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Abstract. In this paper, the effect of non-normality on sampling plan
using Yule’s model (second order auto regressive model {AR (2)}) rep-
resented by the Edgeworth series is studied for known o . The effect of
using the normal theory sampling plan in a non-normal situation using
Yule’s model is studied by obtaining the distorted errors of the first and
second kind. As one will be interested in having a suitable sampling
plan under Yule’s model for non-normal variables the values of n and
k are determined.

Keywords. Sampling plan; autoregressive process; edgeworth series;
autocorrelation.

1 Introduction

In the recent years many researches have carried out the problems of sampling
inspection plan due to their large applications in industries for statistical
measurements. In single sampling by variable all items from the sample and
all items from the remainder of rejected lot is inspected by variable. In this
direction, Srivastava (1961) has studied the effect of non-normality on the
sampling inspection plan by variables. Montgomery (1985) has presented a
study of the effect of non-normality on variable sampling plan. Recently,
Balamurali et al. (2008) and Guenther (1977) have studied the variable
sampling plans with different effects.

In general the normal theory is most appraisable for spherical symmetry
that provides the excellent theoretical result under normality. However, ex-
perience with real life data reveals that parent populations occurring in many
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substantive fields generally do not behave in a normal fashion. Thus to face
out this problem we consider the effect of non-normality on sampling plan.
Haridy and El-Shabrawy (1996) have discussed the problem of economic de-
sign of cumulative sum chart to maintain current control using non-normal
mean process. Akkaya and Tiku (2001) have estimated parameters using
autoregressive model in non-normal situation. Balamurali and Jun (2007)
have studied the multiple dependent state sampling plans for lot acceptance
based on measurement data.

Along with this, many studies show the effect of non-normality and auto-
correlation on the behaviour of sampling plan (MacGregor and Harris, 1993,
Amin et al., 1997, Huitema and Mckean, 2007, Shu et al., 2002, Faltin et al.,
1997, Gilbert et al., 1997, Tseng and Adams, 1994, Zhang, 1966, Singh and
Singh, 1982). More recently, Castagliola and Tsung (2005) have discussed
the autocorrelated SPC for non-normal situations. Zou et al. (2008) have
studied the problem of research monitoring autocorrelated processes using
variable sampling schemes. Aminzadeh (2009) has presented the sequential
and non-sequential acceptance sampling plans for autocorrelated processes
using ARMA (p, q) models.

The above studies motivate us to investigate further problems in this
field. Thus in the present paper, we have investigated the effect of non-
normality on sampling plan using Yule’s model for known o. The present
paper is distributed in four sections.

2 Model Specification and the Plan Under Yule’s
Model for Normal Variables

Let us define the process whose control will be investigated by

Ty = M+§t7 (1)

where p is constant, &; is a stationary time series with zero mean and standard
deviation o. But now assume that the & follows a second order autoregressive
scheme. In other words we express

gt = algtfl +a2£t72+€ta t= 1,2,...,1’L (2)
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where

(i) e ~N(0,02)

2
. ol t=r71
1 cov(ep, er) = 3
(i) covlerer) {0 o Q)
The variance of Yule’s model is given by
1— 2
o2 = ( 0‘2> T . (4)
I+az) (1—ag)” —a?

Following Box and Jenkins (1976) it can be shown that for stationarity,
the roots of the characteristic equation of the process in (2)

¢(B) =0, (5)
where
¢(B)=1—o B — ayB?
must lies outside the unit circle, which implies that the parameters «; and

a2 must satisfy the following conditions:

as + a1 <1
as —ap <1
—l<ay<l. (6)

Now if G; and G3 are the roots of the characteristic equation of the process
given by equation (5) then

a1+ /a2 +4day
a1 +y/af + day
Go = 5 (8)

when the correlation is present in the data, we have for the distribution of
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the sample mean z, its mean and variance given by

E(z) = p,
o2

var(z) = —Agp (a1, 2, )
n

0.2

=—T%  (say), 9)

n

where \g;, (a1, g, n) depends on the nature of the roots G; and G and for
different situations is given as follows:

(i) If G; and G2 are real and distinct then we have,

Gi(1 - G3)
(G1 — G2)(1+ G1Gy)
B Go(1—G?) .
(G1— Go)(1+ G1Gy) AG2,m)

= )\rd(alaa%n)v (10)

Aap (01, 2,m) = AG1,n)

where 1+G  2G(1-G")
_|_ . n
MGn) = 1-G n (1-G)2

(ii) If G; and Gy are real and equal then we have,

(1+G\ 2G(1-G")
)\ap(al,a27n)_ <1_G) a n(l—G)2
(1+G)P*(1-G") —n(l - G*)(1+G")
X {1—1— (1+G2)(1-Gn) }
= A\re (al,OQ,n) . (11)

(iii)  If G; and Gy are complex conjugate then we have,

2
Aap (01, 00,m) =Y (d, u) + ;d{W(d,u, n)+ Z(d,u,n)}
= Aee (1,0, 1) (12)
where
1—d*+2d(1 —d?) cosu

Y(d,u) =
(d,u) (1+d*) (14 d?>—2dcosu)’
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2d(1 + d?)sinu — (1 + d*) sin 2u — d" ™ sin(n — 2)u
(1+d?)(1+d? —2dcosu)?sinu ’

2d" 3 sin(n — 1)u — 2d"* ! sin (n + 1)u + d" sin(n + 2)u

(14 d?)(1+4 d? — 2dcosu)?sinu ’

W(d,u,n) =

Z(d,u,n) =
d2 = —Qy,

u=cos ! (%) .

We now examine the effect of the autocorrelation on the usual test crite-
rion of single sampling plan described below:

and

Accept the lot if Z4+ko<<U
Reject the lot, otherwise,

for a given set of values of the producer’s risk «;, consumer’s risk 3, Acceptable
Quality Level (AQL) p; and Lot Tolerance Proportion Defective (LTPD) po,
the values of n and k are determined by the formulae

Ko+ Kz \?
n — (M) : (13)
KPl - sz

_ KQKP‘Z + K/BKPI

k ;
Ka+K5

where K, , K),, K, and Kz are determined by the equation

[ \/12? exp <— t;) dt = (15)

for different choices of fraction defective 8. If 6 is the proportion defective in
the lot, we know that

U—p

g

= K,. (16)

Since the statistics Z under model (1) and (2) is asymptotically normally
distributed with mean p and variance (02 /n)A\gp (a1, a9, n), the statistics z +
ko would also be asymptotically normally distributed with mean p+ ko and
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variance (02 /n)A\ap (a1, g, n).

The OC function L, corresponding to a fraction defective p is found as
follows. Under the assumption of normality, a lot having p percent defective
items will be accepted, if

T+ ko <U=p+ Kyo,

where K, is given by equation (16) for = p. The expression for probability
of acceptance
L,=Pr(z+ ko < p+ Kpo),

is derived by recalling the normality of the statistic (z + ko). The above
probability after some simplification works out to be

_ Vn _
Lp—é{ —— (%, k)} (17)

where

x

b(t) = /t \/%exp <—;> do

3 Known o Plan Under Yule’s Model for Non-
Normal Situations

Let the quality characteristic z follows the first four terms of an Edgeworth
series, under Yule’s model

‘ 2
e = {o(o) - LoV @) + 100w + B0 b (19

The distribution of sample mean is given by,

AT MT? AT?
ol)is = {o(o) - S09@) + 0@+ E 00w far (19
where
P Sl T el R
o ol /\/n Vor
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oM (z) = (%)T ¢(z), and A3 and A4 are skewness and kurtosis respectively.
The OC function of the plan is given by

L'(p)=Pr(z+ko <U|p=y")
where
p=U—-K,o,

K:; being the upper 100 p percent point of the standardized Edgeworthian
population i.e., K, is given by

K

2
[ {o0) - 260w + 5160w + BoO@ fde=1-p (0

For a given p, the value of KI’, may be obtained by the method
A3 Aq A2

K=Ky + (K = 1) + 5 (K = 3K,) — = (2K —5K,).  (21)

Using the distribution of Z from equation (19), the OC function of the
known ¢ plan is obtained as

by T oy MTE ey TP
where
Vn

The equations for determining the value of the plan parameters n and k
are

L(p)=1-a, (23)

and
L'(p2) = B. (24)

Explicit expression for n and k can not be obtained in the non-normal
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and Yule’s model case. The equations (23) and (24) can however, be solved
numerically. If ng and kg are the initial solutions then the improved solution
can be obtained as ng+dng and ko + dkg where dng and dk are the solutions
of linear equations

A(p1)5n0 — B(p1)5k0 =1—-—a-— C(pl) (25)

and

A(p2)dng — B(p2)dko = B — C(p2) (26)

where

2
A(p) = 2TO [Zoq’(zo) - (,ij:—o {Z0¢(3)(20) - ¢(2)(20)}
2
+on {206 an) — 269}
2 2
{2000 ) - 269} | (27)

2 22
B) = Y2 {060 - 209 + 40V + 2500 |

6/10 24n 72
(28)
AT T2 NT? s
Clp) = {¢<zo> = Gt £ Gl + 20 ¢(O)(zo)}. (20)

v/ o ,
ZO:T(K]J_kO)'

The required value of n and k can be obtained by taking the normal
theory values as the initial solution and repeating the process of iteration for

equations (25) and (26) till the desired accuracy is obtained.
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4 Discussion of Numerical Results and Conclu-
sions

For the purpose of illustrating the effect of non-normality and Yule’s model
on the error of the first and second kind and the plan parameters n and k,
we have determined the values of these quantities for p; = 0.05, ps = 0. 30,
a = 0.05, 8 = 0.10, with different values of A3, A4 and for different roots
using Yule’s model.

Table 1 shows the actual errors of the first and second kind when normal
theory known ¢ plan is used under Yule’s model and non-normal condition. It
is evident from the Table 1 that, for leptokurtic, platykurtic population under
the root of (real and distinct, real and equal) the error of first and second
kind increases while in the case of complex conjugate errors are coincides
approximately the same result as in error free case. This shows that non-
normality and Yule’s model effect seriously on the errors.

Table 2 shows the value of n and k for Yule’s model under non-normal
situation. The values of n are rounded up and the values of k are given up
to four decimal places which is correct up to the third places of decimal. It
can be seen from the table that for leptokurtic, platykurtic population the
value of n and k increase for different roots while for negative skewness the
value of n and k decrease.

Therefore, it may be inferred that the use of normal and independent
sampling plan in non-normal and Yule’s model is not valid. Even when there
is slight departure from independencies and normality, it is advisable to take
into account the dependence and non-normality of the parent population
while choosing the sampling plan parameters n and k.
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