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X p
(pdf)

f(x) = (a0 + a1x+ a2x
2 + · · ·+ apx

p) e
−
(
a0x+a1

x2

2
+a2

x3

3
+···+ap

xp+1

p+1

)
x � 0, ai > 0, i = 1, 2, . . . , p

(cdf)

F (x) = 1− e
−
(
a0 x+ a1

x2

2
+ a2

x3

3
+ ··· + ap

xp+1

p+1

)
,
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p

(gos)
X1, X2, . . .

(iid) (rν) cdf F (x)
pdf f(x), x ∈ (α, β) n ∈ N n � 2 m̃ = (m1,m2, . . . ,mn−1) ∈

�n−1 k > 0

γr = k + (n− r) +Mr > 0 r ∈ {1, 2, . . . , n− 1}

Mr =
n−1∑
j=r

mj X(r, n, m̃, k) r = 1, 2, . . . , n

pdf

k

⎛⎝n−1∏
j=1

γj

⎞⎠[n−1∏
i=1

{1− F (xi)}mi f(xi)

]
{1− F (xn)}k−1 f(xn)

F−1(0) < x1 � · · · � xn < F−1(1)

gos

m1 = m2 = · · · = mn−1 = m

mi �= mj γi �= γj i, j = 1, 2, . . . , n− 1

gos X(r, n,m, k) pdf

fr(x) =
Cr−1

(r − 1)!

{
F̄ (x)

}γr−1
f(x) [gm {F (x)}]r−1

pdf X(r, n,m, k) X(s, n,m, k) 1 � r < s � n

frs(x, y) =
Cs−1

(r − 1)! (s− r − 1)!

{
F̄ (x)

}m
[gm {F (x)}]r−1

× [hm {F (y)} − hm {F (x)}]s−r−1 {F̄ (y)
}γs−1

f(x)f(y), x < y
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F̄ (x) = 1− F (x), Cr−1 =
r∏

i=1

γi,

hm(x) =

{
− 1

m+1(1− x)m+1, m �= −1

− ln(1− x), m = −1

gm(x) = hm(x)− hm(0), x ∈ [0, 1).

pdf X(r, n, m̃, k)

fX (r, n, m̃, k) (x) = Cr−1 f(x)
r∑

i=1

ai(r)
{
F̄ (x)

}γi−1

pdf X(r, n, m̃, k) X(s, n, m̃, k) 1 � r < s � n

fX (r, n, m̃, k), X (s, n, m̃, k) (x, y) = Cs−1

s∑
i=r+1

a
(r)
i (s)

{
F̄ (y)

F̄ (x)

}γi

×
[

r∑
i=1

ai(r)
{
F̄ (x)

}γi] f (x)

F̄ (x)
· f (y)

F̄ (y)
, x < y

ai (r) =
r∏

j=1
j 
=i

1

(γj − γi)
, γj �= γi, 1 � i � r � n,

a
(r)
i (s) =

s∏
j=r+1
j 
=i

1

(γj − γi)
, γj �= γi, r + 1 � i � s � n.

lim
m→−1

hm (x) = log
(

1
1−x

)
hm (x) = − 1

m+1 (1− x)m+1 m

gos
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k

gos p
gos

p

f(x) =

(
p∑

u=0

au x
u

)
F̄ (x).

gos df

mi = mg = m i, j = 1, 2, . . . , n− 1

n ∈ N m ∈ � r = 1

E
{
Xj(1, n, m, k)

}
=

p∑
u=0

γ1 au
(j + u+ 1)

E
{
Xj+u+1(1, n, m, k)

}
2 � r � n

E
{
Xj(r, n, m, k)

}
=

p∑
u=0

γr au
(j + u+ 1)

[E
{
Xj+u+1(r, n, m, k)

}
− E

{
Xj+u+1(r − 1, n, m, k)

}
]

E
{
Xj(r, n, m, k)

}
=

p∑
u=0

au
Cr−1

(r − 1)!
Ir(x),

Ir(x) =

∫ ∞

0
xj+u

{
F̄ (x)

}γr gr−1
m {F (x)} dx.
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xj+u

Ir(x) =
γr

(j + u+ 1)

∫ ∞

0
xj+u+1

{
F̄ (x)

}γr−1
f(x) gr−1

m {F (x)} dx

− (r − 1)

(j + u+ 1)

∫ ∞

0
xj+u+1

{
F̄ (x)

}γr+m
f(x) gr−2

m {F (x)} dx.

I1(x) Ir(x)

m = 0 k = 1
p

E(Xj
1:n) = n

p∑
u=0

au
(j + u+ 1)

E(Xj+u+1
1:n )

E(Xj
r:n) = (n− r + 1)

p∑
u=0

au
(j + u+ 1)

{
E(Xj+u+1

r:n )− E(Xj+u+1
r−1:n )

}
.

m = −1 k � 1
k p

E
{
Xj(r, n,−1, k)

}
= k

p∑
u=0

au
(j + u+ 1)

[
E
{
Xj+u+1(r, n,−1, k)

}
+E
{
Xj+u+1(r − 1, n,−1, k)

}]
.

mi �= mj γi �= γj i, j = 1, 2, . . . , n− 1.

2 � r � n n � 2
k = 1, 2, . . .

E
{
Xj(r, n, m̃, k)

}
=

p∑
u=0

γi au
(j + u+ 1)

E
{
Xj+u+1(r, n, m̃, k)

}
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E
{
Xj(r, n, m, k)

}
= Cr−1

r∑
i=1

ai(r)

p∑
u=0

au Ir(x),

Ir(x) =

∫ ∞

0
xj+u

{
F̄ (x)

}γr gr−1
m {F (x)}dx.

xj+u

Ir(x) =
γi

(j + u+ 1)

∫ ∞

0
xj+u+1

{
F̄ (x)

}γr−1
f(x) dx.

Ir(x)

gos
mi = mj = m i, j = 1, 2, . . . , n− 1

p
n � 2 m ∈ � 1 � r < r + 1 � n

E
{
Xi(r, n,m, k)Xj(r + 1, n,m, k)

}
= γr+1

p∑
u=0

au
(j + u+ 1)

[
E
{
X i(r, n,m, k)

Xj+u+1 (r + 1, n,m, k)} −E
{
Xi+j+u+1(r, n, m, k)

}]
1 � r < s � n s− r � 2 i, j � 0

E
{
Xi(r, n,m, k)Xj(s, n,m, k)

}
= γr

p∑
u=0

au
(j + u+ 1)

[
E
{
X i(r, n,m, k)

Xj+u+1 (s, n,m, k)} −E
{
Xi(r, n, m, k)Xj+u+1(s− 1, n,m, k)

}]
.
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E
{
Xi(r, n, m, k)Xj(s, n,m, k)

}
=

Cs−1

(r − 1)!(s− r − 1)!

∫ ∞

0
xi
{
F̄ (x)

}m
× f(x)gr−1

m {F (x)} I(x)dx

I(x) =

∫ ∞

x
yj [hm {F (y)} − hm {F (x)}]s−r−1 {

F̄ (y)
}γs−1

f(y) dy

=

p∑
u=0

au

∫ ∞

x
yj+u [hm {F (y)} − hm {F (x)}]s−r−1 {

F̄ (y)
}γs dy

yj+u

s = r + 1

I(x) =

p∑
u=0

au
(j + u+ 1)

[
−xj+u+1

{
F̄ (x)

}γr+1 + γr+1

×
∫ ∞

x
yj+u+1

{
F̄ (y)

}γr+1−1
f(y) dy

]
s > r + 1

I(x) =

p∑
u=0

au
(j + u+ 1)

{
γr

∫ ∞

x
yj+u+1 [hm{F (y)} − hm{F (x)}]s−r−1

{F̄ (y)}γs−1f(y)dy − (s− r − 1)

(j + u+ 1)∫ ∞

x
yj+u+1 [hm{F (y)} − hm{F (x)}]s−r−2 {F̄ (y)}γs+mf(y)dy

}
.

I(x)

m = 0 k = 1
p

E(X
(i, j)
r, r+1:n) = (n− r)

p∑
u=0

au
(j + u+ 1)

{
E(X

(i, j+u+1)
r, r+1:n )− E(X(i+j+u+1)

r:n )
}



. . .

E(X(i, j)
r, s:n) = (n− s+ 1)

p∑
u=0

au
(j + u+ 1)

{
E(X(i, j+u+1)

r, s:n )− E(X
(i, j+u+1
r, s−1:n )

}

m = −1 k � 1
k p

E
{
Xi(r, n,−1, k)Xj(s, n,−1, k)

}
= k

p∑
u=0

au
(j + u+ 1)

[
E
{
X i(r, n,−1, k)

Xj+u+1(s, n,−1, k)
}− E

{
X i(r, n,−1, k)Xj+u+1(s− 1, n,−1, k)

}]
.

mi �= mj γi �= γj i, j = 1, 2, . . . , n− 1

p
1 � r < s � n− 1 n � 2 k = 1, 2, . . .

E
{
Xi(r, n, m̃, k)Xj(s, n, m̃, k)

}
=

p∑
u=0

au
(j + u+ 1)

[
γiE

{
X i(r, n, m̃, k)

Xj+u+1(s, n, m̃, k)
}− E

{
X i+j+u+1(r, n, m̃, k)

}]

E
{
Xi(r, n, m̃, k)Xj(s, n, m̃, k)

}
= Cs−1

∫ ∞

0
xi

s∑
i=r+1

a
(r)
i (s)

{
1

F̄ (x)

}γi

[
r∑

i=1

ai(r)
{
F̄ (x)

}γi] f(x)

F̄ (x)
I(x) dx

I(x) =

∫ ∞

x
yj
{
F̄ (y)

}γi f(x)
F̄ (x)

dy

=

p∑
u=0

au

∫ ∞

x
yj+u

{
F̄ (y)

}γidy
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yj+u

I(x) =

p∑
u=0

au
(j + u+ 1)

[−xj+u+1
{
F̄ (x)

}γi
+γi

∫ ∞

x
yj+u+1

{
F̄ (y)

}γi−1
f(y)dy

]
.

I(x)

X
F (x) F (0) = 0 0 < F (x) < 1

x > 0

E
{
Xj(r, n,m, k)

}
=

p∑
u=0

γrau
(j + u+ 1)

E
{
Xj+u+1(r, n,m, k)

}
−

p∑
u=0

γrau
(j + u+ 1)

E
{
Xj+u+1(r − 1, n,m, k)

}

F (x) = 1− e
−
(
a0 x+ a1

x2

2
+ a2

x3

3
+ ··· + ap

xp+1

p+1

)
.

Cr−1

(r − 1)!

∫ ∞

0
xj
{
F (x)

}γr−1
f(x)gr−1

m {F (x)} dx =

Cr−1

(r − 1)!

p∑
u=0

γr au
(j + u+ 1)

∫ ∞

0
xj+u+1

{
F (x)

}γr−1
f(x)gr−1

m {F (x)} dx

− (r − 1)Cr−1

(r − 1)!

p∑
u=0

γr au
(j + u+ 1)

∫ ∞

0
xj
{
F (x)

}γr+m
f(x)gr−2

m {F (x)} dx
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Cr−1

(r − 1)!

∫ ∞

0
xj
{
F (x)

}γr−1
f(x)gr−1

m {F (x)} dx =

γrCr−1

(r − 1)!

p∑
u=0

au
(j + u+ 1)

∫ ∞

0
xj+u+1

{
F (x)

}γr−1
f(x)gr−1

m {F (x)} dx

+
Cr−1

(r − 1)!

p∑
u=0

(j + u+ 1)au
(j + u+ 1)

∫ ∞

0
xj+u

{
F (x)

}γr
gr−1
m {F (x)} dx

− γrCr−1

(r − 1)!

p∑
u=0

au
(j + u+ 1)

∫ ∞

0
xj+u+1

{
F (x)

}γr−1
f(x)gr−1

m {F (x)} dx

Cr−1

(r − 1)!

∫ ∞

0
xj
{
F (x)

}γr−1
gr−1
m {F (x)} dx

[
f(x)−

(
p∑

u=0

aux
u

){
F (x)

}]
= 0

f(x)

F (x)
=

p∑
u=0

au x
u

F (x) = 1− e
−

(
a0 x+ a1

x2

2
+ a2

x3

3
+ ··· + ap

xp+1

p+1

)
, x � 0.

p = 0 a0 = 1 au = 0 u � 1

p = 1 a0 = 0 a1 = 0 au = 0 u � 2

p = 1 a0 = λ a1 = ν au = 0 u � 2
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