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Abstract. In this paper, we give a new and direct proof for the recently
proved conjecture raised in Soltani and Roozegar (2012). The conjecture
can be proved in a few lines via the integral representation of the Gauss-
hypergeometric function unlike the long proof in Roozegar and Soltani (2013).
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1 Introduction
Following the work of Soltani and Roozegar (2012), consider a randomly
weighted average (RWA) of independent and continuous random variables
X1, . . . , Xn defined by

Sn = R1X1 +R2X2 + · · ·+RnXn, n > 2, (1)

where the random proportions Ri = U(i) −U(i−1), i = 1, . . . , n− 1 and Rn =

1−
∑n−1

i=1 Ri are the cuts of (0, 1) by the order statistics U(1), . . . , U(n−1) of a
random sample U1, . . . , Un−1 from a uniform distribution on [0, 1], U(0) = 0
and U(n) = 1. Following Roozegar and Soltani (2013) specify certain classes
of power semicircle laws that are randomly weighted average distributions.
More precisely, they show that the power semicircle (PS) distribution with
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shape parameter θ (θ > −3
2) and range parameter σ (σ > 0), whose density

is given by
Cθ,σ

(
σ2 − x2

)θ+ 1
2 , (2)

where Cθ,σ = 1√
πσ2θ+2 ·

Γ(θ+2)

Γ(θ+ 3
2
)

and x ∈ (−σ, σ) is indeed a RWA distribution
for θ = n−3

2 and n > 2. This result is proved by Soltani and Roozegar
(2012) just for n = 2, 3, 4. The long proof of this result which is given in
Roozegar and Soltani (2013) for all n is based on the formula for the Stieltjes
transform (ST) of a PS distribution. This formula is derived by Arizmendi
and Perez-Abreul (2010), namely,

S[Fθ](z) = (θ + 1)

∫ 1

0
(1− t)θ(z2 − tσ2)

−1
2 dt, θ > −1.

Soltani and Roozegar (2012) indicate,

S[FSn ;n](z) = [S[FX1 ](z)]
n , z ∈ C

n∩
i=1

(supp FXi)
c, (3)

where S[H](z) and S[H; ρ](z) are ST and generalized ST of a distribution
H, respectively. These transforms are defined by

S[H](z) =

∫
R

1

z − x
H(dx), z ∈ C ∩ (supp H)c,

and

S[H; ρ](z) =

∫
R

1

(z − x)ρ
H(dx), z ∈ C ∩ (supp H)c, ρ > 0,

where C is the set of complex numbers, supp H stands for the support of H
and ρ is a constant.
The main objective here is to employ the Gauss-hypergeometric function 2F1,
which is defined by the series

2F1(c, a; b; z) =

∞∑
n=0

(c)n(a)n
(b)nn!

zn,

where (a)0 = 1 and (a)n = a(a+1)(a+2) . . . (a+ n− 1), n > 1, denotes the
rising factorial. Gauss-hypergeometric function 2F1 has the Euler’s integral
representation of the form

2F1(c, a; b; z) =
Γ(b)

Γ(a)Γ(b− a)

∫ 1

0

ta−1(1− t)b−a−1

(1− zt)c
dt. (4)
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For more details on Gauss-hypergeometric function and its properties, see
Abramowitz and Stegun (2012) and also Andrews et al. (1999).

2 PS Distribution

In this section we present a short proof of the following theorem of Roozegar
and Soltani (2013).

Theorem 1. Let the random variables X1, . . . , Xn be independent and have
common arcsine distribution on (−σ, σ), σ > 0. Then Sn will have a PS
distribution on (−σ, σ) with θ = n−3

2 , n > 2.

Proof. Without loss of generality, we assume σ = 1. For the arcsine distri-
bution (θ = −1 in PS distribution), we have

S[F−1](z) =
1√

z2 − 1
.

In view of (3), it suffices to show that

an

∫ 1

−1

1

(z − x)n
(1− x2)

n−2
2 dx =

(
1√

z2 − 1

)n

,

where an =
Γ(n+1

2
)√

πΓ(n
2
)
.

Indeed, for any n > 2, one has for |z| > 1, via change of variables t = x+1
2 ,

an

∫ 1

−1

1

(z − x)n
(1− x2)

n−2
2 dx = bn

∫ 1

0

1

(z + 1− 2t)n
{t(1− t)}

n−2
2 dt

=
bn

(z + 1)n

∫ 1

0

1

(1− 2t
z+1)

n
{t(1− t)}

n−2
2 dt,

J. Statist. Res. Iran 10 (2013): 107–111



110 A Brief Determination of Certain Class of Power Semicircle Distribution

where bn =
2n−1Γ(n+1

2
)√

πΓ(n
2
)
. Now applying (4), we arrive at

∫ 1

−1

1

(z − x)n
(1− x2)

n−2
2 dx ∝ 1

(z + 1)n
2F1

(
n,
n

2
;n;

2

z + 1

)
=

1

(z + 1)n

∞∑
n=0

(
n
2

)
n

n!

(
2

z + 1

)n

=
1

(z + 1)n
· 1

(1− 2
z+1)

n
2

=

(
1√

z2 − 1

)n

.

This completes the proof.
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