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Multi Models Discrimination

F. Z. Labbaf and H. Talebi*

University of Isfahan

Abstract. The problem of obtaining the optimum design, which is able to
discriminate between several rival models has been considered in this paper.
We give an optimality-criterion, using a Bayesian approach. This is an exten-
sion of the Bayesian KL-optimality to more than two models. A modification
is made to deal with nested models. The proposed Bayesian optimality crite-
rion is a weighted average, where the weights are corresponding probabilities
of models to let them be true. We consider these probabilities coming from
a Poisson distribution.
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1 Introduction

The problem of seeking the optimum design, which is able to discriminate
the true model from a list of candidate models, has been studied by several
researchers. T-optimality criterion is provided to obtain optimal designs for
discriminating between two models (Atkinson and Fedorov, 1975). This cri-
terion is given under normality and homogeneity assumptions of the random
errors. A generalization, i.e. for heteroscedastic normal models, is proposed
by Ucinki and Bogacka (2004). Further, Ponce de Leon and Atkinson (1991)
extended T-criterion for generalized linear models.
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2 Bayesian Optimum Design Criterion for Multi Models Discrimination

A more general criterion so-called KL-optimality is introduced by Lépez-
Fidalgo et al. (2007). This criterion, which covers T-optimality and all
its generalizations, is based on the Kullback-Leibler (KL) distance and it is
useful for discriminating between non-normal and more generally nonlinear
models. Tommasi (2007) generalized KL-optimality to deal with discrimina-
tion between several models.

It is noted that all of these criteria work when one assumes a certain
model, with known parameters, being true. That is, T- and KL-optimal
designs depend on the nominal values of the parameters of the true model
and hence they are only locally optimal. In contrast, many researchers pro-
ceed to Bayesian approach. The motivation for using Bayesian criteria is
that sometimes neither the true model nor the parameters in the postulated
true model are known, but there is prior information through probability
distributions. Although, this approach has some limitations, it reduces de-
pendency of inferences on the nominal values. Ponce de Leon and Atkinson
(1991) extended T-optimality by a Bayesian approach. Tommasi and Lépez-
Fidalgo (2010) proposed Bayesian KL-optimality criterion for discriminating
between two models.

In this paper, we extend Bayesian KL-optimality criterion for discrimi-
nating between several models with any distribution. Note that KL-criterion
depends on the postulated true model, however, assuming a certain model as
the true one is not always possible. To overcome this problem, we attribute
suitable prior probability to each model. One more problem arises when a
smaller model is taken as the true one in nested models, that is, KL.-criterion
becomes zero. in order to solve this problem, following Atkinson and Fedorov
(1975), we impose some constraints on the parameters.

In Section 2, the new criterion is introduced. A useful numerical algo-
rithm for obtaining optimal design is given in Section 3. Finally, in Section
4 an illustrative example is provided.

2 Generalized Bayesian KL-Optimality Criterion

Suppose y is a response variable, y is the compact design region, H is the class
of all discrete probability distributions on x and £ € H is a design measure.
Consider f;(y,z,0;),i = 1,2,...,r as a density function, where 2 € y is an
explanatory variable. Let the true model be a model among r models with
a density function f;(y,x,6;) with corresponding prior probability m;. It
is assumed that the parameter 6, € €); C R™: have a prior probability
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distribution p;(6;),i = 1,2, ..., 7.
Kullback-Leibler distance between fi(y,x,61) and fa(y, z,02), assuming
that fi(y,x,0:) is the true model, is (Kullback and Leibler, 1951):

fl(yvxa 01)
fQ(yvxa 02) v

Switching f1(y, z,01) by f2(y, x, 02) as the true model in (1), Kullback-Leibler
distance between fo(y,z,02) and fi(y,x,61) is denoted by [[f2(y,z,02),
fi(y,z,01)] and is different from (1). Note that the quantity in (1) is pa-
rameter dependent.

Following Tommasi (2007), we generalize KL-criterion for more than
two models in a Bayesian approach. KL-criterion for f;(y,x,6;), assuming
fily,x,6;) is the true model, is:

Wi (g, 2,00), folys . 00)] = / Ji(y, 2,01) log rex. (1)

(3 (3

(€6 = guin [ U040 .00) Fi0: 2. 000€(de), (0T = L £ (2)
X

Design & which maximizes I;;(€,6;) is the KL-optimum design. It is noted
that & is locally optimum since it depends on the nominal values of the
parameters in the true model. Define [3; (¢, 0;) as:
1 T
I; (8, 0;) = r_1. Z (€, 6:), i=1,...r (3)
i=1,i#i

To deal with the problem on not knowing the true model a priori, a proba-
bility weight 7;, which is the probability that the ith model is the true one, is
attributed to [;; (&, 6;), given in (3). At each stage, the KL-criterion I3; (&, 6;)
is calculated, assuming the ¢th model is true. Then for each 6; the expecta-
tion of KL is taken over the prior distributions of corresponding parameter.
Afterward the mean of all expected-KLs are obtained, using corresponding
weights ;. Now, the Bayesian KL,-optimality criterion is:

L) = ZWz‘Eai[Ei(fy 0:)]- (4)

The criterion in (4), as a function of &, is proposed to obtain optimal design.
That is,

ok, = arg max I75M(¢),
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4 Bayesian Optimum Design Criterion for Multi Models Discrimination

where &g, is the KL,-optimal design for discriminating between several
models.
Note that IBXL(€) is a linear function of I;;. Thus, due to the linearity of I
with respect to I;; and concavity of the I;; on H, I®¥(£) is a concave function
on H.

Here, we present some notations and definitions which are useful in the
following. Suppose €;(&, 6;) is defined as:

(&, 0:) = {0; : 03(€, 0;) = arg min / iy, 2.6, fi(y, @, 67))6(d) ). (5)
It is noted that for any 6; € Q;(i,i = 1,...,7,i # 1), a design, £, for which
2; has a unique member, is a regular design, otherwise is called singular.
For two arbitrary designs & and ¢, direction derivative of I;; with respect
to &, in the direction of §z = £—¢&is:

;1 — a)t +af] — Ifi(f)'

Moreover, due to linearity of IPXL(€), directional derivative of IBXN(€) in
¢, in the direction of d¢ is:

DI (¢,€) = ZmEe 2(6.6,00)], (6)
where
OL;(¢,€,6;) :7‘—1 Z OL;(¢,€,0;) , i=1,...,r
i=1,i#i

Let & be a design which puts the whole mass at point z, then the direc-
tional derivative of I3;(£, €, 0;) at £ in the direction of d¢, = & — £ is defined
as:

%z(‘rvéaez) = l[fz(y,$,01)7f{(y7$7é{)] - / l[fl(yax?@)?fi(yawvéi)]f(dx)v
X

where _é; is the unique element of Q;(¢,6;).
If £ is an arbitrary design and £ is a regular design, then

OLy(,E,0;) = / b, €, 0,)E(de) (7)
X
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(Lépez-Fidalgo et al., 2007).
Define 95 (z, €, 0;) as

U5z, €, 0;) Z Vi, €,0;), i=1,...,7
i=1,i7#i

From (7), directional derivative of (6) is:

OIPL(¢, &) = / PR (2, €)E(d), (8)

where .
BRL (5 €) = S B, [0 (€, 6)] (9)

=1

is the directional derivative of IP*M(€) in £ in the direction of dg, .
Now, for a regular Bayesian KL;-optimal design, &gy, , we state the fol-
lowing theorem.

Theorem 1. If &gy is a regular design, then

(i) Design &gk, is Bayesian KL.-optimal if and only if
PRt (a, $pxr,) <0, T €X.

(i) The equality occurs at the support points of the optimum design.

The proof is given in Appendix A.

3 Algorithm

Due to intractability of a Bayesian KL,-optimal design construction, we use a
numerical approach. The following numerical algorithm is useful in obtaining
the optimal design.

1- Let & is the design at step s. For every support point of p;(6;) define:
0;,s = arg Hrréig/l[fi(y,x, 0:), fi(y,x,05)|€s(de), di=1,....r, i Fi

Then compute:
Ty = argmax - (z, &).
rEX
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2- Suppose {as} is a sequence such that

5—00

oo o
0<as <1, lim as=0, Zaszoo, Za§<oo.
s=1 s=1

Compute &1 such that

§s+1 = (1 - as)és + aS§JJs'

where £, is a design with the whole mass at the point zs. In provid-
ing a stopping rule for the algorithm, consider the following efficiency
criterion for discriminating:

BKL
0 < Ef faxe, (€) = 1(5)) <1, (10)

IR (Epk,

where £ is any arbitrary design. Due to concavity of IBXE(¢), the fol-
lowing is true:

OLFM(&, &x,) = I (&, ) — L7 (8). (11)

Taking & = iy in (7) and replacing P*M(z,¢) with max,e,

PBE (2, €), we can write
O (€. Gi,) = | 0w )6, (d0) < maxvP (e, O). (12)
X

From (11) and (12), a lower bound for the efficiency can be written as:

maxgey Yy (2, §)

IPRA(E)

Thus, the iterative procedure will finish, if I(§) > J, for a suitable §
(for example 6 = 0.99).

I(§) =1+ 7' < Bf ok, (§) < 1.

4 Example

Comparison of linear nested models is one of the important examples in
model discrimination problems. Because of simplicity and properties of linear
models, many experimenters are interested in using these models. That
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Table 1. Prior probabilities of the models and parameter
prior distributions.

010 p1 O 02 D2 O30 031 032 P3
45 02 -1 1 0.25 1 0.5 1.5 0.23
4 02 -05 1 0.14 0.8 04 1 0.14
5 0.2 0.7 2 0.11 -1 0.6 1.2 0.17
55 02 -1 05 006 -02 05 1.8 0.15
6 02 05 02 005 -07 0.3 2 0.12
-1 1 0.08 0.3 0.6 1 0.19
1 1 0.05
-0.8 0.2 0.12
-0.6 04 0.07
1 0.5 0.07

is, the nonlinear model is approximated by a linear model, using Taylor
expansion. In practice, the lower order polynomial models with a few pa-
rameters are usually of interest. In such a scenario, it is rational to assume
a Poisson random variable to describe the order of polynomial model in the
postulated true model. Now even, in practical cases, models with more than
three parameters are improbable to be true. Thus, we can eliminate cubic
and more terms in the Taylor expansion form of polynomial and attribute
their probabilities to the three-parameters model. Therefore, we raise the
problem to be discriminating between the nested models, n;(z,01) = 619,
na(x,02) = 020 + 0212 and n3(z, 03) = O30 + 0317 + O3222, with prior probabil-
ities 0.27, 0.35 and 0.38, respectively. That is, we use a Poisson distribution
with mean 1.3.

Now, let the third model be true. It is known that I13 = Is3 = 0. Thus,
under such a situation, designing an experiment for discriminating between
models is meaningless. Further, assuming the second model is true, we have
I = 0. Thus, for nested models, I1s = I13 = I3 = 0 (Lépez-Fidalgo
et al., 2007). To overcome this problem, following Atkinson and Fedorov
(1975), a constraint is imposed to each parameter. We take the parameter’s
constraints, 0;; > min(sampleij), where sample;; denotes a sample of size 10,
taking from prior vector 0;; with replacement and min means the minimum
value over all samples. For the priors, given in Table 1, a Bayesian KL,-
optimal design is:

¢ [ -1 —0.081 1
BKLr = | 0211 0.403 0.386 |-
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8 Bayesian Optimum Design Criterion for Multi Models Discrimination

Figure 1 shows P "(z, &k, ) as a function of x. It can be seen that

YR (x, &k, ) takes zeros at points of the optimal design.

sai (x)
-025 -020 -0.15 -0.10 -0.05 0.00
|

-0.30

-0.35

-1.0 -0.5 0.0 0.5 1.0

Figure 1. 2" (x, &ic.,.) as a function of .
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Appendix A

Proof of Theorem 1.

(i) It can be easily seen that ¢;;(z, €) is the direction derivative of I; (&, 6;)
in £, in the direction of d¢, = & — &,

It is known that IPXE(£) is a concave function of £, then, a necessary

and sufficient condition for optimality of {5y, = is that for any design &,
TP (&fkr &) < 0. Tt is easy to show that

max IIP (&5, €) = max " (x, gy ).
el ’ z '

Thus, a necessary and sufficient condition for optimality of gy, —is:
EKL(%GKLT) <0, zex

(ii) Assume x1 C supp(&ag; ) and let a be a scalar such that

EKL(fB:ngLT)f;KLT (dz) <a<0
X1

and 2" (z, &k ) = 0, for any . Thus we have

/¢EKL($7§§KLT)§§KLT (dr) <a <O0.
X
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On the other hand,

/X Vi, €, 0)€(dw) :/x

l[fz(ya Zz, 91)7 fi(yv x, éi)]

—~

Uiy, %,6:), fiy, =, 0;))é (dx) Y (de)

|
—~

- / U[Fi(y.2,0). fi(y, 2, 07)]€(da)
/X iy 2,00), fily, @, By))€(dw) = 0
Replacing & = & in (9) we can write:
/X U (2, . ), (d) = 0,

that contracts (8). Thus, for any = € supp({zk,, ) we have:

r (s €)= 0.
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