
©
����} �� ���		 
��
��� � ���� �� ������� �� ������

����	% ���	H� �	��"I � ��	��+"7/ �� �����
∗,‡,†�19��># 4��& � †�(��!$ ���#
J
'��� Z!FX��%;9L �!?H�!#' %��F� ��-./'� †

��#M ����X.3�{9 ‡

��'�8�9 %$��k� �!h�# Z8 S8(1� S��� +1X�# �'�� %�1H S8(1� (' �!D :� :H %8�"/M (' &��"'(
+1X�# =8�?� Q�� (' 
'1��%�/ �3�S8(1� E8' (' %$��k� ��& �!�1� �'�� ���'�/ �1 � %;!;>� 2�$
�(�I�:!?� �'�� %;H ,��* �� '� U!R�
# Q�� Z8 J�qi�L 
'��X�3 � (�?�G 0��H �����I'
� J�qi�L 
'��X�3 � (�?�G ��:��R# �� s�'�� @�?e' 2�& 0�/��H :8'�' �'�8�9 %$��k� ��3�!h�#
��3�:��1/ � �3�:��R# �� �'�8�9 ��3�S8(1� ��:km.# S��� �'�� �;�m# ��3�g8��/ (' �����I' E!FT�3
:��R# E8' �� 0,I' ��� �3�U�8�1-�' � s�'�� �� @�3�?��' � @�#���' %��� 
�'� n� a&�� ��;�m#
��:
8�R# E�) � ���H %I��� '� �'�8�9 %$��k� ��3�!h�# U!R�
# �(�I�:!?� �'�� ����:8'�' s�'��

0��H U!3'1� `!>k� � 
�!� '� �3�
M (' %��� �� ��'� n� @�3�?��' � @�#���' ��3�
M
0%$��k� �!h�# �(�I�:!?� ]:km.# S��� ]�'�8�9 ��3�S8(1� &��")� �	
*��

����	% �	��A���� -
�(�I�:km.# :�$�8�U!��� �NH�# �* ��:!<A ��:���V# �� �1� =9 sI1� �q�u 4�I �� �'�8�9 ��3�S8(1�
S8(1��U3 � =R�
# %$��k� ��3�!h�# ����� ��'�/��I' ��3�t1�"# ��* ��3�S8(1� ��3�S8(1� E8' 0�/��
��3�t1�"# ��NH�# �* ��:!<A r?p :H ,I' %��* �� E8' 0�F�
3 J%3�F�#�/ �8 %3�F�# [/�8�'� ��L
0�F�
3 '�-�3 4�#�/ S8(1� :� %3�F�# [/�8�'� �� S8(1��U3 � =R�
# %$��k� ��3�!h�# ����� ��'�/��I'

@�?��X# �'�����& ����F
81/∗



���19��># 4��& � �(��!$ ���#

2� E��'� � %-�1G =!���:� �'�8�9 ��3�S8(1� 0�/1��%# N!/ 4�#�/ S8(1� =#�� �'�8�9 ��3�S8(1� ��F8' ('
Z8N!$ �%I�F�# ���k�A' �� �3���8�9 (' ���!
� �'�� %?I�F# ��3�4�# �%��-G S��� ��3�2� �� ��8( 4���*'
N81/ ��3�����I %./'�B 
'�!# �%/�'�� ,H�* Z8 �� ,���' ��3�
�#( �2��I ,�!A 0�F�
3 �¦1����!3 �
E8' (' %8�3�4�Y# %���
8�H ��:X?� Z8 �� gF� ��'�:�
3 �1�H M� Z8 ��#� �%�'���m# U�
!I Z8 ��

0�F�
3 �3�
M �(�I�4�# �'�� %?I�F# ��3�S8(1� ��'�8�9 ��3�S8(1� :H �F�
3 �3�U�
!I
�!h�# Z8 �1� =R�
# 4�#�/ %$��k� �!h�# �� t1�"# :H ,I' E8' 4�#�/ S8(1� U�# %B{8� Z8
X� � X� =R�
# ��3�%\H �'�� ��-/M ���� 4�#�/ %$��k� �!h�# Z8 X �B' %F�8 �,I' 4�#�/ %$��k�

:H �/�'� �1 � D ∈ R � ,?Y# C �,?Y# B � A �3 � X ('

J�L AX� +BX� ∼ CX +D,

0�F�
3 %B{8� E8' �� �3�S8(1� (' %I^H ��'�8�9 ��3�S8(1� 0,I' S8(1� �� ���'�� ,#^& §∼¨:H
� X� =R�
# ��3�%\H � ,?Y# B � A �3 �'�� �B' ���'� �'�8�9 S8(1� X %$��k��!h�# &- J��D�

0Ju 0j ��K�K �
71/L ���� �'�A�� D ∈ R � ,?Y# C �'(' :� J�L ��:V�'� X (' X�

,��* :I �� N :� �#' ��F�
3 :�I1!9 � �/�'� �1 � �'�8�9 %$��k� ��3�!h�# 4���*' %��-G S�'1�
�3�
M ��:km.# S�'1� (' �3�S8(1� E8' %I��� �'�� 'W� 0�/�'�/ %;!;>� 2�$ J%�1H � �1� �4�#�/L j��
�:km.# S��� ��F?# �� �'�8�9 %$��k� �!h�# �'�� � �8��� �� 4���# �8��� Z8 0�1��%# �����I'

�,I' �8( @�1��:�
����� �8( @�1��:� 
M ��:km.# S��� �B' ��F� � �B' ���'� �'�8�9 S8(1� X %$��k��!h�# &0 J��D�

J�L φX(t) =

⎧⎪⎨
⎪⎩
exp

[−γα|t|α {�− iβsign(t) tan πα
�
}
+ iδt

]
, α �= �,

exp
[−γ|t|{� + iβ �

π sign(t) log |t|
}
+ iδt

]
, α = �,

:H

sign(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

�, t > K,
K, t = K,
−�, t < K,



�'�8�9 %$��k� ��3�!h�# �(�I�:!?� �� ����#�i

0,I' δ ∈ R � γ > K �−� ≤ β ≤ � �α ∈ (K, �]
�!h�# 0�/1��%# ��!#�/ 
�X# ��#'��9 δ � +�!R# ��#'��9 γ �%-�1G ��#'��9 β ���'�8�9 ���� α
'� J�L ��:km.# S��� �� �'�8�9 S8(1� 0U!#�/�%# �'�8�9−α '� α ��'�8�9 ���� �� X �'�8�9 %$��k�
��-/M ���� δ = K � γ = � �B' 0U!#�/�%# � g8��/ '�/M � U!3��%# 
�./ S(α, β, γ, δ; �) ���/ ��

0J	 0j ��K�K �
71/L U!3��%# g8��/ S(α, β; �) �� ��k��' :� � ,I' ��'�/��I' S8(1� U!81B�%#
��1��%# �8��� �8( @�1��:� � g8��/ �� 4���# ��:km.# S��� (' ��-8� g8��/

����� �8( @�1��:� 
M ��:km.# S��� �B' ��F� � �B' ��'� �'�8�9 S8(1� X %$��k��!h�# &4 J��D�

J�L φX(t) =

⎧⎪⎨
⎪⎩
exp

[−γα� |t|α exp{−iβ�sing(t)π�K(α)
}
+ iδt

]
, α �= �,

exp
[−γ�|t|

{
π
� + iβ�sign(t) log |t|

}
+ iδt

]
, α = �,

:H
K(α) = α− � + sing(�− α) =

⎧⎪⎨
⎪⎩
α, α < �,
α− �, α > �,

��-/M ���� δ = K � γ� = � �B' 0U!#�/�%# � g8��/ '� �
M � X ∼ S(α, β�, γ�, δ; �) U!
81/�%# �
0J��� 0j ��qq� �
���L U!3��%# g8��/ S(α, β�; �) �� ��k��' :� � ,I' ��'�/��I' S8(1� U!81B�%#
l�?��' �� � g8��/�� γ � β ��3��#'��9 �� �8( s�'�� (' �����I' �� �� g8��/�� γ� � β� ��3��#'��9

0J� =k$ ��qqu �1H�� � %X
�!/�'�1#�IL �F�
3
@�1� E8' �� �α �= � �B' •

tan

{
β�
πK(α)

�
}

= β tan
πα

� ,JuL

γ� = γ
(

� + β� tan� πα
�
) �

�α
,J}L

@�1� E8' �� �α = � �B' •

J�L β� = β, γ� =
�
π
γ.

��#M ����X.3�{9 ���		 |©



�	�19��># 4��& � �(��!$ ���#

��	��+"7/ 0
��3�S8(1� �(�I�:!?� ��/�'�/ %;!;>� 2�$ �'�8�9 ��3�S8(1� ��3���FG � S8(1� �%��-G S�'1� :H %8�"/M ('
���#M ��3�Q�� ��'1�I' �-8� �1I (' 0,I' �'��1��� �'��{8� ,!�3' (' S�'1� E8' C8�R� �'�� �'�8�9
�(�I�:!?� �� 
'1��%# '� ������3�.# �'�8�9 ��3���'� 
�1� %$��k� � J,�;H 2�L �'�8�9 ��3���'� :� ,?
/
����'1/�� Z8 =!X.� ��!h�# �FG �'�8�9 ��3�S8(1� :H %8�"/M (' E!FT�3 0�1#(M �3�S8(1� :/1-F8' (' %8�3���'�
0,I' ��!h�# Z8 ,��* (' �����!T!9 ��!
� ,��* E8' �� �(�I�:!?� ��:;_
# �F3��%# '� ���#'��9�:�!/
��3�'��� %�!p ���('�/' �'�� ����:8'�' ��3�C8�R� (' �����I' �� ��$�� �'�8�9 %$��k� ��3�'��� �(�I�:!?�

0,I' �8W9�
�X#' �'�8�9 %$��k� ��3�!h�# �(�I�:!?� � �'�8�9 %$��k�
K < α <L ,?Y# �'�8�9 %$��k� ��3�!h�# �(�I�:!?� �'�� '� %��� J�qi}L ��/�H ��� E!�
m/
%��-G S��� �'�� J�q}qL E!/�G � y1�!B'��' %�'�-�/' g8��/ +�I' �� Q�� E8' 0�'� :8'�' J�, β = �
X ∼ S(α, �; �) �B' 0,I' �8( @�1��:� E!/�G � y1�!B'��' %�'�-�/' g8��/ 0�1� ,?Y# �'�8�9 4���*'

x > K �'�� ��-/M ����
JiL P (X � x) =

�
π

∫ π

K
exp

{
−x− α

�−αa(θ)
}
dθ, K < α < �,

:H
a(θ) =

sin {(�− α)θ} (sinαθ) α
�−α

(sin θ)
�

�−α

, K < θ < π.

%8��/ %$��k� �!h�# W � (K, π) ��� ,�'1FX8 %$��k� �!h�# Z8 Θ �B' :H ,$�B :"!�/ JiL (' ��/�H
��-/M ����� Θ (' =R�
# � � E!-/�!# ��

X =

{
a(θ)

W

} �−α
α

, K < α < �.
�� :H ,I' 2(7 '���' �K < α < � �� S(α, β; �) %$��k� �!h�# Z8 �(�I�:!?� �'�� ,��* E8' ��
%$��k� �!h�# Z8 :� '� �3�
M �8( ����'NB (' �����I' �� [\I � ���H �!�1� S(α, �; �) %$��k� �!h�#

0U!FH =8�?� ��'�/��I' �'�8�9
� =R�
# %$��k� ��3�!h�# ��-/M �,I' α < � :H ���� :��'� S(α, β; �) S8(1� X�B' &- �����!


:H ��1p�:� ��/�'� �1 � S(α, �; �) S8(1� �� Y� � Y� S8(1��U3
X ∼

(� + β

�
) �

α

Y� −
(�− β

�
) �

α

Y�.



�'�8�9 %$��k� ��3�!h�# �(�I�:!?� �� ����#�q

0J�� 0j ��qquL 1H�� � %X
�!/�'�1#�I &�	���
%$��k� �!h�# �3 �!�1� �'�� �' Q�� �� E!FT�3 0��X/ :8'�' '� %��� � � α < � ,��* �'�� ��/�H
�(�I�:!?� ��:F8N3 g8'N$' a&�� E8' :H �,I' (�!/ S(α, �; �) %$��k� �!h�# �� :� ��'�/��I' �'�8�9

0�1��%#
��'�/��I' �'�8�9 %$��k� ��3�!h�# 
'1��%# �/1��%# :"!�/ J�L � J�L (' :H �8( ��3���'NB Z�H ��
S(α, β�, γ�, δ; �) � S(α, β, γ, δ; �) �'�8�9 %$��k� ��3�!h�# :� C!����:� '� � � � ��3�g8��/ ('

0��H =8�?�
��-/M ���� :��'� S(α, β; �) S8(1� X �B' &0 �����!


Y =

⎧⎪⎨
⎪⎩
γX + δ, α �= �,
γX + γ �

πβ log γ + δ, α = �,
0��'� S(α, β, γ, δ; �) S8(1�

0u� 0j �J�qquL 1H�� � %X
�!/�'�1#�I &�	���
��-/M ���� :��'� S(α, β�; �) S8(1� X �B' &4 �����!


Y =

⎧⎪⎨
⎪⎩
γ�X + δ, α �= �,
γ�X + β�γ� log γ� + δ, α = �,

0��'� S(α, β�, γ�, δ; �) S8(1�
0ii 0j �J��		L �(��!$ &�	���

4���*' %��-G S��� �'�� J�q��L �8���7�( %�'�-�/' g8��/ +�I' �� J�qi�L 
'��X�3 � (�?�G
,��* :� '� ��/�H Q�� � � � ��3�g8��/ �� 4���# g8��/ Z8 E�$�B �b/ �� �� � %;H ,��* �� �'�8�9
�8( g8��/ ����� ��'�/��I' 2�$ (' �3�
M 0�/'���'� U!��� �,I' −� � β � � � K < α � � :H %;H

0�/��H �����I'

J	L φX(t) =

⎧⎪⎨
⎪⎩
exp

[−γα� |t|α exp{−iβ�sing(t)π�K(α)
}
+ iδt

]
, α �= �,

exp
[−γ|t|{� + iβ �

π sing(t) log |t|
}
+ iδt

]
, α = �.

��#M ����X.3�{9 ���		 |©



�K�19��># 4��& � �(��!$ ���#

0�/��H :8'�' ��'�/��I' �'�8�9 %$��k� ��3�!h�# �(�I�:!?� �'�� '� �8( s�'�� J�qi�L 
'��X�3 � (�?�G

X
d
=

sinα(φ− φK)
(cosφ)

�
α

[
cos{φ− α(φ− φK)}

W

] (�−α)
α

∼ S(α, β�; �), α �= �,JqL

X
d
=

�
π

{(π
� + βφ

)
tanφ− β log

( π
�W cosφ
π
� + βφ

)}
∼ S(�, β; �), α = �,J�KL

E!-/�!# �� %8��/ S8(1� �φ (' =R�
#W � (−π
� ,

π
� ) ��� ,�'1FX8 S8(1� φ � φK = −π

� β� K(α)
α :H
0��'� �

J�q��L �8���7�( ��:��R# :� ��F� � �/��X/ :8'�' s�'�� E8' �'�� %��?e' J�qi�L 
'��X�3 � (�?�G
J�qquL 1H�� � %X
�!/�'�1#�I 0�� :��R# �� @�#���' %��� ��"8' a&�� s�'�� @�?e' 2�& 0�/�'� t� �'
E8' U!3'1��%# gm� E8' �� 0�/��H ,��e �,I' 
��R�# S8(1� :H %���* �� ��F� '� J�KL � JqL s�'��

0U!FH %I��� ����g!� @�!¤N �� '� s�'��
�/'���� �Hz � � � �8���� �� :H :km.# S��� � � � ��3�g8��/ C
*�� C!����:� J�KL � JqL s�'��

0��H @�?e' � :8'�' �*'� g8��/ Z8 �� �8( ��:!<A �� '� �8��/ E8' J�qq�L 
��� 0�/'���8��B :8'�'
� ������� �	 
���� 
���� �φ �� �����W � (−π

� ,
π
� ) ��� ������� 
���� φ ����  !" - ��+"�K

#���$ %�&�	 '�&�(
α �= � ��!	 %�

J��L X
d
=

sinα(φ− φK)
(cosφ)

�
α

[
cos{φ− α(φ− φK)}

W

] (�−α)
α

∼ S(α, β�; �),

α = � ��!	 %)
J��L X

d
=
(π

� + β�φ
)
tanφ− β� log

(
W cosφ
π
� + β�φ

)
∼ S(�, β�; �).

%φK = −π
� β� K(α)

α '�
0��q 0j ��0� :!<A �J�qq�L 
��� &�	���

,��* �� �'�8�9 %$��k� ��3�!h�# U!R�
# �(�I�:!?� �'�� :H �F�
3 %V�'�� ��F� J�KL � JqL s�'��
%$��# ��-8� ��3�Q�� j�� ,��* �FG �� ��F� 0�/'���� :8'�' JK < α � �,−� � β � �L %;H



�'�8�9 %$��k� ��3�!h�# �(�I�:!?� �� ����#��

��� :8'�' U!R�
# Q�� ,A� g8'N$' �'�� :H %8�3�Q�� �-8� �1I (' 0�/'�4���# �1$ Q�� �� :H �/'����
0J�KK} ��919 � ��KK} �����X�L �/�'� ����UH ,&�I Q�� E8' :� ,?
/ ,I'

α �= � L�	G �� M���� ����� 05-
��3�g8��/ �� �/��H �����I' J�qi�L 
'��X�3 � (�?�G :H �'�:km.# S��� g8��/ α �= � ,��* ��
� J��� 0j �J}0�L ��:V�'�L �J�qq�L 
��� �J�qqqL �8���7�( � E!H�G' �� B ��:km.# S�'1�
�8���7�( � E!H�G' �� �(�I�:!?� s�'�� �� JqL ��:V�'� � �,I' 4���# � gm� �� �����8��� � g8��/

�
X8 J��L � J��q 0j �J�0�L ��:V�'� � ��� 0j �J�0�0	L C!��� :�L �J�qq�L 
��� �J�qqqL

0JϕK = −φK �!3� �'�A ���� 0j ��qqq ��8���7�( � E!H�G' ��L 0,I' ���
%$��k� ��3�!h�# �(�I�:!?� �'�� '� �8( ��:V�'� �:km.# S��� � g8��/ +�I' �� J�K�KL 
71/

0��H :¤'�' α �= � ,��* �� ��'�/��I' �'�8�9

J��L X
d
=

sinα(φ+ θK)
(cosαθK cosφ)

�
α

[
cos{αθK + (α− �)φ}

W

] (�−α)
α

∼ S(α, β; �), α �= �,

0�/'�=?A �F/�# W � φ � ,I' θK = arctan(β tan πα
� )/α :H
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�,I' �8( @�1��:�

X
d
=
(

� + β� tan� πα
�
) �

�α sinα(φ+ θK)
(cosφ)

�
α

[
cos{φ− α(φ+ θK)}

W

] (�−α)
α

∼ S(α, β; �), α �= �.J�uL

U8�'� JuL (' �U!FH�%# :
8�R# U3 �� '� J�uL � J��L ��:V�'� �� 4�*
{

� + β� tan� (πα
�
)} �

�α
=

{
� + tan�

(
β�πK(α)

�
)} �

�α

=

{
cos

(
β�πK(α)

�
)}− �

α

= (cosαθK)−
�
α ,
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� J��L [9 �,I' ��( S��� Z8 cos 
1G � αθK + (α− �)φ = −[φ− α(φ+ θK)] E!FT�3 �
E!H�G' �J�qi�L 
'��X�3 � (�?�G s�'�� �� J�uL � J��L :H U!3��%# 
�./ 4�* 0�F�
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�
X8 J�uL
0�/'�4���# ��F�
3 α �= � ,��*�� �:km.# S��� � g8��/ +�I' �� :H J��L � J�qqqL �8���7�( �

�U8�'� JuL ('

β�
πK(α)

� = arctan
(
β tan

πα

�
)
⇒ π

� β�
K(α)

α
=

arctan
(
β tan πα

�
)

α

⇒ θK = −φK.J�}L
�B' ��1��%# :"!�/ � ����'NB � J�}L �J}L s�'�� (' 4�*

X
d
=
(

� + β� tan� πα
�
) �

�α sinα(φ+ θK)
(cosφ)

�
α

[
cos{φ− α(φ+ θK)}

W

] (�−α)
α

∼ S(α, β; �),

��-/M
Y = γX + δ

d
= γ · γ�

γ
· sinα(φ− φK)

(cosφ)
�
α

[
cos{φ− α(φ− φK)}

W

] (�−α)
α

+ δ ∼ S(α, β, γ, δ; �),

,�'� U!3'1� � ����'NB (' �
X

d
=

sinα(φ− φK)
(cosφ)

�
α

[
cos{φ− α(φ− φK)}
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] (�−α)
α

∼ S(α, β�; �).
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π
� +βφ )
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X
d
=
(π

� + β�φ
)
tanφ− β� log

(
W cosφ
π
� + β�φ

)
∼ S(�, β�; �),

�1��%# :"!�/ � ����'NB (' ��-/M
Y = γ�X + β�γ� log γ� + δ

d
= γ�

{(π
� + β�φ

)
tanφ− β� log

(
W cosφ
π
� + β�φ

)}
+ β�γ� log γ� + δ

∼ S(�, β�, γ�, δ; �),

U8�'� J�L :� : 1� �� %$�p ('
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d
= γ�

(π
� + β�φ

)
tanφ− γ�β� log

(
W cosφ
π
� + β�φ

)
+ β�γ� log γ� + δ

= γ�
(π

� + β�φ
)
tanφ− β�γ�

{
log

(
W cosφ
π
� + β�φ

)
− log γ�

}
+ δ

= γ�

[(π
� + β�φ

)
tanφ− β� log

{
W cosφ

γ�
(
π
� + β�φ

)
}]

+ δ

=
�
π
γ

[(π
� + βφ

)
tanφ− β log

{
π
�W cosφ

γ
(
π
� + βφ

)
}]

+ δ

= γ
�
π

[(π
� + βφ

)
tanφ− β

{
log

( π
�W cosφ
π
� + βφ

)
− log γ

}]
+ δ

= γ
�
π

{(π
� + βφ

)
tanφ− β log

( π
�W cosφ
π
� + βφ

)}
+ γ

�
π
β log γ + δ
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=

�
π

{(π
� + βφ

)
tanφ− β log

( π
�W cosφ
π
� + βφ

)}
∼ S(�, β; �).
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X ∼ S(α, β, γ, δ; �) �� ���	H� ���E� �"��� N ���#��

�W =R�
# %$��k� �!h�# � (−π
� ,

π
� ) ���(�� ��� ,�'1FX8 S8(1� (' �V %$��k� �!h�# �!�1� 0�

0� E!-/�!# �� %8��/ S8(1� ('
��:?I�># 0�

J��L Z =

⎧⎪⎪⎨
⎪⎪⎩
c� sinα(V+c�)

(cosV )
�
α
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