of the derivatives in (6) and (16) respectively.
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