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Abstract. In this paper, we consider a flexible skew-generalized normal dis-
tribution. This distribution is denoted by FSGN (A1, \2;0). It contains the
normal, skew-normal (Azzalini, 1985), skew generalized normal (Arellano-
Valle et al., 2004) and skew flexible-normal (Gémez et al., 2011) distribu-
tions as special cases. Some important properties of this distribution are
established. Also, the practical usefulness of F'SGN is illustrated via a well
known real data set.
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1 Introduction

The standard skew normal distribution as a generalization of the normal
distribution, introduced by Azzalini (1985) at first. A random variable X
has a standard skew normal distribution with parameter A € R, denoted by
SN (M), if its pdf is

flesd) =20 ()@ (M), zeR,
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132 A Flexible Skew-Generalized Normal Distribution

where ¢ (-) and @ (-) are the standard normal pdf (probability density func-
tion) and cdf (cumulative distribution function), respectively. This distribu-
tion has been studied and generalized by some researchers. Arellano-Valle
et al. (2004) considered a generalization of SN () by the name of skew-
generalized normal distribution defined in the following form

Az
f(@3 A1, A2) = 2¢(z)® (W) ; r € R,

where A; € R and Ay > 0. This distribution is denoted by X ~ SGN (A1, A2)
and for the special case A\? = )y, is called skew-curved normal which is
denoted by X ~ SCN(A1). They derived the main properties of the SGN
distribution. Goémez et al. (2011) considered an extension of the skew-
normal model through the inclusion of an additional parameter which can
lead to both uni and bimodal distributions. A random variable X has a
skew-flexible-normal distribution if its pdf is

f(x; N, 0) = o (x| +0) P (\x), z € R,

1
1— 3(0)

and a random variable X having the above density is denoted by X ~
SFN(\,0). They presented various basic properties of this family of distri-
butions and provided a stochastic representation which is useful for obtaining
theoretical properties and to simulate from this distribution. Moreover, they
investigated the singularity of the Fisher information matrix and considered
maximum likelihood estimation for a random sample with no covariates.

In this paper we introduce a new flexible generalization of standard skew-
normal distribution named A Flexible Skew-Generalized Normal Distribu-
tion, denoted by FISGN (A1, A2;0), that the standard skew-normal (SN ()\)),
the skew-generalized normal (SGN (A1, A2)) and the skew-flexible-normal
(SFN(A,0)) distributions are special cases of this distribution.

This paper is arranged as follows. In the next section, we present the def-
inition and some simple properties of FSGN (A1, A2;60). In Section 3, some
important theorems concerning several useful properties are given. The mo-
ment generating function and some important theorems about the moments
of this distribution are derived in Section 4 and in Section 5, by a real data
set, we illustrate the practical usefulness of this distribution.
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Figure 1. Some shapes of FSGN (A1, A2;0): (a) FSGN(0.5,1;—1) (solid line),
FSGN(0.5,1; —1.5) (dotted line), FSGN(0.5,1; —2) (dashed line); (b) FSGN(—5,2;0.5)
(solid line), FFSGN (—5,2;1.5) (dotted line), FSGN (-5, 2; 3) (dashed line).

2 A Flexible Skew-Generalized Normal Distribu-
tion

In this section, we introduce a flexible generalization of standard skew-normal
distribution and present some simple properties of this distribution.

Definition 1. A random variable X is said to have a flexible skew-generalized
normal distribution with parameters A1, Ay and 6, denoted by F'SGN (A1, Ag; 6),
if its pdf is

;0) =1 — oz 7)\1m T
Flahn i) = (1= 20) ollel +0)0 (25 ) weR

where 0, A1 € R, A2 > 0 and ¢ (-) and ® (-) are the standard normal pdf and
cdf, respectively.

By integration, it is easy to show that fj;o f(z, A1, A2; 0)dx = 1, then
f(z, A1, A2; 0) is a density function. In Definition 1, for a special case, if \? =
A2, the resulting density is called flexible skew-curved normal distribution and
is denoted by F'SCN(A1;60). Figure 1 shows the shapes of F'SGN (A1, A2; 0)
for some different values of the parameters.
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134 A Flexible Skew-Generalized Normal Distribution

Definition 2. A location-scale flexible skew-generalized normal distribution
is defined as the distribution of Y = pu + 0 X, where X ~ FSGN (A1, A2;0),
w € R and o > 0. Its density is given by

:0) = - _1@(9)}¢ (‘y ; M‘ + 9> P { \/Uz/\i(i;:)_ pe } , YyER,

where © = (p,0;A1,\2;0). We denote this extension of distribution by
FSGN (p, 03 M1, A2; 0).

Some simple properties of F'SGN (A1, A2; 0) are presented as follows.

Theorem 1. a. FSGN(A1,0;0) = SN(\y).
b. FSGN (A1, A2;0) = SGN (A1, A\2).
FSGN(A,0;0) = FSN()\l,O)
d. f(z,0,)X;0) = S{I= <I>(6 }¢(|x| +0) for allz € R and Ao >

e. lim f(m A, A3 0) = {1 —®0)} Lo(x +0)I(z > )forﬁxed Ag.

/\14)
f \ lim f(z, \1,A2;0) = {1 —®(0)} Lp(z — 0)I(z < 0) for fized Aa.
1—>—00
g. If X ~ FSGN (A1, \2;0), then —X ~ FSGN(—M\1,\2;0).
B S M A2 0) + (2, — A1, Aos 0) = {1— B(8)} 16| +0) for all w € R,

o

Proof. The proof is easy. O

3 Some Important Properties of FSGN (A1, A2;0)

In this Section, we derive some important properties of F'SGN (A1, A2;0)
distribution.

Theorem 2. Let X ~ FSGN(A,A\p;0) and Y ~ N(—0,1). Then |X| <
{Y]Y > 0}.

Proof. If Y ~ N(—6,1), then

frivsoly) = {1 —®(0)} "oy +0)I(y > 0),
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and if X ~ FSGN (A1, A2;0), then
fix|(@) = fx(@)+ fx(-2)

= {1-®(0)} "z +6)P ( %>

+H1—-®(0)} (x4 60)0 <_\/1):%>
= {1-2(0)} 6@ +0)I(x > 0).
O

We need the next lemma introduced by Ellison (1964) to present the next
theorem.

Lemma 1. If X ~ N(u,0?), then E{®(X)} = ® (W)
Proof. Suppose that Y ~ N(0,1) and X, Y are independent. Then
E{®(X)} =Pr(Y <X)=Pr(Y - X <0),

and since Y — X ~ N (—u, 1+ 02) , thus

O

Theorem 3. If X|Y =y ~ SFN (y,0) and Y ~ N (A1, \2), then X ~
FSGN(A1, A3 6).

Proof.

o) = [ et 0o o (L2 ay
= /+Ool o (|z]+0) P (\F:cz—l—)\lx

. 1-2(0)

)o
= 1_1@() (|lz| +0)E { (\/>acZ+)\1x>}

= - a0) (] + 0)® (wﬁw) ,

where Z ~ N (0,1) and the last equality is obtained by Lemma 1. O
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136 A Flexible Skew-Generalized Normal Distribution

Theorem 4. If X|Y =y ~ FSCN(y;0) andY ~ N (0,1), then

@) = sr—gplel +0. aeR
and Y| X =z~ SCN (x).
Proof.
+o0 T
fx(@) = /_Oo 1_1@(9)¢(|x!—|—9)<b <1§—y2x2> ¢ (y)dy
1 +00 Yz
= Wd)(m +0) /_OO 20 (y) @ (W) d
1
= m¢(|x\+0), z €R.
Also, we have
Ly L e (i) 0w
e sy ol +9)
= 2¢(y)‘1>< 1+x2 )
then Y|X =z ~ SCN (z). O

Theorem 5. Let X ~ FSGN (A1, \2;0). If 0 # 0, then the density function
f(x, A1, A2; 0) is not differentiable at x = 0.

Proof. Notice that the right derivative at x =0 is

o (2 2):

and the left derivative at £ = 0 is

o (2 32):

so, the density function f(x, A1, Ae; ) is not differentiable at x = 0. O
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Theorem 6. Let X ~ FSGN (M, 2;0). If 0 > 0, then X is a strongly
unimodal random variable.

Proof. By differentiation from f(x, A1, A2; 0) with respect to x and equating
to zero, we obtain

xr =

AT >
£/ Aox2
A1 - X e + 6, for x <0. (2)
(Lr)t (e )

To prove that X is a strongly unimodal random variable, it is enough to show
that f(x, A1, A2; 0) is a logconcave function of z, for all x € R (see Ibragimov,
1956). Thus

A1z
2 ) 5 <2>
iglogf(x,Al,AQ;e) ___ M - x V1the?
dx (14 Aoz?) o e
V122

d) M ¢ AT
AT " V 1+ hex? 3\ Ao « vV 1+Xax?
V1 Agz? P Az (1+ )\2952)% P DS
V 1+ A2z vV 1+ X222
Since ¢ (t) +tP@ (t) > 0, for all ¢ € R (see Azzalini, 1986) and because of
equations (1) and (2) we have %log f(z, A1, A2; 0) is a negative expression
and the proof is completed. O

Theorem 7. Let X ~ FSGN (M, \2;0). If 0 < 0, then X is a bimodal
random variable.

Proof. As for equations (1) and (2), it is easy to show that if \; = 0, then
x=0forz <0,and z = —0 for x > 0. If \; — +oo (for fixed A\2) then
x — 0 for x >0 and A\; — —oo (for fixed A9) then z — —0 for x < 0. Thus
X is a bimodal random variable. O
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138 A Flexible Skew-Generalized Normal Distribution

4 Moments of FSGN (A1, A2;0)

In this section, we discuss the moments of F'SGN (A1, A2;60). We show that
the even moments have a closed form, but there is no explicit expression for
the odd moments of this distribution. We give the moment generating func-
tion of F'SGN (A1, A2;0) that has to be computed numerically. Furthermore,
we present the moment generating function of X2 which has a closed form
and the even moments of FSGN (A1, Ag;0) can be calculated using it.

Theorem 8. Let X ~ FSGN (A1, \2;0). Then

2r

E(X™) = \/ﬂgl_ 207 > <2;>92T—i2i?r <Z ; 1> {1—Fy, (6*)},

1=0

where Fyz, () is the cdf of Z; ~ X%i-&-l)'
2

Proof. By Theorem 2, we know that if fy(y) = %ﬂ%go), then X2 4
Y. Thus, we have E (X*') = E (Y?"). And,

. B [e'e) y2r 67%( 0)2
B = /0 Vo {1 —o(0)} Ty
— /oo (\f—e)% 6_%Zdz
02 227 {1—D(0)} /2

2r

1 2r Y e D T
= . 62T_Z/ —e 2”7 2 d
\/27r{1—<b(9)}z<z) P

=0

2r

- Ao (7)o () - ra ).

=0
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Theorem 9. Let X ~ FSGN (A1, \2;0). Then

E(X¥+) = @{1_ i;<2r+ )92”1 izt F(z’;l)

X |2 M (VE—0) }dz
% \/1+/\2 (V7 —0)
—{1-Fz (0*)}

where fz, () and Fz, (-) are the pdf and cdf of Z; ~ X%iél

) respectively.

Proof.
+o00 2r+1 M
E X2T+1 — / 1‘7 0P (1) d
( ) oo 1—<I>(t9)¢(|‘73H ) ViEDv=y
00 $2r+1 /\11:
= 2 _— +0)0 | ———— ) d
A

o7} 1’2T+1

By Theorem 2 and Theorem 8, it is easy to show that

o g2l B 1 R 2r 41
[ i@ = e S )

=0

< (S5 (1= P ()
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Also, we have
00 x27‘+1 All’ >
— x4+ 0) | —— | dzx
/0 T~ @Y <\/1 T ha?

) /oo (V7 — 0)2 L JEET A (Vz —0) ds
o2 2V2r {1 —®(0)} vz \/1+/\2(f—9)2

_ 1 o [[2r+1 2r+1—i
B \/%{1—q>(9)}iz; ( i >9

X/M1e%zzl21¢{ M (vVz—0) }dz]
0 2 V142 (vz—0)°

2r+1 .
_ 1 Z (27" —{— 1>¢92r+1_i2i511_‘ <Z + 1)
Var{1- o)) &= |\ i >

. °°fzz<z>¢>{ 0 vz 9) }d]
0 V1422 (vz—0)°

where fz (-) and Fgz, (-) are the pdf and cdf of Z; ~ X%ﬂ), respectively.
2
Thus

2r+1 .

1 2r+1 . -1 1+ 1

E X2’r’+1 — < )92T+1—222 F ( >
= ey &\ 2

x{2 oole(z)fl){ A (Vz —6) }dz{lFZi(62)}].
02 V1422 (vE - 0)°

O]

Theorem 10. Let X ~ FSGN (A1, A2;0). Then the moment generating
function of X is

- e31(0-8)*=02}  roo M{vz—(0-1)}
Ml = Sy (et)QfZ(Z)q)L/HAz{f(9t)}2 )

LA e e | MES ),
2{1-2(0)} Jigiu'” \/1+>\2{\f—(<9+t)}2 |
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where fz (+) is the pdf of Z ~ X%).

Proof.
+oo etac >\1$
My = [ (el )@ (24
_ 62{(9 126} /°° ¢>{$+ < >
1+ )\2952
{(6+1)? 92}/00 ¢{33+ 9+t }<I>< A )
1+ >\Q$2
1f0-1)2-02 00 _(p_
_ 62{ } / 1 z_%e_gq) MA{Vz—(0-1)} dz
1—2(0)  Jip_sy 2v21 Vit {yz—(0-1)
el O =0%} ooy M{VzE— (0+1)
W ——z 2¢ 2@ dZ,
—20) Joro? 2v2m Vi+de{vz—(0+)
then by taking Z ~ X%l)’ the proof is completed. O
Theorem 11. Let X ~ FSGN (A1, \2;0), the moment generating function
of X2 is
1-¢ ( 19721‘,) e%
MX2 (t) = X .
1—®(0) V1-—2t
Proof.
+o0o et$2 /\11,
M t) = — +0)0 | ——— | d
w0 = [ et o () e

2

00 el ) 675(:13 +202+6%—2tx )
= /0 1_@(9)¢(3§+0)dx:/0 VI (1 ()] dx

_1lg2 0o
_ € 29 / 1 e~ 51(1-2t)a>+20x} 7.
1-— @(0) 0o V2w
e 2?”

- e %(”ﬂ)ngx

{1-®0)}v1-2tJo
1—cI)< 19—2t> o e%
1—®(0) V1I—=2t
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5 Data Illustration

In this section, we present a well known real data set to illustrate the appli-
cations of FF'SGN, that they are used in many papers about univariate skew
models. We fit the SN, SGN, SFN, and F'SGN models on the data set and
show that the F'SGN model fits the data set better than other sub models.
In fact, we used the maximum likelihood estimation for our model selection
among four models. If X ~ FSGN (u,o; A1, A2;0), based on n observations
x1,%2,...,Zn, the log likelihood function of the density of X is

logL(©) = —nlog{l—@(@)}—nloga—glog(QTr)
1 " " A Ty —
—QZ(]@—MH—QJV%—ZlogCD L 2
i=1 i=1 \/02 + Ao (x; — ,u)2

where © = (u,0; A1, A2;0). We estimate parameters by numerically maxi-
mizing the log likelihood function.

Example 1. This example considers the data concerning the heights (in
centimeters) of 100 Australian athletes, given in Cook and Weisberg (1994).
The data are given in Table 1. By numerically maximizing the log likeli-
hood functions and estimating parameters, we fit the SN, SGN, SFN, and
FSGN models on this data set. The obtained numerical results are pre-
sented in Table 2. The graphs of histogram of the data and fitted densities
are plotted in Figure 2. Obviously, for the data set, the FF'SGN model fits
better than the three sub models, as expected.
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Table 1. The heights (in cm) of 100 Australian athletes.

1955 1934 1793 1809 1782 174  180.5 171.1 170.8 1775
189.7 188.7 1753 1795 177.3 176  173.3 1727 163 1625
177.8  169.1 174 1789 1741 1722 1735 1756 166.1 1725
185 1779 183.3 1821 173.6 1827 181  171.6 176  166.7
184.6 177.5 184.7 186.3 173.7 180.5 175 1723 163.9 175
174 1796 180.2 1768 178.7 179.8 170.3 1714 173  157.9
186.2 181.3 180.2 172.6 1833 179.6 165 178 177  158.9
173.8  179.7 176 176 1744 171.7 169.8 162 168  156.9
1714 1852 156  169.9 173.3 170  174.1 167.3 172  148.9
179.9 177.3 179.7 183 1686 170 175 162  167.9 149
Table 2. MLEs for heights (in cm) of 100 Australian athletes.
Distribution SN SGN SFN FSGN
i 174.583 170.320 176.001 169.4176
& 8.2009 9.2476 17.5778 8.0199
A 0.004 4.381 —0.4702 3.9714
Az - 24.184 - 15.5304
6 - 2.2222 —0.4657
log likelihood ~ —352.318 —347.2427 —348.8878 —347.0899
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Figure 2. Histogram of heights (in cm) of 100 Australian athletes. The lines represent distributions
fitted using MLE: F'SG'N (solid line), SF'N (dashed line), SGN (dotted line), SN (dotted-dashed

line).
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