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. . .

(pdf) μ
γ

fX(x) =
1

πγ

{
1 +

(
x− μ

γ

)2
}−1

, −∞ < x < ∞, −∞ < μ < ∞, γ > 0.

X
pdf

fX(x) =
2√
π
·Γ
(
α+ 1

2

)
γΓ(α)

{
1 +

(
x− μ

γ

)2
}−α− 1

2

, x � μ, (μ, γ, α > 0).

pdf
b b < 2α

μ, γ
α X ∼ TGCD(μ, γ, α)
X pdf

μ
μ

μ μ
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L(θ;x) =
∏k

i=1 fXi|Θ(xi|θ)
gΘ(θ)

fX(x) =

∫ ∞

0
L(θ;x) gΘ(θ)dθ,

X = (X1, X2, . . . , Xk) Xi|Θ
μi 1/

√
θ

pdf

fXi|Θ(xi|θ) =
2√
2π

θ
1
2 exp

{
−θ

2
(xi − μi)

2

}
xi � μi, i = 1, 2, . . . , k,

Θ (α,
γ2
i
2 )

pdf (gΘ(θ))

gΘ(θ) =
γ2αi

2α Γ(α)
θα−1 exp

{
−γ2i

2
θ

}
, θ > 0, (α, γi > 0).

fX(x)

fX(x) =

(
4

π

) k
2 Γ

(
α+ k

2

)(∏k
i=1 γi

)
Γ(α)

{
1 +

k∑
i=1

(
xi − μi

γi

)2
}−α− k

2

,

xi � μi, (μi, γi, α > 0), i = 1, 2, . . . , k.

M
X

b1
1 ,X

b2
2 ,...,X

bk
k

(t1, t2, . . . , tk) =

(
4

π

) k
2 Γ
(
α+ k

2

)
Γ(α)

∫ π
2

0
. . .

∫ π
2

0

exp

[ k∑
i=1

ti

(
μi + γi tan θi

k∏
j=i+1

sec θj

)bi] k∏
s=1

(cos θs)
2α+k−(s+1)dθ1dθ2 . . . dθk.



. . .

μ′
b1, b2, ...,bk

=

(
1

π

) k
2 Γ
(
α+ k

2

)
Γ(α)

b1∑
j1=0

b2∑
j2=0

· · ·
bk∑

jk=0

(
b1
j1

)(
b2
j2

)
. . .

(
bk
jk

)
[
γj11 γj22 . . . γjkk

][
μ b1−j1
1 μ b2−j2

2 . . . μ bk−jk
k

] k∏
s=1

B

(
js + 1

2
, α+

k

2
−
∑s

l=1 jl
2

− s

2

)
,

k∑
i=1

bi < 2α,

B(a, b)

pdf
n = 1 n = 2

���������	 
��	 (n = 1)

μ, γ, α b
pdf

fX(x) =

(
4

π

) 1
2 Γ
(
α+ 1

2

)
γΓ(α)

{
1 +

(
x− μ

γ

)2
}−α− 1

2

, x � μ, (μ, γ, α > 0),

�
�

MXb(t) =

(
4

π

) 1
2 Γ
(
α+ 1

2

)
Γ(α)

∫ π/2

0
exp

{
t

(
μ+ γ tan θ

)b
}
(cos θ)2α−1dθ,

���	���

E[Xb] =

(
1

π

) 1
2 Γ
(
α+ 1

2

)
Γ(α)

b∑
j=0

(
b

j

)
γj μb−jB

(
j + 1

2
, α− j

2

)
, b < 2α.

��������	 
��	 (n = 2)
μ1, μ2, γ1, γ2, α b1, b2

©



pdf

fX1, X2(x1, x2) =

(
4

π

)
Γ(α+ 1)

γ1 γ2 Γ(α)

{
1 +

(
x1 − μ1

γ1

)2

+

(
x2 − μ2

γ2

)2
}−α−1

,

xi � μi, (μi, γi, α > 0), i = 1, 2,

�
�

M
X

b1
1 ,X

b2
2
(t1, t2) =

(
4

π

)
Γ(α+ 1)

Γ(α)

∫ π
2

0

∫ π
2

0
exp

{ 2∑
i=1

ti

(
μi

+ γi tan θi

2∏
j=i+1

sec θj

)bi} 2∏
s=1

(cos θs)
2α+2−(s+1)dθ1dθ2,

���	���

E[Xb1
1 Xb2

2 ] =

(
1

π

)
Γ(α+ 1)

Γ(α)

b1∑
j1=0

b2∑
j2=0

(
b1
j1

)(
b2
j2

)
γj11 γj22 μb1−j1

1 μb2−j2
2

2∏
s=1

B

(
js + 1

2
, α+ 1−

∑s
l=1 jl
2

− s

2

)
, b1 + b2 < 2α,

���������	 
��	 (n = 3)
μ1, μ2, μ3, γ1, γ2, γ3, α b1, b2,

b3

pdf

fX1, X2,X3(x1, x2, x3) =

(
4

π

) 3
2 Γ

(
α+ 3

2

)
γ1 γ2 γ3 Γ(α)

{
1 +

(
x1 − μ1

γ1

)2

+

(
x2 − μ2

γ2

)2

+

(
x3 − μ3

γ3

)2}−α− 3
2

, xi � μi, (μi, γi, α > 0), i = 1, 2, 3,

�
�



. . .

M
X

b1
1 ,X

b2
2 ,X

b3
3
(t1, t2, t3) =

(
4

π

) 3
2 Γ
(
α+ 3

2

)
Γ(α)

∫ π
2

0

∫ π
2

0

∫ π
2

0
exp

{ 3∑
i=1

ti

(
μi

+ γi tan θi

3∏
j=i+1

sec θj

)bi} 3∏
s=1

(cos θs)
2α+3−(s+1)dθ1dθ2dθ3,

���	���

E[Xb1
1 Xb2

2 Xb3
3 ] =

(
1

π

) 3
2 Γ(α+ 3/2)

Γ(α)

b1∑
j1=0

b2∑
j2=0

b3∑
j3=0

(
b1
j1

)(
b2
j2

)(
b3
j3

)

× γj11 γj22 γj33 μb1−j1
1 μb2−j2

2 μb3−j3
3

3∏
s=1

B

(
js + 1

2
, α+

3

2

−
∑s

l=1 jl
2

− s

2

)
, b1 + b2 + b3 < 2α.

B(a, b)

n

n

α, μi γi, i = 1, 2, . . . , k i
θ Gamma(α , 2

γ2
i
)

zj =
xij−μi

1√
θ

N(0, 1)

xij =
zj√
θ
+ μi N(μi,

1√
θ
)

xij � μi xij 2

2, 3 4 n xi1 , xi2, . . . , xin

1, 2, 3 4 i = 1, 2, 3, . . . , k
x = (x1 ,x2, . . . ,xj , . . . ,xn),xj = (x1j , . . . , xkj), j = 1, 2, . . . , n.
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X
μ γ pdf

fX(x) =
1

π

{
1+

(
x− μ

γ

)2 } −1

,−∞ < x < ∞, −∞ < μ < ∞, γ > 0.

fX(x) =

{
1 +
(
x−μ
γ

)2}−1

γ
{
arctan

(
b−μ
γ

)
+ arctan

(
a−μ
γ

)} ,
a � x � b, a � μ � b, −∞ < a, b < ∞, γ > 0.

X μ
μ � 0 μ = a, b = ∞ pdf

fX(x) =
2

πγ

{
1 +
(
x−μ
γ

)2 } , x ≥ μ, (μ, γ > 0).

pdf
α = 1

2

fX,Y (x, y) =
1

2π γ1 γ2

{
1 +

(
x− μ1

γ1

)2

+

(
y − μ2

γ2

)2 } − 3
2

,

−∞ < x, y < ∞, −∞ < μ1, μ2 < ∞, γ1, γ2 > 0,



. . .

FX,Y (x, y) =
1

4
+

1

2π

[
arctan

(
x− μ1

γ1

)
+ arctan

(
y − μ2

γ2

)

+arctan

⎧⎪⎪⎨⎪⎪⎩
(
x−μ1

γ1

)(
y−μ2

γ2

)
√

1 +
(
x−μ1

γ1

)2
+
(
y−μ2

γ2

)2
⎫⎪⎪⎬⎪⎪⎭
⎤⎥⎥⎦ ,

−∞ < x, y < ∞, −∞ < μ1, μ2 < ∞, γ1, γ2 > 0,

fX,Y (x, y) =
1

2π γ1 γ2Ω

{
1 +

(
x− μ1

γ1

)2

+

(
y − μ2

γ2

)2
} − 3

2

,

−∞ < a � x � b < ∞, −∞ < c � y � d < ∞,

−∞ < a � μ1 � b < ∞,−∞ < c � μ2 � d < ∞, γ1, γ2 > 0,

Ω = FX,Y (a, c) + FX,Y (b, d)− FX,Y (a, d)− FX,Y (b, c).

X Y
μ1 μ2 μ1 � 0, μ2 � 0 μ1 = a, b = ∞

μ2 = c, d = ∞ Ω = 1
4 pdf

fX,Y (x, y) =

(
2

π γ1 γ2

){
1 +

(
x− μ1

γ1

)2

+

(
y − μ2

γ2

)2}− 3
2

,

x � μ1, y � μ2, (μ1, μ2, γ1, γ2, α > 0), i = 1, 2,

α = 1
2

©



(X1, Y1), . . . , (Xr, Yr) r
n

X1 < X2 <
· · · < Xr Z1, Z2, . . . , Zr

(X∗
1 , Y

∗
1 ), . . . ,

(X∗
n−r, Y

∗
n−r) X∗

1 < X∗
2 < · · · < X∗

n−r Z∗
1 < Z∗

2 < · · · <
Z∗
n−r

Z1, Z2, . . . , Zr Z∗
s , s = 1, 2, . . . ,

(n− r) (L1s, U1s)

X1 < X2 < · · · < Xr X∗
s , s =

1, 2, . . . , (n− r) (L2s, U2s)

(1) (2) Y ∗
s , s = 1, 2, . . . , (n−r)

([L2
1s − L2

2s]
1/2, [U2

1s − U2
2s]

1/2) z∗s = (x∗s 2 +
y∗s 2)1/2



. . .

(2) (3) (X∗
s , Y

∗
s ), s = 1, 2, . . . , (n−r) ([L2

1s−
L2
2s]

1/2, L2s), ([U
2
1s − U2

2s]
1/2, U2s)

r (X1, Y1), . . . , (Xr, Yr)
n X1 < X2 < · · · < Xr

Z1, Z2, . . . , Zr m (X∗
1 , Y

∗
1 ), . . . ,

(X∗
m, Y ∗

m) X∗
1 < X∗

2 < · · · < X∗
m Z∗

1 < Z∗
2 < · · · < Z∗

m

Z1, Z2, . . . , Zr Z∗
s , s = 1, 2, . . . ,

m (L1s, U1s)

X1 < X2 < · · · < Xr X∗
s , s =

1, 2, . . . ,m (L2s, U2s)

(1) (2) Y ∗
s , s = 1, 2, . . . ,m

([L2
1s − L2

2s]
1/2, [U2

1s − U2
2s]

1/2)

(2) (3) BPI ′s (X∗
s , Y

∗
s ), s = 1, 2, . . . ,m ([L2

1s −
L2
2s]

1/2, L2s), ([U
2
1s − U2

2s]
1/2, U2s)

k = 2, γ1 = γ2 = 1, μ1 = 0 μ2 = 0 X1 ≡ X
X2 ≡ Y (X,Y ) pdf

fX,Y (x, y) =

(
4 α

π

){
1 + x2 + y2

}−α−1
, x � 0, y � 0, (α > 0),

X Y

fX(x) =

(
4

π

) 1
2 Γ
(
α+ 1

2

)
Γ(α)

{
1 + x2

}−α− 1
2

, x � 0, (α > 0),

fY (y) =

(
4

π

) 1
2 Γ
(
α+ 1

2

)
Γ(α)

{
1 + y2

}−α− 1
2

, y � 0, (α > 0),

2.1

©



Z (X,Y ) Z = (X2 + Y 2)1/2

pdf cdf rf

fZ(z) = 2 α z

{
1 + z2

}−α−1

, z � 0, (α > 0),

FZ(z) = 1− [1 + z2]−α, z � 0, (α > 0),

RZ(z) = [1 + z2]−α, z � 0, (α > 0).

Z∗
s α

g1(z
∗
s |α) ∝ α z∗s

s−1∑
i=0

(−1)i
(
s− 1

i

)
[1 + z∗s

2]−α(n−r−s+i+1)−1

× [1 + z2r ]
−α(s−i−n+r−1), z∗s > zr.

pdf π(α) ∝
αc1−1 e−c2α

α Z1, . . . , Zr

L(α|z1, . . . , zr) ∝ [RZ(zr)]
n−r

r∏
i=1

fZ(zi) ∝ αr[1 + z2r ]
−α(n−r)

{ r∏
i=1

[1 + z2i ]

}−α−1

π∗(α|z1, . . . , zr) ∝ π(α)L(α|z1, . . . , zr)

π∗(α|z1, . . . , zr) ∝ αr+c1−1[1 + z2r ]
−α(n−r) exp

[
−α

{
c2 +

r∑
i=1

ln(1 + z2i )

}]
.

Z∗
s

g∗1(z
∗
s | z1, . . . , zr) =

∫ ∞

0
g1(z

∗
s |α)π∗(α| z1, . . . , zr)dα.



. . .

g∗1(z
∗
s | z1, . . . , zr) = A1

∫ ∞

0
z∗sα

r+c1 exp

⎡⎣−α

⎧⎨⎩c2 +

r∑
j=1

ln(1 + z2j )

⎫⎬⎭
⎤⎦

×
s−1∑
i=0

(−1)i
(
s− 1

i

)
[1 + z∗s

2]−α(n−r−s+i+1)−1

× [1 + z2r ]
−α(s−i−1) dα, z∗s > zr.

A−1
1 =

∫ ∞

zr

∫ ∞

0
z∗sα

r+c1 exp

⎡⎣−α

⎧⎨⎩c2 +
r∑

j=1

ln[1 + z2j )

⎫⎬⎭
⎤⎦

×
s−1∑
i=0

(−1)i
(
s− 1

i

)
[1 + z∗s

2]−α(n−r−s+i+1)−1

× [1 + z2r ]
−α(s−i−1) dαdz∗s ,

g∗1(z∗s | z1, . . . , zr) pdf

(1 − τ)
(L1s, U1s)

P (L1s < Z∗
s < U1s| z1, . . . , zr) =

∫ U1s

L1s

g∗1(z
∗
s | z1, . . . , zr)dz∗s = 1− τ,

g∗1(L1s| z1, . . . , zr) = g∗1(U1s| z1, . . . , zr).

pdf(17) rf

RX(x) =

∫ ∞

x

(
4

π

) 1
2 Γ
(
α+ 1

2

)
Γ(α)

{
1 + u2

}−α− 1
2

du

=
1

B
(
α, 12
) ∫ ∞

x

{
1 + u2

}−α− 1
2

du = ζx(α, 1/2),

©



B(α, 1/2)
X∗

s

g∗2(x
∗
s|x1, . . . , xr) =

∫ ∞

0
g2(x

∗
s|α)π∗(α|x1, . . . , xr)dα,

g2(x
∗
s|α)π∗(α|x1, . . . , xr) = A2α

c1−1 exp[−c2α]

s−1∑
i=0

(−1)i
(
s− 1

i

){
ζx∗

s

(
α,

1

2

)}n−r−s+i

{
ζxr

(
α,

1

2

)}s−i−1{ 1

B
(
α, 12
)}r+1

[
1 + x∗s

2

](−α− 1
2) r∏

i=1

[
1 + x2i

](−α− 1
2)
, x∗s > xr

A2

A−1
2 =

∫ ∞

xr

∫ ∞

0
αc1−1 exp[−c2α]

s−1∑
i=0

(−1)i
(
s− 1

i

){
ζx∗

s

(
α,

1

2

)}n−r−s+i

×
{
ζxr

(
α,

1

2

)}s−i−1{ 1

B
(
α, 12
)}r+1[

1 + x∗s
2

](−α− 1
2)

r∏
i=1

[
1 + x2i

](−α− 1
2)
dα dx∗s.

(1− τ) (L2s, U2s)

P (L1s < X∗
s < U1s|x1, . . . , xr) =

∫ U1s

L1s

g∗2(x
∗
s|x1, . . . , xr)dx∗s = 1− τ,

g∗2(L2s|x1, . . . , xr) = g∗1(U2s|x1, . . . , zr).

(1 − τ) Y ∗
s ([L2

1s −
L2
2s]

1/2, [U2
1s − U2

2s]
1/2)



. . .

2.2

g3(z
∗
s |α) ∝ αz∗s

s−1∑
i=0

(−1)i
(
s− 1

i

)[
1 + z∗s

2

]−α(m+i−s+1)−1

, z∗s > 0.

g3(z
∗
s |α)π∗(α| z1, . . . , zr) = A3z

∗
sα

r+c1 [1 + z2r ]
−α(n−r)

exp

[
−α

{
c2 +

r∑
i=1

ln
(
1 + z2i

)}]

×
s−1∑
i=0

(−1)i
(
s− 1

i

)[
1 + z∗s

2

]−α(m+i−s+1)−1

, z∗s > 0.

A3

Z∗
s

g∗3(z
∗
s | z1, . . . , zr) =

∫ ∞

0
g3(z

∗
s |α)π∗(α| z1, . . . , zr)dα

= A3z
∗
s

∫ ∞

0
αr+c1 [1 + z2r ]

−α(n−r)

exp

[
−α

{
c2 +

r∑
i=1

ln
(
1 + z2i

)}]

×
s−1∑
i=0

(−1)i
(
s− 1

i

)[
1 + z∗s

2

]−α(m+i−s+1)−1

dα, z∗s > 0.

©



A−1
3 =

∫ ∞

0

∫ ∞

0
z∗sα

r+c1 [1 + z2r ]
−α(n−r) exp

[
−α

{
c2 +

r∑
i=1

ln
(
1 + z2i

)}]

×
s−1∑
i=0

(−1)i
(
s− 1

i

)[
1 + z∗s

2

]−α(m+i−s+1)−1

dαdz∗s ,

g∗3(z∗s | z1, ..., zr) pdf

(1− τ) (L1s, U1s)

P (L1s < Z∗
s < U1s| z1, . . . , zr) =

∫ U1s

L1s

g∗3(z
∗
s | z1, . . . , zr)dz∗s = 1− τ,

g∗3(L1s| z1, . . . , zr) = g∗3(U1s| z1, . . . , zr).

pdf cdf
X∗

s

g∗4(x
∗
s|x1, . . . , xr) =

∫ ∞

0
g4(x

∗
s|α)π∗(α|x1, . . . , xr)dα, x∗s > 0,

g4(x
∗
s|α)π∗(α|x1, . . . , xr) = A4α

c1−1 exp[−c2α]

{
ζxr

(
α,

1

2

)}n−r

s−1∑
i=0

(−1)i
(
s− 1

i

){
ζx∗

s

(
α,

1

2

)}m+i−s
{

1

B
(
α, 12
)}r+1

[
1 + x∗s

2

](−α− 1
2) r∏

i=0

[
1 + x2i

](−α− 1
2)
, x∗s > 0



. . .

A4

A−1
4 =

∫ ∞

0

∫ ∞

0
αc1−1 exp[−c2α]

{
ζxr

(
α,

1

2

)}n−r s−1∑
i=0

(−1)i
(
s− 1

i

)

×
{
ζx∗

s

(
α,

1

2

)}m+i−s
{

1

B
(
α, 12
)}r+1 [

1 + x∗s
2

](−α− 1
2)

r∏
i=0

[
1 + x2i

](−α− 1
2)
dαdx∗s

(1− τ) (L2s, U2s)

P (L2s < X∗
s < U2s|x1, . . . , xr) =

∫ U2s

L2s

g∗4(x
∗
s|x1, . . . , xr)dx∗s = 1− τ,

g∗4(L2s|x1, . . . , xr) = g∗4(U2s|x1, . . . , zr).

(1 − τ) Y ∗
s ([L2

1s −
L2
2s]

1/2, [U2
1s − U2

2s]
1/2)

(c1, c2) α

n (X1, Y1), . . . , (Xn, Yn) 1.2

3 4

95%

r
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Z∗
s , Y

∗
s X∗

s , s = 1, 2, 3

z∗s , x
∗
s , y

∗
s

r z1
∗ z∗

2 z∗
3

r x∗
1 x∗

2 x∗
3

r y∗
1 y∗

2 y∗
3



. . .

Z∗
s , Y

∗
s X∗

s , s = 1, 2, 3

z∗s , x
∗
s , y

∗
s

r z1
∗ z∗

2 z∗
3

r x∗
1 x∗

2 x∗
3

r y∗
1 y∗

2 y∗
3
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. . .

2nd

X Y
X = Z cosΘ Y = Z sinΘ

Z Θ

fZ,Θ(z, θ) =

(
4αz

π

)[
1 + z2

]−α−1

, z � 0, 0 � θ � π

2
, (α > 0).

θ Z

fZ(z) = 2 α z

[
1 + z2

]−α−1

, z � 0, (α > 0).

(cdf) Z

FZ(z) = 2α

∫ z

0
u [1 + u2]−α−1du = 1− [1 + z2]−α, z � 0, (α > 0)

rf) z

RZ(z) = 1− FZ(z) = [1 + z2]−α, z � 0, (α > 0)

©



g1(z
∗
s |c, α) ∝ [RZ(zr)−RZ(z

∗
s )]

(s−1)[RZ(z
∗
s )]

n−r−s[RZ(z
∗
r )]

−(n−r)fZ(z
∗
s )

=
s−1∑
i=0

(−1)i
(
s− 1

i

)
[RZ(z

∗
s )]

n−r−s+i [RZ(zr)]
s−i−n+r−1 fZ(z

∗
s ),

RZ(z)

g1(z
∗
s |α) ∝ α z∗s

s−1∑
i=0

(−1)i
(
s− 1

i

)
[1 + z∗s

2]−α(n−r−s+i+1)−1

× [1 + z2r ]
−α(s−i−n+r−1)




