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α = m
β = G(m, )

m
m

m

m

X ,X ,X , . . . , Xn n

f(x; θ) = θxe−x( − e−x − xe−x)θ− , x > , θ >

F (x; θ) = ( − e−x − xe−x)θ, x > , θ >

θ = G( , )

(x+ )f(x) = θx{F (x)} −L[ − {F (x)}L], L =
θ
, x > ,

L

r n n, r

©



θ

X :n � X :n � · · · � Xn:n

r Xr:n, r = , , . . . , n

fr:n(x) = Cr:n{F (x; θ)}r− { − F (x; θ)}n−rf(x; θ), x > ,

f(·) F (·)

Cr:n =
n!

(r − )! (n− r)!
.

fr:n(x)

fr:n(x) =

n−r∑
i=

di(n, r)f{x; θ(r + i)}

di(n, r) = (− )in

(
n−
r−

)(
n−r
i

)
r + i

a r E(Xa
r:n), α

(a)
r:n, �

r � n a = , , , . . . ,

α(a)
r:n =

∞∫
xafr:n(x; θ)dx.



� r � n, a � θ

α(a)
r:n = θCr:n

n−r∑
i=

∞∑
j=

j∑
k=

(− )i+j

(
n− r

i

)(
θ(r + i)−

j

)(
j

k

)
Γ(a+ k + )

(j + )a+k+
.

α(a)
r:n =

n−r∑
i=

di(n, r)θ(r + i)

∞∫
xa+ e−x{ − e−x(x+ )}θ(r+i)− dx.

α(a)
r:n =

n−r∑
i=

di(n, r)θ(r+ i)

∞∑
j=

(− )j
(
θ(r + i)−

j

) ∞∫
xa+ e−(j+ )x(x+ )jdx.

α(a)
r:n =

n−r∑
i=

∞∑
j=

j∑
k=

(− )jdi(n, r)θ(r + i)

×
(
θ(r + i)−

j

)(
j

k

) ∞∫
xa+k+ e−(j+ )xdx

=

n−r∑
i=

∞∑
j=

j∑
k=

(− )jdi(n, r)θ(r + i)

(
θ(r + i)−

j

)(
j

k

)
Γ(a+ k + )

(j + )a+k+
.

θ

α(a)
r:n = θCr:n

n−r∑
i=

θ(r+i)−∑
j=

j∑
k=

(− )i+j

(
n− r

i

)(
θ(r + i)−

j

)(
j

k

)

× Γ(a+ k + )

(j + )a+k+
, a = , , , . . .

G( , )
θ = .

©



β β Xr:n θ

n r
θ = θ = θ = θ =

β β β β β β β β

r

β =
α
( )
r:n − αr:nα

( )
r:n + αr:n

(α
( )
r:n − αr:n)

β =
α
( )
r:n − αr:nα

( )
r:n + αr:nα

( )
r:n − αr:n

(α
( )
r:n − αr:n)

.

r, n
θ.

β β
n = , , θ = , , , � r � n. r n

β θ θ � β
r n θ � β

r θ � r n, β
θ

Xr:n Xs:n( � r < s � n)

fr,s:n(x, y) = Cr,s:n{F (x; θ)}r− {F (y; θ)− F (x; θ)}s−r− { − F (y; θ)}n−s

× f(x; θ) f(y; θ), y > x > ,



f(·) F (·)

Cr,s:n =
n!

(r − )!(s− r − )!(n− s)!
.

fr,s:n(x, y)

fr,s:n(x, y) = Cr,s:n

n−s∑
i=

s−r−∑
j=

(− )i+j

(
n− s

i

)(
s− r −

j

)
× {F (x; θ)}r+j− {F (y; θ)}s−r− −j+if(x; θ)f(y; θ).

Xa
r:n Xb

s:nE(Xa
r:nX

b
s:n), α

(a,b)
r,s:n,

� r < s � n a, b = , , , . . .

α(a,b)
r,s:n =

∞∫ ∞∫
x

xaybfr,s:n(x, y)dy dx.

� r < s � n, a, b � θ

α(a,b)
r,s:n = Cr,s:nθ

n−s∑
i=

s−r−∑
j=

∞∑
k=

k∑
l=

b+l+∑
u=

∞∑
v=

v∑
p=

(− )i+j+k+v

(
n− s

i

)

×
(
s− r −

j

)(
θ(s− r − j + i)−

k

)(
k

l

)(
θ (r + j)−

v

)
×

(
v

p

)
Γ(b+ l + )Γ(a+ u+ p+ )

u!(k + )b+l−u+ (k + v + )a+u+p+
.

α(a,b)
r,s:n = θ Cr,s:n

n−s∑
i=

s−r−∑
j=

(− )i+j

(
n− s

i

)(
s− r −

j

) ∞∫ ∞∫
x

xa+ yb+ e−xe−y

× { − e−x(x+ )}θ(r+j)− { − e−y(y + )}θ(s−r−j+i)− dydx

©



= θ Cr,s:n

n−s∑
i=

s−r−∑
j=

(− )i+j

(
n− s

i

)(
s− r −

j

)
∞∫
xa+ e−x{ − e−x(x+ )}θ(r+j)− I (x)dx,

I (x) =

∞∫
x

yb+ e−y[ − e−y(y + )]θ(s−r−j+i)− dy

=
∞∑
k=

k∑
l=

(− )k
(
θ (s− r − j + i)−

k

)(
k

l

)
b+l+∑
u=

xue−(k+ )x

(k + )b+l+ −u
· Γ(b+ l + )

u!
.

I (x)

α(a,b)
r,s:n = θ Cr,s:n

n−s∑
i=

s−r−∑
j=

∞∑
k=

k∑
l=

b+l+∑
u=

(− )i+j+k

(
n− s

i

)

×
(
s− r −

j

)(
θ(s− r − j + i)−

k

)(
k

l

)

× Γ(b+ l + )

u!(k + )b+l+ −u

∞∫
xa+u+ e−(k+ )x{ − e−x(x+ )}θ(r+j)− dx

= θ Cr,s:n

n−s∑
i=

s−r−∑
j=

∞∑
k=

k∑
l=

b+l+∑
u=

∞∑
v=

v∑
p=

(− )i+j+k+v

×
(
n− s

i

)(
s− r −

j

)(
θ(s− r − j + i)−

k

)(
k

l

)

×
(
θ(r + j)−

v

)(
v

p

)
Γ(b+ l + )

u!(k + )b+l+ −u

∞∫
xa+u+p+ e−(k+v+ )xdx.



θ

α(a,b)
r,s:n = Cr,s:nθ

n−s∑
i=

s−r−∑
j=

θ(s−r−j+i)−∑
k=

k∑
l=

b+l+∑
u=

θ(r+j)−∑
v=

v∑
p=

(− )i+j+k+v

×
(
n− s

i

)(
s− r −

j

)(
θ(s− r − j + i)−

k

)(
k

l

)(
θ(r + j)−

v

)(
v

p

)
× Γ(b+ l + )Γ(a+ u+ p+ )

u!(k + )b+l−u+ (k + v + )a+u+p+
, a, b = , , , . . .

G( , )
θ =

f(·) F (·)

< r � n− , a � L = θ = , , , . . . , r −

α(a+ )
r:n + α(a)

r:n =
n!(r − L)!

L(a+ )(r − )!(n− L)!

{
α
(a+ )
r−L+ :n−L − α

(a+ )
r−L:n−L

}
+

r

L(a+ )

{
α(a+ )
r:n − α

(a+ )
r+ :n

}
.

E(Xa+
r:n +Xa

r:n) =

∞∫
(xa+ + xa)fr:n(x)dx,

©



E(Xa+
r:n +Xa

r:n) = Cr:n

∞∫
xa(x+ ){F (x)}r− { − F (x)}n−rf(x)dx

= Cr:nθ

[ ∞∫
xa+ {F (x)}r−L{ − F (x)}n−rdx

−
∞∫
xa+ {F (x)}r{ − F (x)}n−rdx

]
.

θ = , < r � n− , a � ,

iμ
(m)
i+ :n + (n− i)μ

(m)
i:n = nμ

(m)
i:n−

G( , )

α(a+ )
r:n + α(a)

r:n =
n− r +

a+

{
α(a+ )
r:n − α

(a+ )
r− :n

}
,

m =

μ(k)
r:n = μ

(k)
r− :n− +

k

n

m−∑
t=

μ
(t+k−m)
r:n

t!
,

L+ < r+ < s � n, a, b � L = θ = , , , . . . , r−

α(a+ ,b)
r,s:n + α(a,b)

r,s:n =
n!(r − L)!

L(a+ )(r − )!(n− L)!

{
α
(a+ ,b)
r−L+ ,s−L:n−L − α

(a+ ,b)
r−L,s−L:n−L

}
+

r

L(a+ )

{
α(a+ ,b)
r,s:n − α

(a+ ,b)
r+ ,s:n

}
.



E(Xa+
r,s:nY

b
r,s:n +Xa

r,s:nY
b
r,s:n) =

∞∫ y∫
(xa+ yb + xayb)fr,s:n(x, y)dxdy

= Cr,s:n

∞∫
yb{ − F (y)}n−sI(y)f(y)dy,

I(y) =

y∫
xa(x+ ){F (x)}r− {F (y)− F (x)}s−r− f(x)dx

= θ

[ y∫
xa+ {F (x)}r−L{F (y)− F (x)}s−r− dx

−
y∫
xa+ {F (x)}r{F (y)− F (x)}s−r− dx

]

=
θ

a+

[
(s− r − )

y∫
xa+ {F (x)}r−L{F (y)− F (x)}s−r− f(x)dx

− (r − L)

y∫
xa+ {F (x)}r−L− {F (y)− F (x)}s−r− f(x)dx

− (s− r − )

y∫
xa+ {F (x)}r{F (y)− F (x)}s−r− f(x)dx

+ r

y∫
xa+ {F (x)}r− {F (y)− F (x)}s−r− f(x)dx

]
.

I(y)

©



θ = , < r + < s � n, a, b � ,
G( , )

α(a+ ,b)
r,s:n +α(a,b)

r,s:n =
n

a+

{
α
(a+ ,b)
r,s− :n− − α

(a+ ,b)
r− ,s− :n−

}
+

r

a+

{
α(a+ ,b)
r,s:n − α

(a+ ,b)
r+ ,s:n

}
.

X :n � X :n � · · · � Xn:n

r Xr:n Mr:n(t)

Mr:n(t) = E(etXr:n) =

∞∫
etxfr:n(x)dx

fr:n(x)

� r � n θ

Mr:n(t) = θCr:n

n−r∑
i=

∞∑
j=

j∑
k=

(− )i+j

(
n− r

i

)(
θ(r + i)−

j

)(
j

k

)
Γ(k + )

( − t+ j)k+
.

Mr:n(t) = θ
n−r∑
i=

di(n, r)(r + i)

∞∫
xe−( −t)x{ − e−x(x+ )}θ(r+i)− dx.



Mr:n(t) = θ

n−r∑
i=

di(n, r)(r + i)

∞∑
j=

(− )j
(
θ(r + i)−

j

) ∞∫
xe−( −t+j)x(x+ )jdx

= θ
n−r∑
i=

∞∑
j=

j∑
k=

(− )jdi(n, r)(r + i)

(
θ(r + i)−

j

)(
j

k

)
Γ(k + )

( − t+ j)k+
.

θ

Mr:n(t) = θCr:n

n−r∑
i=

θ(r+i)−∑
j=

j∑
k=

(− )i+j

(
n− r

i

)(
θ(r + i)−

j

)

×
(
j

k

)
Γ(k + )

( − t+ j)k+
.

G( , ) θ = .

θF (x; θ) = {x− (ex − )− }f(x; θ)},

X MX(t), i M
(i)
X (t)

� r � n−

Mr+ :n(t)− tM ′
r+ :n(t) = − t

rθMr:n(t+ ) + ( trθ + )Mr:n(t)

+

(
t

rθ
− t

)
M ′

r:n(t).

©



−(i− )M
(i)
r+ :n(t)− tM

(i+ )
r+ :n(t) =

−t
rθ M

(i)
r:n(t+ )+ i

(− t
rθ

)
M

(i− )
r:n (t+ )

+

(
i
)
(
−
rθ

)M (i− )
r:n (t+ )+

{
t

rθ
+

it

rθ

+( − i)

}
M (i)

r:n(t) +

(
rθ

){
it

+

(
i
)}

M (i− )
r:n (t)

+

(
i
)(

rθ

)
M (i− )

r:n (t)

+

(
t

rθ
− t

)
M (i+ )

r:n (t), i � ,

α
( )
r+ :n =

rθ

∞∑
j=

j!
α(j)
r:n +

(
+

rθ

)
α( )
r:n,

(i− )α
(i)
r+ :n =

(
i
)(

rθ

) ∞∑
j=

j!
α(i− +j)
r:n +(i− )α(i)

r:n, i � .

Mr:n(t+ ) = Cr:n

∞∫
e(t+ )x{F (x; θ)}r− { − F (x; θ)}n−rf(x; θ)dx

= Cr:n

∞∫
xetx

(
ex −

x
−

)
{F (x; θ)}r− { − F (x; θ)}n−r

× f(x; θ)dx+M ′
r:n(t) +Mr:n(t).

Mr:n(t+ ) = Cr:nθ

∞∫
xetx{F (x; θ)}r− + { −F (x; θ)}n−rdx+M ′

r:n(t)+Mr:n(t).



Mr:n(t+ ) =
d

dt
Cr:nθ

{
n− r

t

∞∫
etx{F (x; θ)}r{ − F (x; θ)}n−r− f(x; θ)dx

+
−r

t

∞∫
etx{F (x; θ)}r− { − F (x; θ)}n−rf(x; θ)dx

}
+M ′

r:n(t) +Mr:n(t).

t

M ′
r+ :n(t)− tM ′′

r+ :n(t)−M ′
r+ :n(t) =

−t

rθ
M ′

r:n(t+ )− t

rθ
Mr:n(t+ )

+

(
t

rθ
+

t

rθ

)
M ′

r:n(t) +
t

rθ
Mr:n(t)

+

(
t

rθ
− t

)
M ′′

r:n(t).

t =

−α
( )
r+ :n =

−
rθ

Mr:n( ) +
rθ

− α( )
r:n +

rθ
αr:n.

t, i t =
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