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Abstract. Consider the problem of estimating true density, h(·) based
upon a random sample X1, . . . , Xn. In general, h(·) is approximated using
an appropriate (in some sense, see below) model fθ(x). This article using
Vuong’s (1989) test along with a collection of k(> 2) non-nested models
constructs a set of appropriate models, say model confidence set, for unknown
model h(·). Application of such confidence set has been confirmed through a
simulation study.
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1 Introduction
Model selection play an important role in statistical data analysis. Once a
model has been identified, various forms of inferences such as prediction, in-
formation extraction, risk evaluation and decision making can be done using
a given framework of deductive argument. Based upon data, model selection
has two approaches: hypothesis testing and model selection criteria. Most
of the time one chooses a model which is at least not falsified. Clearly, this
approach is different from classical hypothesis testing. Two given models
may be either nested or non-nested. The nested models are frequently stud-
ied in both theoretical and applied statistics. Surprisingly, the non-nested
∗ Corresponding author
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models do not receive enough attention from authors. Cox (1961, 1962),
Atkinson (1970), Pesaran (1974), Pesaran and Deaton (1978), Davidson and
MaKinnson (1981), Fishwer and McAleer (1981), Dastoor (1983) and Vuong
(1989) were authors who worked on non-nested hypothesis tests. Among
such authors Cox (1961, 1962) and Vuong (1989) developed two statisti-
cal approaches to inference for non-nested models. Both Cox’s and Vuong’s
tests are a generalization of the likelihood ratio test (LRT) for non-nested hy-
potheses tests and non-nested model selection, respectively. In the Vuong’s
test viewpoint, an appropriate model is a model that maximizes the relevant
part of the Kullback–Leibler divergence distance, say KL. The Vuong’s test
built up based upon the expectation of likelihood ratio of the two competing
models for unknown model h(·). Therefore, under the null hypothesis that
two competing models are equivalent, the Vuong’s test is zero. One may
notice that decision-making procedure by the Vuong’s test does not depend
on unknown model h(·).

The idea of model selection starts with a collection of competing models
which are appropriate (in some senses such visual investigation, nature of
problem in hand, etc) for unknown model h(·). The decision-making process
based upon such collection can be done using the Cox’s test, the Vuong’s
test, or the AIC criterion. The AIC criterion (Hirotugu Akaike, 1973) is
widely used to choose an appropriate model among a collection of competing
parametric models. Shimodaira (1998) was pioneer author who developed a
producer to construct sub-collection of models among a collection of com-
peting parametric models. He obtained a model confidence set based on
H0 : E(AICi) 6 mini̸=j E(AICj) against H1 : E(AICi) > mini̸=j E(AICj)
by bootstrap simulation in the regression models.

Instead of choosing a single model that maximizes the log-likelihood, this
article proposes a version of multiple comparisons method to construct a
confidence set for unknown model h(·) based upon a collection of non-nested
models. The rest of this article is organized as follows. Some mathematical
background for the problem has been collected in Section 2. Based on the rel-
evant part of Kullback-Leibler divergence distance, Section 3 develops a new
statistical test. Section 4 constructs confidence set for unknown model h(·).
Practical application of our results have been study through a simulations
study in Section 5.
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2 Definitions and Notation
Kullback-Leibler divergence distance, say KL is widely used statistical crite-
ria which employs to select an appropriate model among a collection given
competing models. The KL of fθ(X) with respect to unknown model h(·)
and observation X is defined by expectation of log h(X)/fθ(X). In other
words,

KL{h(X); fθ(X)} = Eh

{
log

(
h(X)

fθ(X)

)}
= Eh{log h(X)} − Eh{log fθ(X)}.

The above two expressions Eh{log h(X)} and Eh{log fθ(X)} can be viewed as
an irrelevant and relevant part of the KL, respectively. Since model selection
procedure does not depend on whole of the KL, we just focus on its relevant
part. It should be worthwhile to mention that, the KL (i) takes its value
from an interval [0, ∞); (ii) cannot be a metric but it has additive property
over marginals of product measures; and (iii) KL{h(X); fθ(X)} = 0 implies
that h(·) = fθ0(·).

Suppose X = (X1, . . . , Xn) is a random sample from unknown model h(·)
and

FΘ = {fθ(·) : θ ∈ Θ ⊆ Rp} ,
GΓ = {gγ(·) : γ ∈ Γ ⊆ Rq} ,

are two family of models which are appropriate for unknown model h(·). Two
models FΘ and GΓ are non-nested models if and only if FΘ ∩ GΓ = ∅ and GΓ

is nested in FΘ if and only if GΓ ⊂ FΘ. Therefore, two competing models are
non-nested if one models cannot be reduced to another by imposing some
restrictions on certain parameter.

Definition 1. The model set FΘ with respect to h(·) is called well-specified
if and only if there exists θ0 ∈ Θ such that h(·) ≡ fθ0(·). Otherwise, FΘ is
called misspecified model with respect to h(·).

For misspecified model set FΘ, one may find a θ⋆ ∈ Θ which minimizes
the discrepancy between h(·) and fθ(·). The quasi maximum likelihood es-
timator (QMLE), and the pseudo KL estimator can be appropriate choices
for such θ⋆. The following provides definition of the QML and the pseudo
KL estimators.
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Definition 2. Suppose X = (X1, . . . , Xn) stands for a random sample from
the unknown model h(·). Moreover, suppose that fθ(x) is an appropriate
(in some sense) candidate for h(·). Then, the quasi maximum likelihood and
pseudo KL estimators for θ, respectively, are given by

θ̂qmle = arg sup
θ∈Θ

Lf
n(θ);

θKL = argmax
θ∈Θ

Eh

{
1

n
Lf
n(θ)

}
,

where the quasi log likelihood Lf
n(θ) is given by Lf

n(θ) =
∑n

i=1 log fθ(Xi).

The QMLE and the classical maximum likelihood estimator (MLE) co-
incide whenever FΘ with respect to h(·) is a well-specified model set. Wald
(1949) showed that under some regularity conditions, the QMLE coincides on
θ0 which returns minimum KL{h(·); fθ(·)}. Moreover, Huber (1976) showed
that for misspecified model sets, θ̂qmle is a consistent estimator of θ⋆.
As mentioned above, the KL study just though Eh{log fθ(X)} depends on
unknown model h(·). The expectation Eh{log fθ(X)} can be estimated in
two following steps:

Step 1 (ML estimator for h(·)) Based upon random sample X = (X1,
. . . , Xn), suppose that Bernoulli random variable Yt(x) is defined by
Yt(x) := 1(Xt 6 x). The ML estimator for distribution functionH(x) :=
P (X1 6 x) is given by

Ĥ(x) =
1

n

n∑
t=1

Yt =
1

n

n∑
t=1

1(Xt 6 x).

Moreover, the empirical estimator for density h(·) is given by ĥ(xi) =
1/n, for i = 1, . . . , n. Substituting such empirical estimation leads to

E
ĥ
{log fθ(X)} =

∫
log fθ(x)dĤ(x)

=
1

n

n∑
i=1

log fθ(xi)

which is still unknown because θ is so.
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Step 2 (ML estimator for θ) Now by replacing θ̂qmle for θ, expectation
Eh{log fθ(X)} can be estimated by

1

n

n∑
i=1

log f
θ̂qmle

(xi).

The likelihood ratio statistic, say LR, for the model FΘ against the model
GΓ, LRn(θ̂qmle, γ̂qmle), is given by

LRn(θ̂qmle, γ̂qmle) = Lf
n(θ̂qmle)− Lg

n(γ̂qmle)

=

n∑
i=1

log
f
θ̂qmle

(Xi)

gγ̂qmle
(Xi)

.

White (1982) showed that under some regularity conditions

1

n
LRn(θ̂qmle, γ̂qmle)

a.s.−→ Eh

{
log

fθ⋆(X)

gγ⋆(X)

}
.

Moreover, Vuong (1989) showed that fθ⋆(·) ̸= gγ⋆(·) whenever

n−
1
2LRn(θ̂qmle, γ̂qmle)− n

1
2 Eh

{
log

fθ⋆(X)

gγ⋆(X)

}
D−→ N(0, w2

⋆),

where w2
⋆ denotes the variance of random variable log(fθ⋆(X)/gγ⋆(X)) with

respect to h(·). A natural estimator for w2
⋆ could be

ŵ2
n =

1

n

n∑
i=1

{
log

f
θ̂qmle

(Xi)

gγ̂qmle
(Xi)

}2

−

{
1

n

n∑
i=1

log
f
θ̂qmle

(Xi)

gγ̂qmle
(Xi)

}2

.

Main Results

3 A Generalization for the Vuong’s Test
The classical hypotheses testing cannot be employed whenever hypotheses
do not belong to the same parametric family. A pioneering contributions was
Cox (1961, 1962) who modified the classical procedure for two non-nested
models. The model selection criteria does not talk about truth or falsity
of a hypothesis. It talks about closeness of a candidate model to the true
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model. Hypothesis testing asks whether there is any statistically significant
evidence of departure from the null hypothesis in the direction of one or more
alternative hypotheses. On the other hand, in the case of hypothesis testing
for model selection (nested or non-nested hypothesis testing) it is possible
for all models under consideration to be rejected. The null hypothesis for
classical and non-nested hypothesis testing play different roles. When the
models are nested the classical hypothesis testing approach select the most
parsimonious model as the null hypothesis. But, when the model are non-
nested the null hypothesis is selected on a priori grounds. The Vuong’s test
implies the equivalence of two competing models from the aspect of being
close to true model h(·). This section generalizes this problem to k( > 2) non-
nested competing models. Multiple comparison techniques are methods of
performing the tests so that if all the hypotheses are true, then the probability
of rejecting any of the hypotheses is no greater than some specified value.
Suppose that we have a list of k competing non-nested models which could
be used to describe random sample X. Moreover suppose that U denotes a
collection of such non-nested competing models. Each model FΘ(i) ∈ U can
be restated as

FΘ(i) =
{
fθ(i)(·) : θ(i) ∈ Θ(i) ⊆ Rpi

}
, i ∈ M := {1, . . . , k}.

For each model FΘ(i), there exists a member fθ⋆(i)(X) such that is closest
member to true density h(·). Then, under the KL model fθ⋆(i)(·) is an ap-
propriate approximation for h(·). Now, for each i ∈ M consider the following
hypothesis

H0i : Eh{log fθ⋆(i)(X)} > maxj ∈M\{i} Eh{log fθ⋆(j)(X)},

H1i : Eh{log fθ⋆(i)(X)} < maxj ∈M\{i} Eh{log fθ⋆(j)(X)}.

Testing the null hypothesis H0i is reasonable because the null hypothesis H0i

shows that FΘ(i) has the maximum expected log-likelihood and consequently
has the minimum KL between (k − 1) non-nested models. Therefore, it is
natural to select FΘ(i) from aspect of being close to the unknown true density
h(·).

Theorem 1. Suppose X1, . . . , Xn be a random sample from unknown density
h(·). Moreover, suppose that U denotes a class of these non-nested competing
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models for approximation h(·). For testing
H0i : Eh{log fθ⋆(i)(X)} > maxj ∈M\{i} Eh{log fθ⋆(j)(X)},

H1i : Eh{log fθ⋆(i)(X)} < maxj ∈M\{i} Eh{log fθ⋆(j)(X)},

the hypothesis H0i will be rejected at significant level α if and only if{
min

j ∈M\{i}
Tij < − c

}
=

{
min

j ∈M\{i}
Tij < z α

k−1

}
,

where

Tij =
n−

1
2

{
Lfi
n (θ̂⋆(i))− Lfj

n (θ̂⋆(j))− (pi − pj)
}

ŵij
.

Proof. The null hypothesis H0i contains the following (k − 1) individual
hypothesis.

H ′
0j : Eh{log fθ⋆(i)(X)} > Eh{log fθ⋆(j)(X)} for all j ∈ M\{i},

against

H ′
1j : Eh{log fθ⋆(i)(X)} < Eh

{
log fθ⋆(j)(X)

}
,

each individual hypothesis testing H′
0j against H′

1j is at the significant level
of α/(k − 1). Now, consider

H′′
0j : Eh{log fθ⋆(i)(X)} = Eh{log fθ⋆(j)(X)},

against

H ′
1j : Eh{log fθ⋆(i)(X)} < Eh

{
log fθ⋆(j)(X)

}
.

Since the models FΘ(i)
and FΘ(j)

are non-nested, then results of White (1982)
and Vuong (1989) imply that fθ⋆(i)(·) ̸= fθ⋆(j)(·). By using the Vuong’s
approach, test statistic for individual hypothesis H ′′

0j against H ′
1j is

Tij =
n−

1
2

{
Lfi
n (θ̂⋆(i))− Lfj

n (θ̂⋆(j))− (pi − pj)
}

ŵij
.

J. Statist. Res. Iran 9 (2012): 179–193



186 Model Confidence Set Based on Kullback-Leibler Divergence Distance

Which asymptotically has standard normal distribution under H ′′
0j . The

individual hypothesis H ′′
0j is rejected if Tij < − c and c satisfies Φ(− c) =

α
k−1 , where Φ(z) is the cumulative distribution function of standard normal.
Now, set

∆ij = Eh{log fθ⋆(i)(X)} − Eh{log fθ⋆(j)(X)}.

Under the H′
0j , the values of ∆ij is positive. So

α

k − 1
= P (Tij < − c)

> P

(
Tij < − c− ∆ij

ŵij

)
.

The latter inequality indicates that the class of tests H′′
0j contains the class

of test H′
0j . On the other hand, the hypothesis H′′

0j means the equality in
the equations of H′

0j . It follows that the class of test H′′
0j is larger than class

of H′
0j . Since the hypothesis H′

0j is subclass of H′′
0j . Therefore, Tij < − c is

also critical region for H′
0j .

For i, j ∈ M, each of individual tests has an acceptance region of the form
{Tij > −c}, where c dose not depend on i and j. Therefore, the hypothesis
H0i will be accepted if and only if

Tij > −c for all j ∈ M\{i} ,

this is equivalent to {
min

j ∈M\{i}
Tij > − c

}
.

Consequently, H0i will be rejected if and only if{
min

j ∈M\{i}
Tij < − c

}
=

{
min

j ∈M\{i}
Tij < z α

k−1

}
.

The calculation of above test statistics is not difficult. The R software
is an appropriate statistical software which is used. If the hypotheses to be
tested are chosen after looking at data, the individual significance level of
α/(k− 1) are invalid, so experiment error rate has not been controlled. The
Bonferroni method can be taken into account to handle for a finite number
of hypotheses. This paper doesn’t assume that h ∈ FΘ(i) for some i ∈ M.
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4 A 100(1 − α)% Model Confidence Set
A model confidence set, MCS, is a set of density functions that it will contain
the true model h(·) with a given level of confidence. This section investigates
the following main question which arise in the model selection:

How is it possible to build a MCS from a collection of k(≥ 2) appropriate
non-nested models?

By having such collection of k( > 2) appropriate non-nested models, say U ,
our investigation is restricted within U . Then by considering a test based
on relevant part of the KL one has to choose a set of appropriate models
rather than a single model. This set is called a MCS. The MCS as dual of
hypothesis testing is constructed to assess which models are more appropriate
than theirs in terms of the KL divergence.

To illustrate such idea, consider the most simplest case where one has
just two non-nested models, say FΘ(1) and FΘ(2). In the first step, consider
the null hypothesis test

Eh{log fθ⋆(1)(X)} > Eh{log fθ⋆(2)(X)},

against
Eh{log fθ⋆(1)(X)} < Eh{log fθ⋆(2)(X)},

and include FΘ(1) in MCS unless the null hypothesis is rejected. In the
next step, repeat the same hypothesis testing, but the roles of FΘ(1) and
FΘ(2) must be interchanged. The MCS will be one of {FΘ(1)}, {FΘ(2)} or
{FΘ(1), FΘ(2)}.

The above idea readily can be extend to the situation that there exists
a collection of k( > 2) non-nested appropriate models, say {FΘ(i)| i ∈ M =
{1, . . . , k}}. For each i ∈ M, one may consider

H0i : Eh{log fθ⋆(i)(X)} > maxj ∈M\{i} Eh{log fθ⋆(j)(X)},

H1i : Eh{log fθ⋆(i)(X)} < maxj ∈M\{i} Eh{log fθ⋆(j)(X)},

and include FΘ(i) in MCS unless is rejected at a prescribed significance
level. The MCS cannot be empty because at least it contains the maxi-
mum Eh{log fθ⋆(i)(X)} model at an error smaller than specified significant
level. τ is a MCS whenever

P
(
FΘ(m) ∈ τ

)
= P (H0m is not rejected) > 1− α.
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On the other hand, the MCS at a given significance level is obtained from

τ =

{
FΘ(i) ∈ U

∣∣∣ min
j ∈M\{i}

Tij > z α
k−1

; i ∈ M
}
.

The MCS in model selection approach is different from confidence set in
classical approach. There is not exists the parameter related to MCS of
models. Confidence set of models makes sense because

P
(
FΘ(m) ∈ τ

)
= P (H0m is not rejected)

= P

(
min

j∈M\{m}
Tmj > − c

)
= P (Tm1 > − c, , · · · , Tmm−1 > − c, Tmm+1

> − c, . . . , Tmk > − c)

>


k∑

j=1, j ̸=m

P (Tmj > − c)

− (k − 2)

(Bonferroni Inequality)

= (k − 1)

(
1− α

k − 1

)
− (k − 2)

= 1− α.

Therefore, this procedure leads to a quantitative measure of reliability.
Result of the above method is different from those found out by Shimodaira
(1998). He employed the bootstrap-based multiple comparisons procedure
while in the above method the Bonferroni correction of pairwise tests of
log-likelihood differences has been employed. These two procedures are es-
sentially the same but there is some difference in commotional manner and
critical constants of significance tests.

5 Simulation Study

This section through a simulation study shows that how one may employ
the above findings in practical applications. For this simulation study, we
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consider the following three non-nested models.

FΘ(1) =

{
fθ(1)(x) =

1

x
√
2πσ2

exp

{
−(log x− µ)2

2σ2

}
; θ(1) = (µ, σ2)

}
;

FΘ(2) =

{
fθ(2)(x) =

1

λα Γ(α)
xα−1 exp

{
−x
λ

}
; θ(2) = (α, λ)

}
; and

FΘ(3) =

{
fθ(3)(x) =

β

γ

(
x

γ

)β−1

exp

{
−
(
x

γ

)β
}
; θ(3) = (β, γ)

}
.

as a possible competing for unknown model h(·). Based upon a random
sample X1, . . . , Xn the QML estimator for parameters of such three non-
nested models are:

µ̂ =
1

n

n∑
t=1

logXt : σ̂2 =
1

n

n∑
t=1

(logXt − µ̂)2;

λ̂ =
1

n

n∑
i=1

Xi : log α̂− ψ(α̂) = log λ̂− 1

n

n∑
i=1

logXi;

γ̂ =
1

n

n∑
i=1

X β̂
i : β̂ =

{∑n
i=1X

β̂
i logXi∑n

i=1X
β̂
i

−
∑n

i=1 logXi

n

}−1

,

where ψ(x) = ∂
∂x ln Γ(x).

Using the above three candidate models along with the following three hy-
pothesis tests, one may build up a (1− α)% MCS for true model h(·).
H01 : Eh{log fθ̂(1)(X)} > max

j∈{2, 3}
Eh{log fθ̂(j)(X)} v.s. H11 : Reject H01;

H02 : Eh{log fθ̂(2)(X)} > max
j∈{1, 3}

Eh{log fθ̂(j)(X)} v.s. H12 : Reject H02;

H03 : Eh{log fθ̂(3)(X)} > max
j∈{1, 2}

Eh{log fθ̂(j)(X)} v.s. H13 : Reject H03.

(1)

Using the Monte-Carlo method with 103 irritations, the following examples
generate data (with sample size n = 50, 100, 200) from the above non-nested
models. Then, using such generated data each example builds up an 95%

MCS for true model h(·).

Example 1. Suppose random sample x1, . . . , xn (n = 50, 100, 200) have been
generated from a Lognormal model with parameters θ = (µ = 2, σ2 = 0.5).
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To build up a 95% MCS for true model h(·), one has to conduct Hypothesis
tests (1) at significant level α = 0.05.
Table 1 shows decision of the above hypothesis test at significant level α =

0.05 for sample size n = 50, 100, 200.

Table 1. Results of the above hypotheses test (1) at level α = 0.05 based upon 103 Monte-Carlo
irritations and sample size n = 50, 100 and 200.

Hypothesis Test

H01 v.s. H11 H02 v.s. H12 H03 v.s. H13

Sample Size Test Statistic Conclusion Test Statistic Conclusion Test Statistic Conclusion

n = 50 0.9902 H01 is accepted - 1.0547 H02 is accepted - 4.5339 H03 is rejected
n = 100 1.3504 H01 is accepted - 1.3624 H02 is accepted - 6.7850 H03 is rejected
n = 200 1.8656 H01 is accepted - 1.8656 H02 is accepted - 9.7171 H03 is rejected

Using results of Table 1, one may build up the following 95% MCS for the
true density function Lognormal(2, 0.5) is given by

τ =
{
FΘ(1);FΘ(2)

}
= {Lognormal; Gamma}.

The MCS shows that the method works properly and the true model (Log-
normal) falls in MCS. For the interpretation of equivalence of two competing
models, see Sayyareh et. al (2011). �

Example 2. Suppose random sample x1, . . . , xn (n = 50, 100, 200) have
been generated from a Gamma density function with parameters θ = (α =
2, λ = 3). To build up a 95% MCS for true model h(·), one has to conduct
Hypothesis tests (1) at significant level α = 0.05.
Table 2 shows decision of the above hypothesis test at significant level α =

0.05 for sample size n = 50, 100, 200.

Table 2. Results of the above hypotheses test (1) at level α = 0.05 based upon 103 Monte-Carlo
irritations and sample size n = 50, 100 and 200.

Hypothesis Test

H01 v.s. H11 H02 v.s. H12 H03 v.s. H13

Sample Size Test Statistic Conclusion Test Statistic Conclusion Test Statistic Conclusion

n = 50 -1.1444 H01 is accepted -0.2142 H02 is accepted 0.1841 H03 is accepted
n = 100 -1.4681 H01 is accepted 0.1120 H02 is accepted 0.5929 H03 is accepted
n = 200 -1.5058 H01 is accepted 0.5352 H02 is accepted 1.1168 H03 is accepted

c⃝ 2012, SRTC Iran



G. Barmalzan and A. T. Payandeh Najafabadi 191

Using results of Table 2, one may build up the following 95% MCS for the
true density function Gamma(2, 3) is given by

τ =
{
FΘ(1); FΘ(2); FΘ(3)

}
= {Lognormal; Gamma; Weibull}.

�

Example 3. Suppose random sample x1, . . . , xn (n = 50, 100, 200) have
been generated from a Weibull density function with parameters θ = (β =
2, γ = 5). To build up a 95% MCS for true model h(·), one has to conduct
Hypothesis tests (1) at significant level α = 0.05.

Table 3 shows decision of the above hypothesis test at significant level
α = 0.05 for sample size n = 50, 100, 200.

Table 3. Results of the above hypotheses test (1) at level α = 0.05 based upon 103 Monte-Carlo
irritations and sample size n = 50, 100 and 200.

Hypothesis Test

H01 v.s. H11 H02 v.s. H12 H03 v.s. H13

Sample Size Test Statistic Conclusion Test Statistic Conclusion Test Statistic Conclusion

n = 50 -2.1264 H01 is rejected -0.8228 H02 is accepted 1.4831 H03 is accepted
n = 100 -6.7829 H01 is rejected -1.0639 H02 is accepted 2.1042 H03 is accepted
n = 200 -3.5932 H01 is rejected -1.3516 H02 is accepted 2.7686 H03 is accepted

Using results of Table 3, one may build up the following 95% MCS for the
true density function Weibull (2, 5) is given by

τ =
{
FΘ(2); FΘ(3)

}
= {Gamma; Weibull}.

�
Using value of statistic test for the above examples, one may conclude

that increasing sample size leads to more accurate MCS.

6 Conclusion and Suggestion
This article considered the problem of estimating an unknown model h(·)
based upon a random sample X1, . . . , Xn and collection of k( > 2) non-
nested models. This article using k−1 hypothesis tests with significant level
α/(k − 1) develops an 100(1 − α)% MCS for h(·). A simulation study has
been conducted to show applicability of our findings. The findings of this
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article cannot employ whenever number of non-nested models is large and a
single step procedure has to develop.
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