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Spatial Latent Gaussian Models:
Application to House Prices Data in
Tehran City

Z. Ghayoumi, M. Mohammadzadeh* and K. Gholizadeh

Tarbiat Modares University

Abstract. Latent Gaussian models are flexible models that are applied
in several statistical applications. When posterior marginals or full condi-
tional distributions in hierarchical Bayesian inference from these models are
not available in closed form, Markov chain Monte Carlo methods are im-
plemented. The component dependence of the latent field usually causes
increase in computational time and divergence of algorithms. In this paper,
an integrated nested Laplace approximation is used to solve these problems,
in which the Laplace approximation and the numerical integration methods
are combined in an efficient way so that hard simulations are replaced by
fast computation and accurate approximation. Finally the relationship be-
tween house price data, floor size, age, number of rooms, building frame,
type of proprietorship and facilities such as electricity, landline, water, gas,
central heating and cooling system, kitchen goods, bath and toilet are mod-
eled by using spatial latent Gaussian models. The fitted model can be used
for predicting the house price in Tehran city.

Keywords. Latent Gaussian model; Gaussian Markov random field; inte-
grated nested Laplace approximation; Bayesian approach.
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1 Introduction

Many researchers in various contexts need to achieve fast and accurate re-
sults, so new methods of calculations are required to fit complex models. The
class of structured additive regression models introduced by Fahrmeir and
Tutz (2001) are flexible and extensive, including: generalized linear models,
generalized additive models, smoothing spline models, state space models,
semi parametric regression models, and spatial and spatio-temporal models.
In these models the response variable is assumed to belong to an exponential
family, in which its mean is linked to some structured additive predictors.
Latent Gaussian models are a perfect subclass of structured additive regres-
sion models that are used in several statistical applications, including (a)
Regression models such as Bayesian generalized linear models (Dey et al.,
2000), penalized spline models (Lang and Brezger, 2004) random-walk mod-
els (Rue and Held, 2005) and Gaussian processes (Chu and Ghahramani,
2005). (b) Dynamic models (West and Harrison, 1997) in which temporal
dependence can be considered by using a covariate or a spatio-temporal co-
variance function. Finally, (¢) spatial and spatio-temporal models (Banerjee
et al., 2008).

In these models spatial dependence can be modeled similarly, using a spa-
tial covariate. Any two spatial and temporal dependencies can be achieved by
using a spatio-temporal covariate or a spatio-temporal covariance function.
The common approach of analyzing these models and obtaining the poste-
rior marginals is the application of Monte Carlo Markov Chain (MCMC)
algorithms. MCMC methods perform poorly when applied to such mod-
els because of the strong dependence among the components of latent field
and the components of hayperparameter vectors, especially when the dimen-
sion of latent field is large. The Integrated Nested Laplace Approximation
(INLA) is an approach proposed by Rue et al. (2009) to solve these prob-
lems, in which Laplace approximation and the numerical integration methods
are combined in an efficient way, so that hard simulations are replaced by
the fast computation and accurate approximations. Martino and Rue (2010)
presented series of case studies running from generalized linear models to spa-
tially varying regression models and survival models, solved by using INLA
methodology. Martino et al. (2011) solved the problem of inference for some
Stochastic Volatility models by applying INLA. Baghishani et al. (2012) in-
troduced data cloning method for computing maximum likelihood estimates
in complex statistical models. Ghayoumi et al. (2012) showed the appli-
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cation of INLA on the data set of childhood undernutrition in Zambia by
using spatial latent Gaussian models. Muff et al. (2013) extended the INLA
approach to formulate Gaussian measurement error models in GLM models.
Gholizadeh et al. (2013) analyzed the crime Data in Tehran city using INLA.
Gelfand et al. (2007) illustrated the use of multivariate models with spatially
changeable coefficients on a data set obtained from the Singapore housing
market. Rivaz (2012) analyzed the rent house data of Tehran city based on
Bayesian and classical approaches by using Gaussian Markov Random Field.
Khalili and Nobahar (2012) predicted the house price data in Tabriz city
using Artificial Neural Network and Hedonic models.

In this paper, the spatial latent Gaussian model (SLGM), its features and
INLA method are briefly introduced. Then the applications of the SLGM
by using INLA method are illustrated on the house price data set in Tehran
city. Next the most suitable model is selected from the proposed models by
common criteria. Finally, discussion and results are presented.

2 Model Description

Suppose y;,1 € I, is an observation of a response variable y related to a set
of covariates, where Z, is an irregular lattice with n nodes in R?. Latent
Gaussian models are a perfect and flexible class of models that mean of
response variable, that is, p; = FE(y;) is linked to a structured additive
predictor, that is, n; through a link function, namely ¢(-), so that g(u;) = n;.
The structured additive predictor n; accounts for effects of various covariates
as

ny ng
mi=a+ > filui)+ Y Brwk, i€, (1)

j=1 k=1
where {f;(-)}s are unknown functions of the covariates u; = (u1;, ..., Un;i)
and {8 }s represent the linear effect of covariates w; = (w1;, ..., wny). The

unknown functions {f;(-)} enable to provide any type of dependency such as
temporal, spatial and spatio-temporal dependencies. Assume that the latent
field x = (o, f1, ... s frgs By - , Bng) follows the Gaussian distribution with
zero mean and precision matrix Q = ¥~!, where ¥ is the covariance matrix.
The distribution of the n observational variables y = {y; : i € Z,,} is denoted
by 7(y|x, 0). Suppose y is conditionally independent given (x, @) and assign
Gaussian priors to «, {f;(-)} and {fr}. Then the joint posterior density of
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the latent field  and m-dimensional hyperparameter vector @ is given by

(2,0 |y) o (O)n(z | ) | [n(yi | «:,6)
i€T

n 1
x w(0)QI% exp |~ 52 Qw + Y log{m(y | 41,0}
i€T

Latent Gaussian models often have two basic features. The first is that
the latent Gaussian field x, which often have large dimension, holds the
local, global and pairwise Markov properties (Rue and Held, 2005). Thus
this latent field is a Gaussian Markov Random Field (GMRF) with sparse
precision matrix Q. Hence, the numerical methods of sparse matrices can
be used, which are faster than the methods served for dense matrices. The
second is that the number of hyperparameters is small, e.g. less than 6. These
two properties create the necessary conditions for fast inference (Eidsvik et
al., 2009).

3 Gaussian Markov Random Field

An undirected graph G is a double G = (V,¢), where V is a set of nodes,
is a set of edges {i,j}, i,j € V and i # j. When V = {1,...,n}, the graph
is called labeled. A random vector & = (1, ...,2,)" € R is called a GMRF
with respect to a labeled graph G = (V,¢) with mean p and precision matrix
Q, if its density has the following form

() = <2w>—31Qr%exp{—;<x W Q- m}

where

Qij #0<={i,j} €& for all i #j.

Suppose @ is an n X n symmetric positive semi definite matrix with rank
n—4k > 0. Then ¢ = (z1,...,2,)" is an improper GMRF of rank n — k with
parameters (u, Q) if its density is given by

—(n—k)
2

N

r(x) = (27) "5 Q") >exp{—1<a: W Q- m}

2

where | - |* denotes the generalized determinant. A special type of GMRF is
Intrinsic GMRF (IGMRF), which is always improper i.e. its precision matrix
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is not full rank. An IGMRF of rank n—k is an improper GMRF with feature
QS)_1 > 0, where Sj_1 is the polynomial design matrix (Rue and Held,
2005). These type of fields can be used quite extensively as smooth prior
distribution in various applications, for example, the random walk models are
a type of these priors. An IGMRF of second order x is called the second order
Random Walk (RW2) because its second order increments are independent
with normal distribution, that is,

A2z :l‘i—2ﬂ§i+1+$i+2%iN(O,liil), i=1,---,n—2.

4 Integrated Nested Laplace Approximation

Assume x = (o, f1,---, fu;, B1,- -, Bny) is the latent random field. The
posterior marginals of interest can be written as

w(oly) = [ w(oly.0)x@lw)a0. =1
(0;ly) = /7r(0|y)d0j, j=1,....¢
where 6_; denotes the vector 8 with leaving its jth element out. The ap-

proximations of the posterior marginals returned by INLA have the following
form

A(wily) =D F(@il 0k, )T (Oly) Ak,  i=1,...,n, (2)
k
7Ol = [FOldo-,,  G=1...t 3)

where each 7(0|y) is the density value computed during an integrated
schema on 7(@|y), such as grid or Central Composite Design (CCD) strategy
(Martino, 2007). The Laplace approximation used for the joint posterior of
the hyperparameters, 7(0|y), is given by

m(x,0,y)

TLa®ly) o = 20,y

|m:ac*(0) (4)
where Tg(x|0,y) is a Gaussian approximation to the full conditional of x
at its mode for a given 0 (Tierney and Kadane, 1986). Three options are
available for 7(x;|@,y). The fastest option, 7 (z;|0,y), is the marginals of
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the Gaussian approximation mg (2|6, y) that is already computed when eval-
uating expression (4). The only extra cost to obtain m(z;|6,y) is the compu-
tation of the marginal variances from the sparse precision matrix ¢ (x|0,y)
where they are computed using Takahashi’s equations (Takahashi et al.,
1973). The Gaussian approximation often gives reasonable results, but the
skewness of the distribution may not be captured by the Gaussian approx-
imation (Rue and Martino, 2007). The more accurate approach would be
used again a Laplace approximation, with a similar form to expression (4)
that is given by

m(z,0,y)
%GG(m—i‘xia 07 y)

Tra(zi|0,y) o ‘au:m’:i(ziﬂ) (5)

where T is the Gaussian approximation of 7 (x|, 0,y), _; denotes all
elements in x except its ith element and x* ,(x;, ) is the modal configuration.
The third option, Tsra(2;]0,y) called simplified Laplace approximation is
obtained by Taylor expansion on the numerator and denominator of (5) up to

third order around x; = p;(0). Setting CEZ(S) = xgi!(tg)@’ where 11;(¢) and o;(0)
are the mean and variance of the Gaussian approximation respectively, the
expansions of the numerator and denominator in (5) are respectively given

by

10g{7r(w7 o y)} T_i=FEz (T —i|z:) - _% <$§S))2 + é ($§S))3

x Z dg'g){:“i(a),9}{01'(9)@1-]-(0)}3 4 ...

._T.
JET

- 1 .
log{Fga(@-ilzi, 6,y)}| x ¢+ ; 1og|Q" + ding(c)

.’L',i:Eﬁ-G (.’L',l\mz)

where Q* = Q|_;,— is the prior precision matrix of the GMRF with omit-

_ 9%m(y;lx;,0)
Ox2

simplified Laplace approximation is defined as

ted ith column and row and ¢; = @, = s (T_jla5)- Then the

~ s 1 s 2 s 1 s 3
Fsra(@il0.y) = co— 5 (1) 49 @)al) + ¢ (2) 1P 0) 4.
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where

1(0) = 5 > oHO){1 — Corrzg (wi, 2;10)2}d3{(1:(8), 0};(8)ai; (6)

. _T.
VS

720 = 3" dP{ui(6),0}{0:(8)ai; (6)}.

DO | =

In a simulation study, the authors showed that not only the results of
INLA are much close to the results of MCMC, but also the calculation time
by INLA is a quarter of calculation time with MCMC. Calculations were run
on a computer with 33.3 GHz processor, 64 bit operating system and 12GB
memory.

5 Evaluation Criteria

We use several criterions to compare different models and choose the most
suitable. The first is Deviance Information Criterion (DIC), which is a mea-
sure of complexity and fit (Spiegelhalter et al., 2002). It compares complex
hierarchical models, given by:

DIC =D +pp

where D is the posterior mean of the deviance and pp is the effective number
of parameters. Small values of DIC indicate a good trade-off between com-
plexity and fit of the model. Moreover, to compare models and detect outliers
or surprising observations, the predictive measures (Pettit and Young, 1990)
are used such as Conditional Predictive Ordinates (CPO) and Probability
Integral Transforms (PIT). The conditional predictive ordinates are defined
as:
CPOi:ﬂ(yi]y_i), 1 €1,

where the subscript in y_; indicates that the ith element of the vector y is
removed. Unusually, small value of C'PO; indicates that y; is a surprising

observation. The probability integral transform is defined as:
PIT; = p(yi™" <wily—;), i€y

where its unusual large or small values indicate possible outliers. Further-
more, histogram of the PIT far from uniformity, might indicate a ques-
tionable model (Czado et al., 2007). Also to assess the predictive quality
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Figure 1. Histogram of price data (a): before transformation, (b): after transformation.

of the model the cross-validated logarithmic score defined by LogScore =
—mean{log w(y;|y_;)} can be used. Also, in terms of Kullback-Leibler Dis-
tance (KLD) (Kullback and Leibler, 1951) we compare the approximation of
the posterior distributions of parameters to original distribution. So, if KLD
has a small value then the approximated distribution will be accurate.

6 Application

The aim of this section is analysis of the house price data of 22 regions of
Tehran city with a SLGM by using INLA. The data set consists of infor-
mation about 83970 residential units including 14 continuous, discrete and
binary random variables including the location (22 regions of Tehran city),
floor size (square meter), age, number of rooms, building frame, type of pro-
prietorship, facilities such as electricity, landline, water, gas, central heating
and cooling systems, kitchen, bath and toilet. According to the histogram of
the data in Figure 1 (a) and the calculated p-value 2.2 x 10716 for Anderson-
Darling normality test (Anderson and Darling, 1954), the price data does
not follow a normal distribution.

After using a logarithmic transformation on the response variable, its dis-
tribution becomes approximately normal that is shown in Figure 1 (b). Using
Geary’C (Greay, 1954) with respect to Hy, lack of the spatial correlation,
the spatial correlation test with p-value= 0.001 shows the significant spatial
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correlation of data. The approved spatial correlation of the price data is con-
sidered as a latent variable. Existence of old houses and the houses with large
floor size in various regions may have different effects on the house prices and
do not follow a consistent trend. So, considering random coefficients provides
more flexible and more accurate model. Therefore, these two variables as la-
tent variables and binary variables such as electricity, landline, water, gas,
building frame, central heating and cooling systems, kitchen, bath and toilet
as variables with fixed effects are considered.

Let the transformed data be realizations of conditionally independent
Gaussian random variables with unknown mean and precision \,. We con-
sider three different models for the mean parameter, that is, 7;.

Model 1: The first model is defined as:

n = o+ w] B+ fs(si) + fi(z;) + room; f(2:), i=1,...,n

where w = (wy;, ..., wy Bi) is the vector of covariates to have linear effect and

/8 = (ﬁe]ectrich ﬁphonea ﬂwatem Bgam /Bheatera ﬁcoo]erv /Bﬁ'amm Bkitchem /Bbathv /Btoi]et)

is the coefficients vector of w. This model contains a spatially structured
component fg(s;), which is assumed to vary smoothly in regions. To ac-
count such smoothness, fs(s;) is modeled as an IGMRF with unknown
precision As. Also, fi(z;) and fa(z;) are the effects of year and floor size
variables respectively, which are considered to be second-order random walk
with unknown precision. The latent Gaussian random field of this model
is x = {a, 3, fs(), f1(*), f2(:),m; }, while the hyperparameters vector is 8 =
(Ays As, A1, A2). A vague independent Gamma (1,5E—5) prior is assigned to
each element of 8. Then the estimated coefficients along with their standard
deviations, quartiles and KLDs are presented in Table 1.
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Figure 2. Estimated effect of age in Model 1.

Table 1. Bayesian estimation of Model 1 parameters by using INLA

Quantiles

Covariate  Estimate SD 0.025 0.975 KLD

i 6.818 0.159  6.506  7.130 < 1E—45
Buater 0.022 0.012  0.000 0.044 < 1E—45
Buas 0.006 0.017  -0.028  0.041 3.7865E—29
Behone 0.027 0.007  0.013  0.041 5.42E—16
Betectrici 0.204 0.088  0.031 0.378 4.4231E—16
Boatn 0.049 0.010  0.030  0.069 < 1E—45
Bheater 0.034 0.004  0.025 0.043 1.116 E—23
Beooer 0.034 0.005  0.025 0.044 < 1E—45
Britchen 0.020 0.034  -0.047  0.086 2.319E—-17
Brrame 0.019 0.0002  0.019  0.020 < 1E—45
Buoitet 0.426 0.130  0.170  0.681 4.08E—16

Model 2: The estimated effect of age is displayed in Figure 2. Because the
age variable has an approximately linear effect on the house price, so it is
considered as a random effect variable. Hence, the previous model can be
modified as

m = a+wi B+ fs(si) + room; fi(z).
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Figure 3. (a): Histogram of PITs of Model 1, (b): Histogram of PITs of Model 2.

Here the latent Gaussian field and hyperparameters vector are x = {«, 3,
fs(-); f1(+),mi} and @ = (Ay, As, A1), respectively. The coeflicients estimates
of this model and their standard deviations, quartiles and KLD are summa-
rized in Table 3. As shown in Table 2, DIC criterion of Model 1 is smaller
than Model 2, this is because of the additional random effect in the model.
Because pp value of Model 1 is also bigger, Model 2 is less complicated than
Model 1. The histogram of PITs in Figure 3 (a) is not uniform for Model 1
while the histogram of Model 2 is almost uniform, which is shown in Figure
3 (b). Therefore Model 2 is more preferable than Model 1.

Table 2. Evaluation criteria of all models provided for house price data

Criterion
PD DIC LogScore  Calculation Time (minutes)
Model 1 54.61 110792.78 0.659 3.7497
Model 2 44.04 111317.95 0.663 2.2677
Model 3 46.62  111320.58 0.663 3.5092

Model 3: It seems that there is non-spatial correlation between areas, thus
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by maintaining the overall form of previous model, Model 3 is defined as

m = a+w! B+ fs(si) + fulu) +room;fi(z),

where fi7(u;) is a spatially unstructured component which is normally dis-
tributed with zero mean an unknown precision A,. The latent Gaussian field
of this model is @ = {«a, B, fs(-), fu(-), f1(:), i}, while the hyperparameters
vector is @ = (Ay, As, Ay, A1). The estimated coefficients, along with their
standard deviations, quartiles and KLDs are given in Table 4.

Table 3. Bayesian estimation of Model 2 parameters by using INLA

Quantiles

Covariate  Estimate SD 0.025 0.975 KLD

0 6.533 0.160  6.219  6.846 < 1E-45
Buater 0.023 0.011  0.000  0.045 < 1E-45
Beas 0.035 0.017  0.000  0.069 < 1E-45
Bphone 0.026 0.007  0.012  0.040 1.654E—24
Betectrici 0.200 0.089  0.025 0.374 8.27T2FE—25
Brath 0.051 0.010 0.031  0.070 < 1E—-45
Bheater 0.032 0.004 0.023  0.041 < 1E—-45
Beooter 0.036 0.004 0.026  0.046 4.5491FE—-24
Buitchen 0.022 0.034  -0.045 0.089 < 1E-45
Bicame 0.019 0.0002  0.018  0.019 < 1FE—-45
Broitet 0.408 0.131 0.151  0.664 8.112F—16
Bage 0.021 0.0001  0.021  0.021 < 1FE—-45

According to Table 2, the values of pp, DIC and calculation time have
increased for Model 3. Hence, adding a randomized component fi(u;) has
no desirable effect on the model accuracy. Therefore, among all the models,
Model 2 is the best suitable one.
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Figure 4. Estimated effect of the floor size in Model 2.

Table 4. Bayesian estimation of Model 3 parameters by using INLA

Quantiles

Covariate  Estimate SD 0.025 0.975 KLD

1 6.531 0.159  6.216 6.844 < 1E—-45
Buwater 0.023 0.011  0.000 0.045 4.099E—-16
Beas 0.035 0.017  0.001  0.070 < 1E—45
Bphone 0.026 0.007  0.012  0.041 < 1E-45
Betectrici 0.201 0.088  0.026 0.375 4.394E—-16
Brath 0.051 0.009 0.031  0.070 < 1E—45
Breater 0.031 0.004  0.023  0.040 < 1E—-45
Beooler 0.036 0.005 0.026  0.045 < 1E—45
Britchen 0.022 0.034  -0.045 0.089 3.456 E—16
Birame 0.019 0.0002  0.019  0.020 6.037E—13
Broitet 0.408 0.130  0.151  0.664 < 1E-45
Bage 0.021 0.0001  0.020 0.021 < 1E—45

Estimated effect of the size feature is displayed in Figure 4. It is clear that
floor size has an incremental and non-linear effect on house price. The esti-
mated spatial structure and the estimated standard deviation are illustrated

in Figures 5.

With respect to Figure 5 (a), the estimated spatial structure in the east
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Figure 5. (a): Posterior mean for the spatial structure of the Model 2, (b): Standard Deviation of
Model 2.

and center of Tehran is negative and in the west of city (regions 5 and 22)
is positive. Also the map of estimated standard deviations, in Figure 5 (b),
show appropriate accuracy of the predictions.

7 Discussion and Results

Regarding spatial models, INLA as powerful inferential tool for latent Gaus-
sian models has been used to tackle problems in analysis of lattice data,
Geostatistics and point processes. In all cases, spatial dependency is mod-
eled via the precision matrix of Gaussian random effects. However from a
computational point of view, the normal assumption for latent variables is
considered just for convenience in practice, but testing this assumption is
impossible, which needs to be considered in future research.

In this paper the latent Gaussian models are described and illustrated
with its application on the house price data by using INLA. It is shown that
Model 2 is the best among all three suggested models, that is why its DIC and
LogScore are smaller than the others. Also, histogram of the PITs of Model
2 is almost uniform, so this model is suitable for prediction of house price
in Tehran city. According to the results, studying 117 districts in Tehran
instead of 22 regions with a priori assigned weighted Basage (Rue and Held,
2005), will result in a smoothed function. Moreover considering variables
such as neighborhood security position, liquidity or building special facilities
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such as swimming pool, backyard, etc. would give more accurate models.
Time trend also can be entered as a latent variable in model.
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