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sm sr
s

ri =

{
1 i ∈ sr
0 i ∈ sm

i = 1, ..., n .
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s xs = {xk : k ∈ s}
ys = {yk : k ∈ s}

ys
¨

[x1l,x2l, . . . ,xkl]
′

l l
yl nrl nl−nrl

nrl yl
[x1l,x2l, . . . ,xkl]

′

l

yil = β0l + β1lx1il + · · ·+ βklxkil + εil; i = 1, . . . , nrl

ŷil = β̂0l + β̂1lx1il + · · ·+ β̂klxkil; i = nrl + 1, . . . , nl

εil E(εil) = 0 V (εil) = σ2
i (εil, εjl) =

0 i �= j βil β̂il
l
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y θ =
N∑
i=1

yi s − sr

s yi

y•i =
{

yi, i ∈ sr
yimp,i = x′

iβ, i ∈ s− sr

yi = x′
iβ+εi Vξ(εi) = Eξ(ε

2
i ) = σ2

ξ x′
i

wi = w

β̂ =

( ∑
i∈sr

xix
′
i

)−1 ∑
i∈sr

xiyi

θ̂ =
∑
i∈s

wiyi

θ̂I =
∑
i∈s

wiy•i =
∑
k∈sr

wiyi +
∑

k∈s−sr

wix
′
iβ̂ ¨

wi

θ̂I

θ̂I − θ = (θ̂ − θ) + (θ̂I − θ̂) = +

θ̂I − θ̂ =
∑

i∈s−sr

wi(yimp,i − yi) ei = yi − yimp,i

i ∈ (s− sr)

¨
Eξ Es Er ξ

s
r s

θ̂I
EξEsEr(θ̂I − θ) = 0

EξEsEr(·)
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Vtot = EξEsEr

{
(θ̂I − θ)

2
}
= EξVp + EsErVξc

+ 2EξEsEr

{
(θ̂ − θ)(θ̂I − θ̂)

}
Vp = Es

{
(θ̂ − θ)

2
}

θ̂ θ̂

Vξc = Eξ

{
(θ̂I − θ̂)

2|s, r
}

¨
Vtot =

Vsam+Vimp+Vmix Vsam = EξVp Vimp = EsErVξc

Vmix = 2EξEsEr

{
(θ̂ − θ)(θ̂I − θ̂)

}
Vp V̂p

V̂•p Vsam

V̂•p V̂sam = V̂•p + V̂diff Vdiff = Eξ(V̂p − V̂•p|s, r)
V̂sam V̂imp V̂mix

¨
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b = 1, . . . , B

θ̂I vB(θ̂I) ≈ 1
B

B∑
b=1

(θ̂∗bI − θ̄∗I )
2

θ̄∗I = 1
B

B∑
b=1

θ̂∗bI θ̂∗bI
b

¨

y x
ri

ri xi

yi xi β0

Eξ(yi|xi) = m(xi;β0) = x′
iβ0 m(xi;β) xi

β ŷi = m(xi; β̂) = x′
iβ̂ yi

β̂

Û(β) ≡ N−1
∑
i∈s

wiri {yi −m(xi;β)}h(xi;β) = 0.

ξ(yi|xi) = σ2q(xi,β0)

q(·) h(xi;β) =
ṁ(xi,β)
q(xi,β)

≡ hi ṁ(xi,β) = ∂m(xi,β)/∂β
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q(xi,β) = 1
h(xi,β) = hi = xi = (1, xi1, . . . , xi(1−p))

θ̂Id =
∑
i∈s

wi

{
riyi + (1− ri)m(xi; β̂)

}
θ̂Id n1/2N−1(θ̂Id − θ̃Id) = op(1)

θ̃Id =
∑
i∈s

wi

[
m(xi;β0) + ri

{
1 + c′h(xi;β0)

} {yi −m(xi;β0)}
] ≡ ∑

i∈s
wiηi

c =

{
N∑
i=1

riṁ(xi;β0)h
′
io

}−1 N∑
i=1

(1− ri)ṁ(xi;β0)

hio = h(xi;β0)
θ̂Id θ̃Id

(θ̂Id) � (θ̃Id) θ̂Id

(θ̃Id)

(θ̃Id) = Eγ

[
Vs(θ̃Id)

]
+ Vγ

[
Es(θ̃Id)

]
.

γ

Vγ

[
Es(θ̃Id)

]
= Er

[
Vξ(Es(θ̃Id))

]
+Vr

[
Eξ(Es(θ̃Id))

]
(θ̃Id) (θ̃Id) ≡ V1 + V2 + V3

s ξ r

V3 = 0 (θ̃Id) ≡ V1 + V2

ηi β0 β̂

V̂1 =
∑
i∈s

∑
j∈s

Ωij η̂iη̂j

Ωij i j

η̂i = xi
′β̂+ri(1+ ĉ′xi)(yi−xi

′β̂)

ĉ =

{∑
i∈s

wirixixi
′
}−1 (∑

i∈s
wi(1− ri)xi

)
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V2 ξ(yi|xi) =
σ2q(xi,β0)

V2 = Er

{
ξ

(
N∑
i=1

ηi|RN

)}
= σ2Er

{
N∑
i=1

ri(1 + c′hi)
2q(xi,β0)

}

hi = h(xi,β) ĥi = h(xi, β̂) = xi

ξ

[
m(xi; β̂)

]
ξ

[
m(xi; β̂), yi

]
σ2 σ̂2 = 1

n−p

∑
i∈s

{yi − ŷi}2

V2

V̂2 =
∑
i∈s

wiri

[ {
1− ri(1 + ĉ′xi)

}2

⎧⎨⎩x′
i

(∑
i∈s

rixix
′
i

)−1

xi + 1

⎫⎬⎭
+ ri(1 + ĉ′xi)

2

]
(yi − ŷi)

2

(n− p)

+ 2
∑
i∈s

wiri

[ {
1− ri(1 + ĉ′xi)

}
ri(1 + ĉ′xi)x

′
i

×
(∑

i∈s
rixix

′
i

)−1

xi

]
(yi − ŷi)

2

(n− p)

ŷi ri
wi

θ̂Id V̂ = V̂1 + V̂2

yi V̂n V̂1
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n

n = 100 n = 500
n = 1000

Nh nh nh nh

N = 18538 n = 100 n = 500 n = 1000
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ri

yi i xi i
zi i

yi

yi = β0 + xiβ1 + ziβ2 + εi, E(εi) = 0, E(εi, εj) = 0 (i �= j), V (εi) = σ2

n N = 18538

ri yhi

ŷhi = β̂0h+xhiβ̂1h+zhiβ̂2h h h = 1, 2, 3, . . .
i = 1, 2, 3, . . .

m = 5 θ̂MI = 1
5

5∑
j=1

θ̂Istj

θ̂Istj =
3∑

h=1

nh∑
i=1

rhiwhyhi + (1− rhi)whŷhi

wh = Nh
nh

θ̂BOOT =
1

1000

1000∑
b=1

θ̂bIst
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θ̂bIst b

θ̂SAR = θ̂KIM = θ̂Ist =
3∑

h=1

nh∑
i=1

rhiwhyhi

+(1− rhi)whŷhi

m = 5

V̂MI(θ̂Ist) =
1

5

5∑
j=1

(θ̂Istj) +

⎧⎨⎩6

5
× 1

4

5∑
j=1

(θ̂Istj − θ̂MI)
2

⎫⎬⎭

(θ̂Istj) =
3∑

h=1

N2

(
Nh

N

)2 s2h
nh

=
3∑

h=1

N2
h

s2h
nh

=
3∑

h=1

(θ̂Ih)

V̂SAR(θ̂Ist) =
3∑

h=1

V̂•ph + V̂difh + V̂imph =
3∑

h=1

V̂samh + V̂imph =
3∑

h=1

SAR(θ̂Ih)

¨

V̂KIM (θ̂Ist) =
3∑

h=1

V̂1h + V̂2h =
3∑

h=1

KIM (θ̂Ih)

V̂1h V̂2h
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V̂BOOT (θ̂Ist) =
1

1000

1000∑
b=1

(θ̂bIst−θ̂BOOT )
2
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k θ̂kMI V̂ k
MI

θ̂MI =
1

1000

1000∑
k=1

θ̂kMI , ˆMI =
1

1000

1000∑
k=1

V̂ k
MI ,

θ̂kSAR ± 1.96
√

V̂ k
SAR

k = 1, . . . , 1000

t ν
ν t(ν,α

2
) zα

2

ri

ı̈ θ̂kst =
3∑

h=1

nh∑
i=1

whyhi

k
ri

ı̈ θ̂kst

V̂ k
100% = N2

3∑
h=1

nh∑
i=1

(
Nh

N

)2 s2kh
nh

V̂100% = 1
1000

1000∑
k=1

V̂ k
100%
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V̂STD = 1
1000

1000∑
k=1

V̂ k
STD

θ = 16336.491
100 × 106

c

̂ (θ) =
c

1000
× 100.

̂ (θ)
α = 0.05

V̂ ̂MSE
̂MSE(θ̂Ist) =

V̂KIM

̂MSE(θ̂st) = V̂ %
̂MSE

̂MSE
V̂ %

(esp.) ̂reff( % , .) =
̂MSEesp.

V̂ %
V̂ %

̂reff

̂rootMSE

MSE ̂RMSE =
̂rootMSE
θ̂(esp.)

100× 106



. . .

n = 100

̂rootMSE ̂RMSE ̂reff ̂ (θ)

n = 100

̂rootMSE ̂RMSE ̂reff ̂ (θ)

n = 100

̂rootMSE ̂RMSE ̂reff ̂ (θ)
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n = 500

̂rootMSE ̂RMSE ̂reff ̂ (θ)

n = 500

̂rootMSE ̂RMSE ̂reff ̂ (θ)

n = 500

̂rootMSE ̂RMSE ̂reff ̂ (θ)
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n = 1000

̂rootMSE ̂RMSE ̂reff ̂ (θ)

n = 1000

̂rootMSE ̂RMSE ̂reff ̂ (θ)

n = 1000

̂rootMSE ̂RMSE ̂reff ̂ (θ)
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̂MSE V̂

̂rootMSE
̂rootMSE

̂rootMSE

ri

θ
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