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Jc
Jc − 1
J ã1, ã2, . . . , ãJ

C Jc > 1; ∀c
2J − (J + 1)

• Cc = {a1c, a2c, . . . , aJcc} Jc
ajc j Cc

aj Cc i

Ujc = fT (ajc)β + εjc =
K∑
k=1

Lk−1∑
�=1

fk�(ajc)βk,� + εjc; j = 1, 2, . . . , Jc,

• f(ajc) = (f1(ajc), . . . , fk(ajc), . . . , fK(ajs))
T ;

fk(ajc) = (fk1(ajc), . . . , fk�(ajc), . . . , fkLk−1(ajc))
T

K Lk; ∀k =
1, 2, . . . ,K aj

i

• β = (β1, . . . ,βk, . . . ,βK)T ; βk = (βk,1, . . . , βk,�, . . . , βk,Lk−1)
T

p p =
∑K

k=1(Lk−1)
∑Lk

�=1 βk� =
0

• εjs i.i.d

Y(1), . . . , Y(j), . . . , Y(Jc)
Jc Y(1) = r(1)

ar(1) (r(1) ∈ {1, 2, . . . , Jc})
Ur(1)c = maxj∈Cc Ujc Y(2) = r(2) ar(2)

ar(1)



. . .

Ur(2)c = maxj∈Cc(r(1))
Ujc Ur(2)c < Ur(1)c

Y(2)
Y(2)

Cc(j)

c aj

Yr(1)c =

{
1, Ur(1)c = maxj∈Cc Ujc

0,
,

Yr(2)s =

{
1, Ur(2)c = maxj∈Cc(r(1))

Ujc

0,

P (Y(1) = r(1)) = Pr(1)c =
exp
{
fT (ar(1)c)β

}
∑

�∈Cs
exp {fT (a�c)β} ; ar(1) ∈ Cc,

P (Y(2) = r(2)) = Pr(2)c =
exp
{
fT (ar(2)c)β

}
∑

�∈Cc(r(1))
exp {(fT (a�c)β} ; ar(2) ∈ Cc(r(1)),

P (Y(3) = r(3)) = Pr(3)c =
exp
{
fT (ar(3)c)β

}
∑

�∈Cc(r(1),r(2))
exp {fT (a�c)β} ; ar(3) ∈ Cc(r(1),r(2)),

P (Y(Jc) = r(Jc)) = Pr(Jc)c
= 1; ar(Jc) ∈ Cc(r(1),r(2),...,r(Jc−1)),

P (A) A
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(ar(1) , ar(2) , . . . , ar(Jc))
r(1), r(2), . . . , r(Jc) ∈ {1, 2, . . . , Jc}
ar(1) ar(2)
r(j) �= r(j′), j �= j′ = 1, 2, . . . , Jc Jc r(1) Jc− 1

r(2) r(Jc)

Y(r(1)r(2)...r(Jc))
=

{
1, if Y(1) = r(1), Y(2) = r(2), . . . , Y(Jc) = r(Jc)

0, Otherwise,

E(Y(r(1)r(2)...r(Jc))
) = Pr(1)c · Pr(2)c . . . Pr(Jc)c

.

S S ⊂ C Js = J ; ∀s

L(Cs,β) =

J∏
r(1)=1

J∏
r(2)=1

. . .

J∏
r(Js)=1︸ ︷︷ ︸

r(1) 
=r(2) 
=... 
=r(J)

(
Pr(1)s · Pr(2)s . . . Pr(J)s

)Y(r(1)r(2)...r(J))

�(Cs,β) =

J∑
r(1)=1

J∑
r(2)=1

. . .

J∑
r(J)=1︸ ︷︷ ︸

r(1) 
=r(2)... 
=r(J)

Y(r(1)r(2)...r(J)) · ln
(
Pr(1)s · Pr(2)s . . . Pr(J)s

)

=
J∑

r(1)=1

J∑
r(2)=1

. . .
J∑

r(J)=1︸ ︷︷ ︸
r(1) 
=r(2)... 
=r(J)

Y(r(1)r(2)...r(J))

×
(
lnPr(1)s + lnPr(2)s + . . .+ lnPr(J)s

)
.



. . .

IR(MNL)(Cs,β) = IMNL(Cs,β) +

J∑
r(1)=1

Pr(1)s · IMNL(Cs(r(1)),β)

+
J∑

r(1) 
=r(2)

Pr(1)sPr(2) · IMNL(Cs(r(1),r(2)),β)+

+ . . .+

J∑
r(1) 
=r(2) 
=...
=r(J−2)

Pr(1)Pr(2) . . . Pr(J−2)

× IMNL(Cs(r(1),r(2),...,r(J−2)),β),

• IMNL(Cs,β) = FT
s (Ps−psp

T
s )Fs

J

Fs = (f(a1s), f(a2s), . . . , f(aJs))
T .

• IMNL(Cs(j),β) = FT
s(j)(Ps(j) − ps(j)p

T
s(j))Fs(j).

• Cs(j) aj

• ps(j) = (p1s, . . . , pj−1s, pj+1s, . . . , pJs)
T J − 1

• Ps(j) ps(j)

• Fs(j) = (f(a1s), . . . , f(aj−1s), f(aj+1s), . . . , f(aJs))
T ((J − 1)× p)

aj

IR(MNL)(Cs,β)− IMNL(Cs,β)
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Ψ′(ξ,β) = ln [det{IMNL(ξ,β)}]−1

D

Ψ′
R(ξ,β) = ln

[
det{IR(MNL)(ξ,β)}

]−1

ξ S
C1,C2, . . . ,CS

J Cs

M
Jm; ∀m ã1m, ã2m, . . . , ãJmm

Cm = {a1m, a2m, . . . , aJmm}
Jm

C =

M⋃
m=1

Cm; Cm

⋂
Cm′ = φ, ∀m �= m′,

C J =
∑M

m=1 Jm
ajm i

Cs

Ujms = Uj(m)s + Ums,

Uj(m)s = vj(m)s + εj(m)s Ums = vms + εms

• vj(m)s = fT (ajms)β f(ajms) = (fT1 (ajms), f
T
2 (ajms), . . . , f

T
K(ajms))

T

fk(ajms) = (fk1(ajms), fk2(ajms), . . . , fkLk−1(ajms))
T .

• vms = E(maxj∈Cms Uj(m)s)



. . .

• εj(m)s corr(εj(m)s, εj′(m)s) = ρm; ∀j �= j′ εms

i.i.d

(Y(1), Z(1)) (Y(2), Z(2)) (Y(J), Z(J))
J

Y(j) Z(j); j ∈ {1, 2, . . . , J}
j (Y(1) = r(1), Z(1) = m(1))

ar(1) ∈ Cm(1)s m(1) ∈ M Ur(1)(m(1))s =

maxj∈Cm(1)s
Uj(m(1))s Um(1)s = maxm∈M Ums (Y(2) = r(2), Z(2) =

m(2)) ar(2) m(2)

Cs(r(1)) ar(1) ar(2)
m(2) m(2) m(1)

m(1) = m(2) ar(1) ar(2)
Ur(2)(m(2))s = maxj∈Cm(2)s(r(1))

Uj(m(2))s Cms(j)

m aj
corr(εj(m(1))s, εj′(m(1))s) = ρm(1)

corr(εj(m(2))s,

εj′(m(2))s) = ρm(2)
; j �= j′ ρm(1)

= ρm(2)
m(1) = m(2)

ρ. λ. λ. =
√
1− ρ.

λm(1)
= λm(2)

λm(1)
λm(2)

Cs

Pr(1)m(1)s = P (Y(1) = r(1), Z(1) = m(1))

= P (Y(1) = r(1)|Z(1) = m(1)) · P (Z(1) = m(1))

= Pr(1)|m(1)s · Pm(1)s.

Pr(1)m(1)s =

exp

{
fT (ar(1)s)β

λm(1)

}
∑Jm(1)

s

j=1 exp

{
fT (ajs)β
λm(1)

}

×

[∑
j∈Cm(1)

s exp

{
fT (ajs)β
λm(1)

}]λm(1)

[∑
j∈Cm(1)s

exp

{
fT (ajs)β
λm(1)

}]λm(1)

+
∑M

m 
=m(1)

[∑
j∈Cms

exp
{

fT (ajs)β
λm

}]λm

,
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Cms

m Cm(1)s m(1)

Cs f(ar(j)s)
ar(j)

r(j) Cs

Pr(2)m(2)s = P (Y(2) = r(2), Z(2) = m(2))

= P (Y(2) = r(2)|Z(2) = m(2)) · P (Z(2) = m(2))

= Pr(2)|m(2)s · Pm(2)s,

Pr(2)|m(2)s =

exp

{
fT (ar(2)s)β

λm(1)

}
∑J

r(1)
m(1)s

j=1 exp

{
fT (ajs)β
λm(1)

} ; m(1) = m(2),

=

exp

{
fT (ar(2)s)β

λm(2)

}
∑Jm(2)s

j=1 exp

{
fT (ajs)β
λm(2)

} ; m(1) �= m(2)

Pm(2)s=

[∑J
r(1)
m(1)s

j=1 exp

{
fT (ajs)β
λm(1)

}]λm(1)

[∑J
r(1)
m(1)s

j=1 exp

{
fT (ajs)β
λm(1)

}]λm(1)

+

M∑
m=1︸︷︷︸

(m �=m(1))

[∑Jms
j=1 exp

{
fT (ajs)β

λm

]}λm

;m(1) = m(2),

=

[∑Jm(2)s

j=1 exp

{
fT (ajs)β
λm(2)

}]λm(2)

[∑J
r(1)
m(1)

s

j=1 exp

{
fT (ajs)β
λm(1)

}]λm(1)

+

[∑Jm(2)s

j=1 exp

{
fT (ajs)β
λm(2)

}]λm(2)
+

M∑
m=1︸︷︷︸

(m �=m(1),m(2))

[∑Jms
j=1 exp

{
fT (ajs)β

λm

}]λm

m(1) 
= m(2),



. . .

• Jms m Cs

• Jm(1)s m(1)

Cs

• Jm(2)s m(2)

ar(1)
m(1) = m(2) Jm(2)s = Jm(1)s − 1

• J
r(1)
m(1)s m(1)

ar(1)

Pr(3)m(3)
. . . Pr(J)m(J)

J =
∑M

m=1 Jms Cs J j,j′
ms

m aj aj′

Y((r(1),m(1)),(r(2),m(2)),...,(r(J),m(J)))
=

⎧⎪⎪⎨
⎪⎪⎩
1, (Y(1) = r(1), Z(1) = m(1)), . . . , (Y(J) = r(J),

Z(J) = m(J));

0, Otherwise,

E(Y((r(1),m(1)),(r(2),m(2)),...,(r(J),m(J)))) = Pr(1)m(1)s · Pr(2)m(2)s . . . Pr(J)m(J)s

J =
∑M

m=1 Jms Cs

M∑
m(1)=1

M∑
m(2)=1

. . .

M∑
m(J)=1︸ ︷︷ ︸

Jm(1)s∑
r(1)=1

Jm(2)s∑
r(2)=1

. . .

Jm(J)s∑
r(J)=1︸ ︷︷ ︸

r(1) 
=r(2)... 
=r(J)

Pr(1)m(1)s·Pr(2)m(2)s . . . Pr(J)m(J)s = 1.

D
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Cs

L(Cs,θ) =

M∏
m(1)=1

M∏
m(2)=1

. . .

M∏
m(J)=1

Jm(1)s∏
r(1)=1

Jm(2)s∏
r(2)=1

. . .

Jm(J)s∏
r(J)=1︸ ︷︷ ︸

r(1) 
=r(2) 
=... 
=r(J)

(
Pr(1)m(1)s · Pr(2)m(2)s

. . . Pr(J)m(J)s

)Y ′

,

Y ′ = Y((r(1),m(1)),(r(2),m(2)),...,(r(J),m(J))).

�(Cs,θ) =

M∑
m(1)=1

M∑
m(2)=1

. . .

M∑
m(J)=1︸ ︷︷ ︸

Jm(1)s∑
r(1)=1

Jm(2)s∑
r(2)=1

. . .

Jm(J)s∑
r(J)=1︸ ︷︷ ︸

r(1) 
=r(2)... 
=r(J)

Y ′

×Gs

(
(r(1),m(1)), (r(2),m(2)), . . . , (r(J),m(J))

)
,

Gs : Cs → �−

Gs

(
(r(1),m(1)), (r(2),m(2)), . . . , (r(J),m(J))

)
) = lnPr(1)m(1)s + lnPr(2)m(2)s

+ . . .+ lnPr(J)m(J)s.

K Lk; k = 1, 2, . . . ,K

• θ = (β,λ)T β = (β1, . . . ,βk, . . . ,βK)T λ = (λ1, . . . , λm, . . . , λM )T ,

• βk = (βk,1, . . . , βk,�, . . . , βk,Lk−1)
T∑Lk

�=1 βk� = 0

λm λm(r)

r r
θ p +M p =

∑K
k=1(Lk − 1)



. . .

• vr(j)(m(r))s = fT (ar(j)m(r)s)β; f(ar(j)m(r)s) = (f1(ar(j)m(r)s), . . . ,

fk(ar(j)m(r)s), . . . , fK(aj(r)m(r)s))
T ;

• fk(ar(j)m(r)s)=(fk1(ar(j)m(r)s), . . . , fk�(ar(j)m(r)s), . . . , fkLk−1(ar(j)m(r)s))
T ,

fk�(ar(j)m(r)s) �
k ar(j)m(r)

r m(r) r

−E
(
∂2�(Cs,θ)

∂θ∂θT

)

IR(NMNL)(Cs,θ) = −E

(
∂2�(Cs,θ)

∂θ∂θT

)

=
M∑

m(1)=1

M∑
m(2)=1

. . .
M∑

m(J)=1

Jm(1)s∑
r(1)=1

Jm(2)s∑
r(2)=1

. . .

Jm(J)s∑
r(J)=1︸ ︷︷ ︸

r(1) 
=r(2)... 
=r(J)

E(Y ′)

× −∂2Gs(r(1), r(2) . . . r(J))

∂θ∂θT
,

• E(Y ′) = Pr(1)m(1)s · Pr(2)m(2)s . . . Pr(J)m(J)s

• −∂2Gs(r(1),r(2)...r(J))

∂θ∂θT =−∂2 lnPr(1)m(1)s

∂θ∂θT −∂2 lnPr(2)m(2)s

∂θ∂θT −· · ·−∂2 lnPr(J−1)m(J−1)s

∂θ∂θT .

IR(NMNL)(Cs,θ) = INMNL(Cs,θ) +

M∑
m(1)=1

Jm(1)s∑
r(1)=1

Pr(1)m(1)s · INMNL(Cs(r(1))
,θ)

+
M∑

m(1),m(2)=1︸ ︷︷ ︸
Jm(1)s

,Jm(2)s∑
r(1),r(2)=1︸ ︷︷ ︸
r(1) �=r(2)

Pr(1)m(1)s · Pr(2)m(2)s · INMNL(Cs(r(1),r(2))
,θ) + . . .+

+
M∑

m(1),...,m(J−2)=1︸ ︷︷ ︸
Jm(1)s

,...,Jm(J−2)s∑
r(1),...,r(J−2)=1︸ ︷︷ ︸
r(1) �=... �=r(J−2)

Pr(1)m(1)s . . . Pr(J−2)m(J−2)s · INMNL(Cs(r(1),...,r(J−2))
,θ),

©



IR(NMNL)(Cs,θ) = −E

(
∂2�(Cs,θ)

∂θ∂θT

)
=

M∑
m(1)=1

Jm(1)s∑
r(1)=1

Pr(1)m(1)s.

(
−∂2 lnPr(1)m(1)s

∂θ∂θT

)

+
M∑

m(1)=1

Jm(1)s∑
r(1)=1

Pr(1)m(1)s

M∑
m(2)=1

Jm(2)s∑
r(2)=1

Pr(2)m(2)s.

(
−∂2 lnPr(2)m(2)s

∂θ∂θT

)
+ · · ·+

+

M∑
m(1)=1

M∑
m(2)=1

. . .

M∑
m(J−2)=1

Jm(1)s∑
r(1)=1

Jm(2)s∑
r(2)=1

. . .

Jm(J−2)s∑
r(J−2)=1︸ ︷︷ ︸

r(1) �=r(2)... �=r(J−2)

Pr(1)m(1)s · Pr(2)m(2)s . . . Pr(J−2)m(J−2)s

×
⎧⎨⎩

M∑
m(J−1)=1

Jm(J−1)s∑
r(J−1)=1

Pr(J−1)m(J−1)s ·
(
−∂2 lnPr(J−1)m(J−1)s

∂θ∂θT

)⎫⎬⎭ ,

• ∑M
m(1)=1

∑Jm(1)

r(1)=1 Pr(1)m(1)s.

(
−∂2 lnPr(1)m(1)s

∂θ∂θT

)
= INMNL(Cs,θ),

• ∑M
m(2)=1

∑Jm(2)s

r(2)=1 Pr(2)m(2)s.

(
−∂2 lnPr(2)m(2)s

∂θ∂θT

)
= INMNL(Cs(r(1)),θ),

• ∑M
m(J−1)=1

∑Jm(J−1)s

r(J−1)=1 Pr(J−1)m(J−1)s ·
(

−∂2 lnPr(J−1)m(J−1)s

∂θ∂θT

)
=

INMNL(Cs(r(1),...,r(J−2)),θ).

Cs(j) aj
Pr(J)m(J)

= 1 lnPr(J)m(J)
= 0

• INMNL(Cs,θ)

• INMNL(Cs(r(1)),θ) ar(1)

• INMNL(Cs(r(1),r(2)),θ) (ar(1) , ar(2))

• INMNL(Cs(r(1),...,r(J−2)),θ) (ar(1) , . . . , ar(J−2)
)



. . .

J1s
J2s INMNL(Cs(j),θ)

INMNL(Cs(j),θ) = −E(
∂2�(Cs(j),θ)

∂θ∂θT
) =

⎛⎜⎝ I11s(j) I12s(j) I13s(j)
IT12s(j) I22s(j) I23s(j)
IT13s(j) I23s(j) I33s(j)

⎞⎟⎠ ,

I..s(j) I..s(j)
aj

• Ams(j) = FT
ms(j)p.|ms(j)

• Bms(j) = FT
ms(j)P.|ms(j)Fms(j)

• p.|ms(j) = (p1|ms(j), . . . , pj−1|ms(j), pj+1|ms(j), . . . , pJms(j)|ms(j))
T

• P.|ms(j) = diag[p1|ms(j), . . . , pj−1|ms(j), pj+1|ms(j), . . . , pJms(j)|ms(j)]

• Fms(j) = (f(a1ms), . . . , f(aj−1,ms), f(aj+1,ms), . . . , f(aJj
msms

))T

• f(aj′ms) = (f1(aj′ms), . . . , fh(aj′ms), . . . , fp(aj′ms))
T ; j′ �= j

• vms(j) = ln

[∑Jj
ms

j′=1 exp

{
fT (aj′ms)β

λm

}]

• pj′|ms(j) =
exp

{
fT (aj′ms)β

λm

}
∑J

j
ms

l=1 exp

{
fT (alms)β

λ1

}

• pms(j) =

[∑J
j
ms

l=1 exp

{
fT (alms)β

λm

}]λm
[∑J

j
1s

l=1 exp

{
fT (al1s)β

λ1

}]λ1

+

[∑J
j
2s

l=1 exp

{
fT (al2s)β

λ2

}]λ2

[I11s(j)]p×p =
p1s(j)

λ2
1

(B1s(j) −A1s(j)A
T
1s(j)) +

p2s(j)

λ2
2

(B2s(j) −A2s(j)A
T
2s(j))

+p1s(j)p2s(j)(A1s(j)A
T
1s(j) +A2s(j)A

T
2s(j) −A1s(j)A

T
2s(j) −A2s(j)A

T
1s(j))

[I12s(j)]p×1 = − p1s(j)

λ3
1

(B1s(j) −A1s(j)A
T
1s(j))β +

p1s(j)p2s(j)
λ1

(A1s(j) −A2s(j))(λ1.v1s(j)

−AT
1s(j)β)

©



[I13s(j)]p×1 = − p2s(j)

λ3
2

(B2s(j) −A2s(j)A
T
2s(j))β +

p1s(j)p2s(j)
λ2

(A2s(j) −A1s(j))(λ2.v2s(j)

−AT
2s(j)β)

[I22s(j)]1×1 =
p1s(j)

λ4
1

βT (B1s(j)−A1s(j)A
T
1s(j))β+

p1s(j)p2s(j)

λ2
1

(λ1.v1s(j)−βTA1s(j))(λ1.v1s(j)

−AT
1s(j)β)

[I33s(j)]1×1 =
p2s(j)

λ4
2

βT (B2s(j)−A2s(j)A
T
2s(j))β+

p1s(j)p2s(j)

λ2
2

(λ2.v2s(j)−βTA2s(j))(λ2.v2s(j)

−AT
2s(j)β)

[I23s(j)]1×1 = − 1
λ1.λ2

p1s(j)p2s(j)(λ1.v1s(j) − βTA1s(j))(λ2.v2s(j) −AT
2s(j)β)

(j)
aj J j

ms

m s aj J j
ms = Jms − 1

β = 0
J j
1s = a, J j

2s = b

[I11s(j)] =

{
aλ1

aλ2
1(a

λ1 + bλ2)

}
·
[
FT

1s(j)

(
Ia − 1

a
· 1a1

T
a

)
F1s(j)

]
+

{
bλ2

bλ2
2(a

λ1 + bλ2)

}
[
FT

2s(j)

(
Ib − 1

b
· 1b1

T
b

)
F2s(j)

]
−

{
bλ2aλ1

(aλ1 + bλ2)2

}
·
(

1

b2
· FT

1s(j)1a1
T
aF1s(j)

+
1

b2
· FT

2s(j)1b1
T
b F2s(j) − 1

ab
· FT

1s(j)1a1
T
b F2s(j) − 1

ab
· FT

2s(j)1b1
T
aF1s(j)

)

[I12s(j)] =

(
bλ2aλ1 ln(a)

(aλ1 + bλ2)2

)
·
[
1

a
· FT

1s(j)1a − 1

b
· FT

2s(j)1b

]
,

[I13s(j)] =

{
bλ2aλ1 ln(b)

(aλ1 + bλ2)2

}
·
[
1

b
· FT

2s(j)1b − 1

a
· FT

1s(j)1a

]

[I22s(j)] =
aλ1bλ2

(aλ1 + bλ2)2
· {ln(a)}2

[I23s(j)] = − aλ1bλ2

(aλ1 + bλ2)2
· ln(a) ln(b),

[I33s(j)] =
aλ1bλ2

(aλ1 + bλ2)2
· {ln(b)}2.

Ψ(ξ,θ) = ln det
(
I−1
NMNL(ξ,θ)

)



. . .

J1 J2

ã11 ãj1 ãJ11 ã12 ãj2 ãJ22

D

ΨR(ξ,θ) = ln det
(
I−1
R(NMNL)(ξ,θ)

)
D ξ

C1, . . . ,Cs, . . . ,CS ξ∗ ΨR(ξ,θ)
θ D

ξ∗ = argmin
ξ∈Ξ

ΨR(ξ,θ)

J1 J2

J1 + J2 = J
Js = 3; ∀s ∈ S

N = 2

S1 =

( J1

1

)
×
( J2

2

)
, S2 =

( J1

2

)
×
( J2

1

)
.

β λ
(p + 2)

©



ξn =

{
Cn1 Cn2 · · · CnSn

wn1 wn2 · · · wnSn

}
∈ Ξn; n = 1, 2.

ξn

IR(NMNL)(ξn,θ) =

Sn∑
s=1

wns · IR(NMNL)(Cns,θ),

ΨR(ξn,θ) = ln det
(
I−1
R(NMNL)(ξn,θ)

)
.

ξn;n = 1, 2 ξ =
∑2

n=1 αn ·
ξn

ξ∗ = argmin
ξ∈Ξ

ΨR(ξ,θ)

Ξ Ξ =
⋃2

n=1 Ξn
∑2

n=1 αn = 1, αn �
0;n = 1, 2

ΨR(ξ,θ) �
2∑

n=1

αn ·ΨR(ξn,θ).

IR(NMNL)(Cs,θ) = INMNL(Cs,θ) +

2∑
m(1)=1

Jm(1)s∑
r(1)=1

Pr(1)m(1)s · INMNL(Cs(r(1)),θ),

Pr(1)m(1)s = Pr(1)|m(1)s · Pm(1)s

Pr(1)|m(1)s
=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

exp

⎧⎨
⎩

fT (ar(1)m(1)s
)β

λm(1)

⎫⎬
⎭

exp

⎧⎨
⎩

fT (ar(1)m(1)s
)β

λm(1)

⎫⎬
⎭+exp

⎧⎨
⎩

fT (ajm(1)s
)β

λm(1)

⎫⎬
⎭
,Cm(1)s = {ar(1)m(1)s, ajm(1)s}

1, Cm(1)s = {ar(1)m(1)s}



. . .

Pm(1)s =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡
⎣exp

⎧⎨
⎩

fT (ar(1)m(1)s
)β

λm(1)

⎫⎬
⎭+exp

⎧⎨
⎩

fT (ajm(1)s
)β

λm(1)

⎫⎬
⎭

⎤
⎦
λm(1)

⎡
⎣exp

⎧⎨
⎩

fT (ar(1)m(1)s
)β

λm(1)

⎫⎬
⎭+exp

⎧⎨
⎩

fT (ajm(1)s
)β

λm(1)

⎫⎬
⎭

⎤
⎦
λm(1)

+exp

{
fT (aj′m(1)s

)β
} ,

Cm(1)s = {ar(1)m(1)s, ajm(1)s}

exp
{
fT (ar(1)m(1)s

)β
}

⎡
⎣exp

⎧⎨
⎩

fT (ajm(1)s
)β

λm

⎫⎬
⎭+exp

⎧⎨
⎩

fT (a
j′m(1)s

)β

λm

⎫⎬
⎭

⎤
⎦
λm

+exp
{
fT (ar(1)m(1)s

)β
} ,

Cm(1)s = {ar(1)m(1)s}

r(1), j, j
′ ∈ Cs; r(1) �= j �= j′ m(1),m = 1, 2 λm(1)

Cm(1)s

IR(NMNL)(Cs,θ)

IR(NMNL)(Cs,θ) =

⎡⎣ I11s(0) I12s(0) 0

IT12s(0) I22s(0) 0

0T 0 0

⎤⎦+ Pa11s1s ·
⎡⎣ I11s(a11s) 0 0

0T 0 0
0T 0 0

⎤⎦

1 Cs

ajms j m

s

©



+Pa21s1s ·
⎡⎣ I11s(a21s) 0 0

0T 0 0
0T 0 0

⎤⎦+ Pa12s2s ·
⎡⎣ I11s(a12s) I12s(a12s) 0

IT12s(a12s) I22s(a12s) 0

0T 0 0

⎤⎦

• Pa11s1s = P (Y(1) = a11s, Z(1) = 1) = Pa11s|1s · P1s

• Pa21s1s = P (Y(1) = a21s, Z(1) = 1) = Pa21s|1s · P1s

• Pa12s2s = P (Y(1) = a12s, Z(1) = 2) = Pa12s|2s · P2s

Pr(j)m(r)s

I��′s(0) I��′(0) � �′

I Cs

Cs I��′(j) I��′(j) � �′

I Cs aj

• I11s(j) = p1s(j) · p2s(j) · (FT
1s(j)F1s(j) + FT

2s(j)F2s(j) − FT
1s(j)F2s(j)

−FT
2s(j)F1s(j)

)
; ∀j = a11s, a21s,

• I11s(a12s) =
1
λ2
1
·
(
B1s(a12s) −A1s(a12s)A

T
1s(a12s)

)
,

• I12s(a12s) = − 1
λ3
1
·
(
B1s(a12s) −A1s(a12s)A

T
1s(a12s)

)
β,

• I22s(a12s) =
1
λ4
1
· βT

(
B1s(a12s) −A1s(a12s)A

T
1s(a12s)

)
β

• p1s(j) =
exp{fT (aj′s)β}

exp{fT (aj′s)β}+exp {fT (a12s)β} ; j, j′ ∈ {a11s, a21s}; j �= j′

Fms(j) pms(j)

Cs aj

ã11, ã21, ã12, ã22

ãjm At.1(f1(ãjm)) At.2(f2(ãjm))

ã11 +1 +1
ã21 −1 +1

ã12 +1 −1
ã22 −1 −1



. . .

Cs; s = 1, 2, 3, 4
ajms j m s

Cns)

C11 = C1 a111 = ã11 a211 = ã21 a121 = ã12

C12 = C2 a112 = ã11 a212 = ã21 a122 = ã22

C21 = C3 a113 = ã11 a123 = ã12 a223 = ã22

C22 = C4 a114 = ã21 a124 = ã12 a224 = ã22

β = (β1, β2)
T λ = (λ1, λ2)

T

θ = (β1, β2, λ1, λ2)
T

ξ1 =

{
C11 C12

w11 w12

}
∈ Ξ1

IR(NMNL)(ξ1,θ) =
2∑

s=1

w1s · IR(NMNL)(C1s,θ),

ξ2 =

{
C21 C22

w21 w22

}
∈ Ξ2,

IR(NMNL)(ξ2,θ) =

2∑
s=1

w2s · IR(NMNL)(C2s,θ).

ξ = α1 · ξ1 + α2 · ξ2

ξ =

{
C1 C2 C3 C4

w1 w2 w3 w4

}
∈ Ξ.

w1 = α1 · w11 w2 = α1 · w12 w3 = α2 · w21 w4 = α2 · w22

IR(NMNL)(ξ,θ) =

4∑
s=1

ws · IR(NMNL)
(Cs,θ),

IR(NMNL)(Cs,θ)

©



C1

IR(NMNL)(C1,θ) =

⎡⎣ I111(0) I121(0) 0

IT121(0) I221(0) 0

0 0 0

⎤⎦+ Pa11111 ·
⎡⎣ I111(a111) 0 0

0 0 0
0 0 0

⎤⎦

+Pa21111 ·
⎡⎣ I111(a211) 0 0

0 0 0
0 0 0

⎤⎦+ Pa12121 ·
⎡⎣ I111(a121) I121(a121) 0

I121(a121) I221(a121) 0

0 0 0

,

⎤⎦

I111(0) 4p11(0)·
[

(1− p1|11)
{

p1|11
λ2
1

+ (1− p11(0))(1− p1|11)
}

−(1− p11(0))(1− p1|11)

−(1− p11(0))(1− p1|11) (1− p11(0))

]

I121(0) 2p11(0) ·
⎡⎣ (1− p1|11)

{
−2β1p1|11

λ3
1

+
(1−p11(0))(λ1 ln(1−p1|11)+2β1p1|11)

λ1

}
− (1−p11(0))(λ1 ln(1−p1|11)+2β1p1|11)

λ1

⎤⎦
I221(0)

4p1|11p11(0)(1−p1|11)β2
1

λ4
1

+
p11(0)(1−p11(0))(λ1 ln(1−p1|11)+2β1p1|11)2

λ2
1

I111(a111) 4p11(a111) · (1− p11(a111)) ·
[
+1 −1
−1 +1

]

I111(a211) 4p11(a211) · (1− p11(a211)) ·
[
0 0
0 +1

]

I111(a121)
4p1|11·(1−p1|11)

λ2
1

·
[
+1 0
0 0

]
I121(a121) −4p1|11(1−P1|11)

λ3
1

[
β1
0

]
I221(a121)

4p1|11(1−p1|11)
λ4
1

β2
1 p11(a111) =

exp (−β1+β2)
exp (−β1+β2)+exp (β1−β2)

p11(a211) =
exp (β1+β2)

exp (β1+β2)+exp (β1−β2)

p11(0) =

{
exp

(
β1+β2

λ1

)
+exp

(−β1+β2
λ1

)}λ1

{
exp

(
β1+β2

λ1

)
+exp

(−β1+β2
λ1

)}λ1
+exp (β1−β2)

,

p1|11 =
exp

(
β1+β2

λ1

)
exp

(
β1+β2

λ1

)
+exp

(−β1+β2
λ1

) .



. . .

λ1 = .6, λ2 = .4

ΨR(ξ,θ0) = (det(IR(NMNL)(ξ,θ0)))
−1

β1 β2 w∗
1 w∗

2 w∗
3 w∗

4 ΨR(ξ∗, θ0)

C2

IR(NMNL)(C2,θ) =

⎡⎣ I112(0) I122(0) 0

IT122(0) I222(0) 0

0 0 0

⎤⎦+ Pa11212

⎡⎣ I112(a112) 0 0

0 0 0
0 0 0

⎤⎦

+Pa21212

⎡⎣ I112(a212) 0 0

0 0 0
0 0 0

⎤⎦+ Pa12222

⎡⎣ I112(a122) I122(a122) 0

IT122(a122) I222(a122) 0

0T 0 0

,

⎤⎦

©



I112(0) 4p12(0)

[
p1|11

{
1−p1|11

λ2
1

+ p1|11(1− p12(0))
}

p1|11(1− p12(0))

p1|11(1− p12(0)) (1− p12(0))

]

I122(0) −2p12(0)

⎡⎣ p1|11
{

2β1(1−p1|11)
λ3
1

+
(1−p12(0))(λ1 ln(1−p1|11)+2β1p1|11)

λ1

}
− (1−p12(0))(λ1 ln(1−p1|11)+2β1p1|11)

λ1

⎤⎦
I222(0)

4p1|11p12(0)(1−p1|11)β2
1

λ4
1

+
p12(0)(1−p12(0))(λ1 ln(1−p1|11)+2β1p1|11)2

λ2
1

I112(a112) 4p12(a112)(1− p12(a112))

[
0 0
0 +1

]

I112(a212) 4p12(a212)(1− p12(a212))

[
+1 +1
+1 +1

]

I112(a122)
4p1|11(1−p1|11)

λ2
1

[
1 0
0 0

]
I122(a122) −4p1|11(1−p1|11)

λ3
1

[
β1
0

]
I222(a122)

4p1|11(1−p1|11)
λ4
1

β2
1 p12(a112) =

exp (−β1+β2)
exp (−β1+β2)+exp (−β1−β2)

p12(a212) =
exp (β1+β2)

exp (β1+β2)+exp (−β1−β2)

p1|11 =
exp

(
β1+β2

λ1

)
exp

(
β1+β2

λ1

)
+exp

(−β1+β2
λ1

)

p12(0) =

{
exp

(
β1+β2

λ1

)
+exp

(−β1+β2
λ1

)}λ1

{
exp

(
β1+β2

λ1

)
+exp

(−β1+β2
λ1

)}λ1
+exp (−β1−β2)

.

C3

IR(NMNL)(C3,θ) =

⎡⎣ I113(0) 0 I133(0)
0 0 0

IT133(0) 0 I333(0)

⎤⎦+Pa11313

⎡⎣ I113(a113) 0 I133(a113)
0 0 0

IT133(a113) 0 I333(a113)

⎤⎦

+Pa22323

⎡⎣ I113(a223) 0 0

0 0 0
0 0 0

⎤⎦+ Pa12323

⎡⎣ I113(a123) 0 0

0 0 0
0 0 0

⎤⎦ ,



. . .

I113(0) 4(1−p13(0))

[
(1− p3|23)

{
p3|23
λ2
2

+ p13(0)(1− p3|23)
}

p13(0)(1− p3|23)
p13(0)(1− p3|23) p13(0)

]

I133(0) 2(1−p13(0))

⎡⎣ (1− p3|23)
{
−2β1p3|23

λ3
2

+
p13(0)(λ2 ln(1−p3|23)+2β1p3|23)

λ2

}
p13(0)(λ2 ln(1−p3|23)+2β1p3|23)

λ2

⎤⎦

I333(0)
4p3|23(1−p13(0))(1−p3|23)β2

1

λ4
2

+
p13(0)(1−p13(0))(λ2 ln(1−p3|23)+2β1p3|23)2

λ2
2

I113(a223) 4p13(a223)(1− p13(a223))

[
0 0
0 +1

]

I113(a123) 4p13(a123)(1− p13(a123))

[
+1 +1
+1 +1

]

I113(a213)
4p3|23(1−p3|23)

λ2
2

[
+1 0
0 0

]
I133(a213) −4p3|23(1−p3|23)

λ3
2

[
β1
0

]

I333(a213)
4p3|23(1−p3|23)

λ4
2

β2
1 p13(a223) =

exp (β1+β2)
exp (β1+β2)+exp (β1−β2)

p13(a123) =
exp (β1+β2)

exp (−β1−β2)+exp (β1+β2)

p13(0) =
exp (β1+β2)

exp (β1+β2)+
{
exp

(
β1−β2

λ2

)
+exp

(−β1−β2
λ2

)}λ2
.

©



λ1 = .6, λ2 = .4

Ψ(ξ,θ0) = (det(I(NMNL)(ξ,θ0)))
−1

β1 β2 w∗
1 w∗

2 w∗
3 w∗

4 Ψ(ξ∗, θ0)

C4

IR(NMNL)(C4,θ) =

⎡⎣I114(0) 0 I134(0)
0 0 0

IT134(0) 0 I334(0)

⎤⎦+Pa11414

⎡⎣I114(a114) 0 I134(a114)
0 0 0

IT134(a114) 0 I334(a114)

⎤⎦

+Pa22424

⎡⎣ I114(a224) 0 0

0 0 0
0 0 0

⎤⎦+ Pa12424

⎡⎣ I114(a124) 0 0

0 0 0
0 0 0

⎤⎦



. . .

I114(0) 4(1− p14(0))

[
p3|23

(
1−p3|23

λ2
2

+ p3|23p14(0)
)

−p3|23p14(0)
−p3|23p14(0) p14(0)

]

I134(0) −2(1− p14(0))

⎡⎣ p3|23
{

2β1(1−p3|23)
λ3
2

+
p14(0)(λ2 ln(1−p3|23)+2β1p3|23)

λ2

}
−p14(0)(λ2 ln(1−p3|23)+2β1p3|23)

λ2

⎤⎦

I334(0)
4p3|23(1−p14(0))(1−p3|23)β2

1

λ4
2

+
p14(0)(1−p14(0))(λ2 ln(1−p3|23)+2β1p3|23)2

λ2
2

I114(a224) 4p14(a224)(1− p14(a224))

[
+1 −1
−1 +1

]

I114(a124) 4p14(a124)(1− p14(a124))

[
0 0
0 +1

]

I114(a114)
4p3|23(1−p3|23)

λ2
2

[
+1 0
0 0

]
I134(a114) −4p3|23(1−p3|23)

λ3
2

[
β1
0

]

I334(a114)
4p3|23(1−p3|23)

λ4
2

β2
1

p14(a224) =
exp (−β1+β2)

exp (−β1+β2)+exp (β1−β2)
p14(a124) =

exp (−β1+β2)
exp (−β1+β2)+exp (−β1−β2)

p14(0) =
exp (−β1+β2)

exp (−β1+β2)+
{
exp

(
β1−β2

λ2

)
+exp

(−β1−β2
λ2

)}λ2

p3|23 =
exp

(
β1−β2

λ2

)
exp

(
β1−β2

λ2

)
+exp

(−β1−β2
λ2

) .

pj|ms I..s(j) pms(j)

j

©



β1 = β2 = 0.0

ΨR(ξ,θ0) = (det(IR(NMNL)(ξ,θ0)))
−1

λ1 λ2 w∗
1 w∗

2 w∗
3 w∗

4 ΨR(ξ∗, θ0)

ΨR(ξ
∗,θ) = (det(IR(NMNL)(ξ

∗,θ)))−1 � (det(INMNL(ξ
∗,θ)))−1 = Ψ(ξ∗,θ)

β2 = 0 λ1 = λ2 = λ
C1 C3 p1|11 = p1|23 p2|11 = p2|23

Cs; s = 1, 3 p11 =
p23 C2

C4 p1|12 = p1|24 p2|12 = p2|24 p12 = p24
w1 = w3



. . .

w2 = w4 2w1 + 2w2 = 1 w2 =
1
2 −w1

ξ =

{
C1 C2 C3 C4

w1
1
2 − w1 w1

1
2 − w1

}
∈ Ξ

w∗
1 = 0.5 β1 < −0.05

λ = 0.1

ξ∗(β1<−0.05) =

{
C1 C2 C3 C4

0.5 0.0 0.5 0.0

}
.

β1 w∗
1 0 � β1 < 0.01

β1 0.05 � β1 β1
w∗
1(β1=0.3) = 0.000 w∗

1(β1=0.6) = 0.005
w∗
1(β1=0.9) = 0.068 w∗

1(β1=1.0) = 0.315

λ = 1.0 w∗
1 β1

ξ∗ =
{

C1 C2 C3 C4

0.25 0.25 0.25 0.25

}
,

β1

β = 0, λ2 = 0.1
C1 C4

C1 C2

C3 C4

ξ =

{
C1 C2 C3 C4

w w 1
2 − w 1

2 − w

}
∈ Ξ.

©



β2 = 0, λ1 = λ2 = λ w∗
1

λ

β1

β = 0 w∗

λ1

λ2



. . .

β = 0, λ2 = 0.1
w∗ λ1 λ2 = 0.1

λ1 λ2

w∗ λ1 λ2

λ2 w∗ λ1

C1,C2

C3,C4 λ1 w∗

0 < λ1 < 0.2 λ2

C3,C4

C1,C2

λ1 0 < λ1 < 0.2
λ2

©






