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�./ 
'1��%#
0J�qiu ��-/M � �1#��L ��'� %-�I1!9 ,I'�

@�1��:� J}L ��:V�'� �N!�# t^p' �* @�1� E8' �� ��FH ��� (ii) � (i) �V8'�� �� δt S��� �B' J���L
0J�qq	 �
'��X�3 � '�'N!H�HL �8M�%# ,I� :� �8(

I(�, �;x) = �
�
∫ π

−π

{
f�(λ)
f�(λ)

− ln
f�(λ)
f�(λ)

− �
}
dλ

�π
+

�
�
∫ π

−π

{ �
f�(λ)

}
dU(λ)

�π .JqL


'N!# � t^p' %8'�-�3 �'�� �,I' ��� ��'� �'�A j = �, �; fj(λ) � δt S��� ��� �� :H %V8'��

'1��%# 0�F�
3 ����) :"!�/ �� � �����%# �3��!�# E8' :� ��3�
M %�!p ��3�C8�R� E!FT�3 � %8'�B'�

�J�qq	 �
'��X�3 � '�'N!H�HL :H �'� 
�./
I(�, �;x) = lim

T−→∞
IT (�, �;x)

��F8M�%# ,I� :� �8( ��3�:V�'� :��.# �1p�:� E!FT�3 �

I(�, �;x) = lim
T−→∞

IT (�, �;x),
J(�, �;x) = lim

T−→∞
JT (�, �;x).

%;�' ��!�# :� �1��%# :�$�B �b/ �� �N!�# ��!�# %�!p C8�R� 
'1F&�:� :H �N!�# t^p' �* E8' �� �F�
�F� �,I' =X.# 4�#�/ ���
8' ��3�F8'�$ ���g!� �� JqL ��:V�'� ��:?I�># 0,I' '�-�3 �N!�# t^p'
:?I�># �b/ (' :H ����M ,I�� :� 
�
X8 ��* �'�R# �� '� 
M (' %?8�R� �%V8'�� ,>� 
'1�� �B' E8' ��
E8' ��-/M ���� :��'�/ �1 � 
M �� ��N� ��3�[8���# =#�� %���?& 
M �� ��^& � ���� ���S8�I � ���I

��#M ����X.3�{9 ���		 |©
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�� �8( @�1��:� '� δt ��:8�1$ =8�?� ��H E8' �'�� 0�1� �3'1� J}L ��:V�'� �'�� CI�F# %?8�R� �C8�R�
��8�!-� �b/

V (λk) =
�√
T

T−�∑
k=K

δt exp(−iλkt), k = K, �, . . . , T − �, λk = �πkT−�.

J�qiu ��-/M � �1#��L U8�'� %3�F�# ��:8�1$ =8�?� E8' 
��� ��H� :� ��

J�KL IT (�, �;xK) = �
�T

T−�∑
k=K

{
f�(λ)
f�(λ)

− ln
f�(λ)
f�(λ)

− �
}
+

�
�T

T−�∑
k=K

|V (λk)|�
f�(λk)

.

:H �'� 
�./ ,I' ��� @�?e' J�qi�L ,-!� � J�q�	L �?3'� �� :H %"8��/ (' �����I' �� J�qi�L �-/M

|I(�, �;x)− IT (�, �;xK)| = O(T−�)

:H �%��1� ��
∞∑

t=−∞
|t|�+α|σj(t)| � Cα

j <∞ K < α < �, j = �, �

� ���� 4�#�/ ���
8' �F8'�$ Z8 x �B' :H ,$�B :"!�/ 
'1��%# 0,I' ,��e ��& Z8 C � K 
M �� :H
�N!�# t^p' �* �'�� %?I�F# C8�R� J�KL ��:V�'� %?8�R� t^p' ��!�# ��-/M �FH ��� (iii) l�� ��
:H %/�#( JqL ��:V�'� :� : 1� �� 0��H �����I' :�#� �� E!� �N!�# �� 
M (' 
'1��%# � �1� �3'1� :�#� 

��8M�%# ,I�� :� �8( @�1��:� �N!�# t^p' �* ��F��� ��'�� :�#� �� E!-/�!#

J��L lim
T−→∞

�
T
I(�, �;x) = I(f�, f�) =

�
�
∫ π

−π

{
f�(λ)
f�(λ)

− ln
f�(λ)
f�(λ)

− �
}
dλ

�π .

��( C8�R� �8( @�1��:� J��L ��:V�'� �
��8� t1�"# :� E!�# 4'�-�/' =8�?� (' �����I' �� 
1FH'
��1��%#

I(f�, f�) =
�

�T
T−�∑
k=K

{
f�(λk)
f�(λk)

− ln
f�(λk)
f�(λk)

− �
}

=
�

�T
T−�∑
k=K

[
tr{f�(λk)f−�� (λk)} − ln

|f�(λk)|
|f�(λk)| − �

]
.J��L



[/�H�$ ���(1* Q�� �%8'�B'� ��3��!�# �� %F�?# %/�#( ��3���I �N!�#u}

��1� �3'1� �8( @�1��:� N!/ J %8'�B'� ��!�# %�!p C8�R� E8' �� �F�
J(f�, f�) =

�
�T

T−�∑
k=K

[
tr{f�(λk)f−�� (λk)}+ tr{f�(λk)f−�� (λk)} − �] .

@�1��:� :H ����� �'�:/1�/ ��'��� ��I �3 %�!p [8���# C8�'�/ o�8���'�� 
'1F&�:� fT (λ) �B' E!FT�3
@�1� 
M �� ��1� :�$�B �b/ �� 2'j ��:�#� �!p 
'1F&�:� fj(λ) � ,I' ��#M ,I�� :� ���#'��9�/
:�#� �� (' %X8 :� x %/�#( ��I �N!�# �� J��L ��:V�'� �� r��V# Z?�1H �N!�# ��!�# �'�� �8( C8�R�

0�8M�%# ,I�� :�

J��L I(fT , fj) =
�

�T
T−�∑
k=K

[
tr{fT (λk)f−�

j (λk)} − ln
|fT (λk)|
|fj(λk)| − �

]

�3'1� I(fT , f�)− I(fT , f�) � K (' �����I' �� 2�� � 4�' ��:�#� :� x �!km� +�I' E8' �� �
��1�/ ���'�� �8( @�1��:� f j �� 
'1��%# '� fj ��-/M ����� 2'j :�#� (' :/1�/ �'��� nj �!FH 5�$ 0�1�

J�uL f j(λk) =
�
nj

nj∑
l=K

f
(l)
T (λk)

�� 02'j ��:�#� (' 2'l ��:/1�/ �!p [8���# (' ,I' @��?& l = �, �, . . . , nj �'(' :� f lT 
M �� :H
��B' ��1��%# ��'� �!km� 4�' ��:�#� :� x �;?!� P Z?�1H �N!�# ��!�# +�I'

I(fT , f�)− I(fT , f�) � K
0�1��%# ��'� �!km� 2�� ��:�#� :� @�1�� E8' �!D �� �

W�<�( �!"F� STU� �	"D� V	�� �� �C"U �!"F� !"�	<� 450
� p�(x) C!����:� %��-G S�'1� �� � @����# [/�8�'�1H ��3�[8���# �� 4�#�/ %$��k� �'��� �� �'��
0,I' ���H ���F.!9 �N!�# �'�� '� J�q}� �y1/�GL y1/�G ��:;��$ (' �����I' J�qqKL 
'(��9 �p�(x)

J�}L Qr(�, �;x) = − �
T
lnE�

[{
p�(x)
p�(x)

}r]
.

��1�/ �8��� �8( @�1��:�Qr �'�� Qr(�, �;x) 
�1� 
��R�#�/ =!���:� 
'1��%# '� J %8'�B'� ��!�#
J��L JQr(�, �;x) = Qr(�, �;x) +Qr(�, �;x)
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J�}L s�'�� �(�I'� ��3��!�# N!/ �"F8' �� 0�1��%# [8�/' K < r < � ��:;!I��:� Q :;��$ 
M �� :H
R� ��3�[8���# :H %/�#( j1k��:� �,I' T ×T ����' �� ��3�[8���# +1X�# E�$�8 2N;�
# J��L �
'W� 0,I' �!B�
�#( � =X.# ��!
� [8���# +1X�# r!A� �'�R# 
��H '�!9 ��F��� ��N� ����' �'�'� R� �
��3�[8���# ����' g3�H �� :"!�/ �� :H ��1� �����I' ��* �8��R# +�I' �� %�!p ��3�C8�R� (' ,I' 2(7
� J�}L ��3�:V�'� �(�I'� ��3��!�# �f�(λ) � f�(λ) %�!p ��3�%��-G :� �3�
M =8�?� � R� � R�

:H �/�'� 
�./ J�qq	L 
'��X�3 � '�'N!H�H 0�/1��%# :?I�># ���S8�I � ������I J��L

lim
T−→∞

�
T
Qr(�, �;x) = Qr(f�, f�;x)

=
�
�
∫ π

−π

{
ln
|rf�(λ) + (�− r)f�(λ)|

|f�(λ)|
− r ln |f�(λ)|

|f�(λ)|
}
dλ

�πJ�iL

����M ,I�� :� �8( @�1��:� '� J�uL ��:V�'� 
'1��%# 
��8� t1�"# :� 4'�-�/' =8�?� (' �����I' �� �

Qr(f�, f�;x) =
�

�T
T−�∑
k=K

{
ln
|rf�(λk) + (�− r)f�(λk)|

|f�(λk)|

− r ln |f�(λk)|
|f�(λk)|

}
.J�	L

��8M�%# ,I�� �8( @�1��:� N!/ JQr(�, �;x) %�!p C8�R�

JQr(f�, f�;x) =
�

�T
T−�∑
k=K

{
ln
|rf�(λk) + (�− r)f�(λk)|

|f�(λk)|

+ ln
|rf�(λk) + (�− r)f�(λk)|

|f�(λk)|
}
.

@�1� E8' �� ��1� :�$�B �b/ �� �'�:/1�/ ��'��� ��I %�!p [8���# o�8���'�� 
'1F&�:� fT (λ) �B'
(' %X8 :� x %/�#( ��I �N!�# �� J�	L ��:V�'� �� r��V# �8( C8�R� y1/�G �N!�# t^p' ��!�# �'��
��:;��$ +�I' �� x ��������3�.# �'��� �!km� �"F8' �� 0����%# ��H� :� �8( @�1��:� 4�#�/ ��:�#� ��



[/�H�$ ���(1* Q�� �%8'�B'� ��3��!�# �� %F�?# %/�#( ��3���I �N!�#ui


M �� :H �1� �3'1� Qr(fT , f�)−Qr(fT , f�) � K

Qr(f�, f�;x) =
�

�T
T−�∑
k=K

{
ln
|rfT (λk) + (�− r)fj(λk)|

|fj(λk)|

− r ln |fT (λk)||fj(λk)|
}
.J�qL

@�1��:� �y1/�G �N!�# ��!�# (' 
'1��%# J�qL ��:V�'� �� 
M ��'W-8� � J�uL ��:V�'� (' �����I' ��
��B�3 ��1��%# ��'� �!km� 4�' ��:�#� :� x %/�#( ��I 0�1�/ �����I' :�#� �� E!� �N!�# �� �8(

0�1��%# ��'� �!km� 2�� ��:�#� :� @�1�� E8' �!D �� � Qr(fT , f�)−Qr(fT , f�) � K

�<	�� �	����� �	����� �� �!"F� STU� �	��	"D� �C"U �	��X��,� 8
AR(�) ��� ��+7��� �"��
���� ��� 85-

�b/ �� �8( @�1��:� '� Hj , j = �, � ��3�:!)�$ 
'1��%# ���'� �1 � AR(�) 4�# �� :H %���* ��
�,$�B

Hj : xt = φjxt−� + εt, εt ∼ N(K, σ�
ε), j = �, �

������%# �8( ��:V�'� �� ��'�� %/�#( ��I �!p AR(�) �F8'�$ Z8 �'��
fj(λ) =

σ�
π{� + φ�

j − �φj cos(λ)}
�8( @�1��:� AR(�) 4�# Z8 �'�� Z?�1H t^p' ��!�# %�!p C8�R� J��L ��:V�'� �� ��'W-8� �� �

��8M�%# ,I�� :�
I(f�, f�) =

�
�T

T−�∑
k=K

{� + φ�� − �φ� cos(λk)
� + φ�� − �φ� cos(λk)

− ln
� + φ�� − �φ� cos(λk)
� + φ�� − �φ� cos(λk)

− �
}
.

U8�'� N!/ J %8'�B'� ��!�# �'��
J(f�, f�) =

�
�T

T−�∑
k=K

[ {φ�� − φ�� − �(φ� − φ�) cos(λk)}�
{� + φ�� − �φ� cos(λk)}{� + φ�� − �φ� cos(λk)}

− �
]
.
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�(' �1� �3'1� @��?& 4�# E8' �'�� y1/�G ��!�# C8�R� ��/' %��?I�># �� E!FT�3

Qr(f�, f�) =
r

�T
T−�∑
k=K

{
φ�� − φ�� − �(φ� − φ�) cos(λk)

� + φ�� − �φ� cos(λk)

− ln
� + φ�� − �φ� cos(λk)
� + φ�� − �φ� cos(λk)

+ �
}

� ������%# K < r < � :V�'� E8' �� :H

JQr(f�, f�) =
r

�T
T−�∑
k=K

{
(φ�� − φ��)− �(φ� − φ�) cos(λk)

� + φ�� − �φ� cos(λk)

+
(φ�� − φ��)− �(φ� − φ�) cos(λk)

� + φ�� − �φ� cos(λk)
+ �

}

0λk = �πkT−� :H� ��1p�:�

MA(�) ��� ��+7��� Y�3 � Z"#<	"� ��� 850
�8�!-� �b/ �� �8( @�1��:� '� Hj , j = �, � ��3�:!)�$

Hj : xt = εt + θjεt−�

εt ∼ N(K, σ�
ε), j = �, �

(' ,I' @��?& %/�#( ��I �!p �2'j ��:�#� (' MA(�) �F8'�$ Z8 �'��

fj(λ) =
σ�
�π

{� + θ�
j − �θj cos(λ)}

��1� �3'1� �8( @�1��:� Z?�1H t^p' ��!�# %�!p C8�R� J��L ��:V�'� �� ��'W-8� �� �

I(f�, f�) =
�

�T
T−�∑
k=K

{� + θ�� − �θ� cos(λk)
� + θ�� − �θ� cos(λk)

− ln
� + θ�� − �θ� cos(λk)
� + θ�� − �θ� cos(λk)

− �
}
.

��1� �3'1� �8( @�1��:� 4�# E8' �'�� J %8'�B'� ��!�# %�!p C8�R� @�?I�># ��'�R# ��

J(f�, f�) =
θ� + θ�

�T
T−�∑
k=K

[ {θ� + θ� − � cos(λk)}�
{� + θ�� − �θ� cos(λk)}{� + θ�� − �θ� cos(λk)}

]
.



[/�H�$ ���(1* Q�� �%8'�B'� ��3��!�# �� %F�?# %/�#( ��3���I �N!�#uq

����M ,I�� :� �8( @�1��:� 
'1��%# N!/ '� MA(�) 4�# Z8 �'�� y1/�G ��!�# %�!p C8�R�

Qr(f�, f�) =
r

�T
T−�∑
k=K

{
θ�� − θ�� − �(θ� − θ�) cos(λk)

� + θ�� − �θ� cos(λk)

− ln
� + θ�� − �θ� cos(λk)
� + θ�� − �θ� cos(λk)

+ �
}
.

E!FT�3

JQr(f�, f�) =
r

�T
T−�∑
k=K

{
θ�� − θ�� − �(θ� − θ�) cos(λk)

� + θ�� − �θ� cos(λk)

+
θ�� − θ�� − �(θ� − θ�) cos(λk)

� + θ�� − �θ� cos(λk)
+ �

}
.

H� ��:!)�$ �� ,>� 4�' ��:?��# ��>�# E!-/�!# 4�# C8'�) θ� � θ� � K < r < � �3�:V�'� E8' ��
0�F����%# H� �

	 [�� �	��6���� ��	��+"7/ �� ��	C �� 	� �!"F� A���� ����� :
,I���/ ��F����� �8 �V� ��3�n�/ ��!�# �� %I��� ���& ��3�Q�� �� 
'1��%# '� �N!�# ��3�Q�� %8'��H
0,I' ��� �����I' �(�I�:!?� ��:#�/�� Z8 (' 4�#�/ ���
8' ��3�F8'�$ E!� �N!�# �'�� 0�'� �!m.�
����
8' %/�#( ��3���I ��3�4�# (' ��3�.# �KK 41p�:� 2'�H �3 %$��k� ��:/1�/ �KK ��H E8' �'��
��:V�'� �� �1#�� �N!�# ��!�# (' �����I' �� [\I 0,I' ��� �!�1�H� ��:�#� ('MA(�) �AR(�)
��:�#� �� (' %X8 :� @'�3�.# J«««L y1/�G �N!�# ��!�# � J««L �;?!� P Z?�1H �N!�# ��!�# �J«L
�� 0,I' r �8��R# :� :�
�'� y1/�G �N!�# ��!�# :H ,I' �Hz :� 2(7 0�� ��'� �!km� H� � H�
r = K� � 
M ����#M ,I� :� �'�R# E8���� :� : 1� �� � �� :�$�B �b/ �� r �;�m# �8��R# �)�* ��:��R#
y1/�G ��!�# (' �����I' �� J�qq	L 
'�-8� � '�'N!H�H :H ,I' 2(7 :�X/ E8' :� : 1� 0�� :�$�B �b/ ��
��F����� `!>� �1p�:� :H %�'�3�.# �'��� ��� ��:;*�# �� 0�/'���!I� :"!�/ E!�3 :� %�A'� ��3���'� �'��

0,I' ��#M � �� � 4�'� �� ��./ ��F����� ,I�� @'�3�.# �'��� 0�8��B :?I�># ��/'���./
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�!"F� P�� +� +[�	,� :5-
��3���I (' �(�I�:!?� ��3���'� :H %8�3�,��* �� :H �F3��%# 
�./ � �� � ��3�4�� �� ��#M ,I�� :� �8��/
%/�#( ��3���I ��3���'� �!km� �� �N!�# S�'1� ��/'���#M ,I�� :� MA(�) �AR(�) ���
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