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Abstract. Imprecise measurement tools produce imprecise data. Interval -
valued (interval) data is one type of data which is usually used to deal with
such imprecision. So, interval-valued variables have been used in the last
decade. The relationships between the variables have recently been modeled
by linear regression models. If interval response variables have any statistical
distributions, the relationships are modeled in the linear models framework.
In this paper, we propose new estimators for the parameters of an interval
linear model under some conditions. Under the conditions, we demonstrate
the theoretical adequacy of the estimators. Simulation studies and a real-life
case study show the empirical adequacy and the practical applicability of the
new estimators, respectively, under the conditions.
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1 Introduction

Imprecise measurement tools are imprecise-valued data (variably termed as
single-valued data or classical data or real-valued data) producers. Diday
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(1995), Emilion (1997), Bertrand and Goupil (2000), Afonso et al. (2007),
and Kim and Billard (2011) proposed some methods for analyzing and mod-
eling imprecise-valued data. Imprecise-valued data and a desire for increasing
the precision of data are two motivations for statisticians to use interval-
valued (interval) data rather than single-valued data. Interval-valued data
have been used to collect single-valued data (see for example Diday and
Emilion, 1998). In recent years, big data and grouped data have been shown
using interval-valued data (see for example Calle and Gémez, 2001; Rivero
and Valdes, 2008; Trutschnig et al., 2009; Huber et al., 2009; Billard, 2011).

Different analyzing and modeling methods of interval-valued data have
recently been proposed as follows: Billard and Diday (2000) introduced a
linear regression model on centers of intervals. Hence, when this method
is used, high volumes of information are lost. This method was called the
center method (CM). Neto et al. (2004) and Neto and de Carvalho (2008)
introduced the center and range method (CRM). The method utilizes not
only centers but also ranges of intervals to fit regression models. Centers and
ranges are used separately to do the fitting. Neto et al. (2005) and Neto
and de Carvalho (2010) proposed the constrained center method (CCM).
This method is the center method under a restrictive condition. Neto et al.
(2005) and Neto and de Carvalho (2010) proposed the constrained center
and range method (CCRM). The method is the center and range method
under two restrictive conditions. The CRM assumes that centers and ranges
are independent and fits models on them separately. In order to break the
assumption, Afonso et al. (2007) fitted centers and ranges simultaneously
as a bivariate model, either with (BCRMI) or without (BCRMO) interac-
tion terms between the center and range variables. Blanco-Fernandez et
al. (2011) presented and estimated a simple linear model between random
interval-valued variables. The complete information method (CIM) was in-
troduced by Wang et al. (2012). This method transforms the regression
modeling into the computation of some inner products of interval-valued
variables.

Bertrand and Goupil (2000) introduced the sample mean and variance of
interval data. Kim and Billard (2011) proposed the sample mean and vari-
ance of histogram-valued data. The sample covariance between interval data
was obtained by Billard (2007). Le-Rademacher and Billard (2012) com-
pleted this method. Billard (2007), Gil et al. (2007), and Le-Rademacher
and Billard (2012) analyzed dependence and independence of interval-valued
data.
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Linear regression models (LRMs) have been used for modeling the rela-
tionships between interval variables in many recent articles. The relation-
ships are modeled in the framework of linear models (LMs) if interval-valued
response variables have any statistical distributions. In Blanco-Fernandez et
al. (2011), an interval linear model has been formalized based on the natural
set-valued arithmetic and the associated least-square (LS) estimators have
been determined. In the present work, we develop the approach applied by
Blanco-Fernéndez et al. (2011) for LMs. In this paper, the estimators pro-
vided in Blanco-Fernandez et al. (2011) are called the old known estimators.
Based on a new structure of Monte Carlo resampling (MCR), this study pro-
poses a set of new consistent estimators for the set of the parameters of the
interval linear model provided in Blanco-Fernandez et al. (2011) under some
conditions.

Under these conditions, the new structure of MCR generates a large
number of single-valued sample sets, each of which consists of single-valued
points randomly chosen within random intervals, from the interval-valued
variables of each LM with the structure of the interval linear model. We
provide the new and old known estimators on the basis of the new structure

of MCR.

In this paper, both the theoretical and the empirical adequacy of the new
and old known estimators of the interval linear model are demonstrated under
the conditions. This research shows that for some LMs with the structure of
the interval linear model, the set of the new estimators under the conditions
is superior to the set of the old known estimators.

The rest of the paper consists of six sections. Section 2 provides some
preliminary concepts in the interval setting, and introduces the interval lin-
ear model presented in Blanco-Fernandez et al. (2011). The new structure
of MCR is defined in Section 3. Section 4 presents the old known and new es-
timators of the parameters of the interval linear model under the conditions.
Section 5 studies and compares some optimal properties of the estimators
under the conditions. The empirical performance of the estimators under
the conditions is tested by means of some simulation studies in Section 6. In
this section, the superiority of the set of the new estimators to the set of the
old known estimators is investigated. Moreover, in Section 6.2, we compare
the practical applicability of the sets of the new and old known estimators
by means of a real-life case study. The paper ends with some conclusions in
Section 7.
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2 Introductory Concepts and an Interval Linear
Model

2.1 Introductory Concepts of the Interval Framework

The set of all closed real intervals is denoted as K.(R) = {[a,b] : a,b €
R, a < b}, where ¢ = {(a,b) € R?|a < b}. Each interval N € K.(R) can
be written as N = [inf N, sup N|, where inf N, sup N € R and inf N <
sup N. The interval N can also be written as N = [mid N £spr N] =

ianJgsupN 4+ supN;ian 7 where mid N = iangsupN € R and SpI‘N _
w

€ RT denote the center (or midpoint or location) and the ra-
dius (or spread) of N, respectively. Also, spr N denotes the imprecision or
the difference with a precise quantity of R. In this paper, the (mid, spr)-
parametrization for interval-valued data is used.

Remark 1. The (inf, sup)-representation is not easy to use for statistical
purposes given the order restriction that it involves. In this sense, it is more
advisable to use the (mid, spr)-representation, since it only involves a non-
negativity constraint on the second component, which is more operative.

The linear model presented in Blanco-Fernandez et al. (2011) is based on
the (mid, spr)-characterization of the intervals. The notation A = [mid A +
spr A] can be split into two terms depending on the midpoint and spread
values of A by means of the canonical decomposition A = mid A[1 + 0] +
spr A[0 £ 1]. This expression allows us to work separately with the mid and
spr components of the interval, but keeping the interval arithmetic. The
intervals [1 £ 0], [0 £ 1], mid A[1 £ 0], spr A[0 £+ 1], and A = mid A[1 £ 0] +
spr A[0+1] can be equivalently expressed in their (inf, sup)-representation as
[1, 1], [-1, 1], mid A[1, 1] = [mid A, mid A], spr A[—1, 1] = [—spr A, spr 4],
and A = [mid A, mid A] + [—spr A, spr A] = [mid A — spr A, mid A + spr 4],
respectively. For instance, we can write [2, 2] = 2[1, 1] =2[1 £ 0], [-7, 7] =
7=1,1]=7[0+ 1], and [-5, 9] = 2+ 7] = [2— 7,2+ 7] = [2,2 + [-7,7] =
2[1£0]+7[0+1]. The expression E([mid B +spr B])= [E(mid B) £ E(spr B)]
denotes the expected value of any random interval B in terms of the Aumann
expectation, whenever mid B, spr B € L.

In order to measure the distance between two intervals, an Lo-type met-
ric has been exhaustively used and shown to be suitable on the space K.(R).
For every A, @ € K.(R), the d-distance is presented as
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d(A, Q)= \/(midA —mid Q)% 4 (spr A — sprQ)>.

Let By be the o-field generated by the topology induced by d on K.(R).
Let (£2, A, P) be a probability space. An interval-valued random variable X =
[inf X, sup X|=[mid X =+ spr X] is a By|4A-measurable function X: 2—/C.(R).
Equivalently, inf X, sup X, mid X, spr X: {2 — R, being real-valued random
variables and spr X>0 almost sure with respect to probability P. The
interval-valued variable X can not be a single-valued (or a real-valued) vari-
able with respect to the non-degenerated variable spr X. The variance of the
interval variable X with respect to E(X) = [E(mid X) + E(spr X)] in the
metric space (K.(R),d) is expressed as

o*(X) = B(d*(X, E(X))) = 0*(mid X) + o*(spr X),

whenever 0 < o?(mid X),0?(spr X) < oo. The variable X = mid X[1 + 0] +
spr X [0+ 1] can be presented as X = XM+ X5 where XM = mid X[1 % 0]
and X = spr X[0 + 1]. Therefore, the expressions o?(XM) = ¢ (mid X [1 +
0]) = o?(mid X1, 1]) = [1, 1Jo?(mid X) = o?(mid X) and ¢%(X*) = o?(spr
X[0+1]) = o%(sprX[-1,1]) = [1, 1]o*(spr X) = o(sprX) can be de-
fined. Hence, we can express 02(X) = o2 (X M ) + 02 (X o ) The expression
o(X,Y) is often defined as the corresponding d-covariance in R? through
the (mid, spr)-parametrization of the intervals, leading to the expression

o(X,Y)=0c(mid X, midY) 4+ o(spr X, sprY)
— E[(mid X — E(mid X))(mid Y — E(mid Y))]
+ E[(spr X — E(spr X))(sprY — E(sprY))],

whenever o(mid X, midY’), o(spr X, sprY’) < co. We can also write

o(XM, YM) = o(mid X[1, 1], mid V[1, 1]) = [1, 1]o(mid X, mid Y)
o(mid X, midY),

o(X°,Y%) = o(spr X[-1, 1], spr Y[-1, 1] = [-1, 1][-1, 1]o(spr X, sprY)
=[1, 1jo(spr X, spr Y) =o(spr X, sprY),

and hence o(X, Y) = O'(XM, YM) +O'(XS, YS).
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2.2 An Interval Linear Model

Let X and Y be two random intervals with finite second-order moments, and
spr X be non-degenerated. The linear model proposed in Blanco-Ferndndez
et al. (2011) between the interval-valued random independent and response
variable X and Y, respectively, is formalized on the basis of the canonical
decomposition as follows:

Y = amid X[1 + 0] + Bspr X[0 + 1] +y[1 £ 0] 4, (1)

where « and [ are the coefficients of the linear model, v is an intercept term
affecting the mid component of Y, and ¢ is an interval-valued random error
variable such that FE(e|X) = [-4, 0] € K.(R), with § > 0. The interval
linear model (1) induces linear relationships between the mid and the spr
variables of intervals X and Y. To be precise, mid Y = amid X +v+mid € and
sprY = |B|spr X + spre. By considering the definitions X = mid X1 + 0]
and X% = spr X [0 = 1], the linear function associated with the interval linear
model given in (1) is E(Y|X) = aXM + 8X° + B, where B = [y—6, y+] €
Kc(R). By considering the random interval X =spr X[0 + 1], we can write
X% = — X5 Hence, the linear model (1) can always be expressed as follows:

Y =aXM 4+ (-B)X° +9[1£0]+e=aXM + X 4 4[1 £ 0] +e. (2

Based on the model (2), we can always look for the non-negative estimate of
the parameter 8. The model (2) can be written as the sum of the separate
models Y™ = XM 4 4[1+0] 4+ M and Y = X5 + &5 = (—8) X5 + &5

3 A New Structure of MCR

The introduction of a new structure of MCR is one of the innovations and
novelties of this article. This approach is utilized to fit the model (1) on
interval-valued data. The structure generates samples in each repetition by
randomly selecting a single-valued point within each random interval from
the interval-valued variables of the model (1). By the nature of Monte Carlo
simulation (MCS), a larger number of repetitions is always desired. The
structure is computationally intensive. One of the benefits of the structure
is that it fully makes use of the variability of the interval-valued data. Based
on this structure, a researcher selects single-valued samples within the ran-
dom intervals of interval-valued variables. However, based on other sampling
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methods from interval variables, the researcher selects single-valued samples
from mid variables and spr variables. Another benefit of the structure is
that it relieves the need to develop complex methodologies for interval-valued
data. The new structure of MCR is introduced in the rest of this section.

The ith random sample from the single-valued variable mid e at the bth
iteration is defined as {mid 5?}, i=1,...,kand b=1, ..., n. We introduce
{sfwb*}, 1 =1,...,kand b = 1, ..., n, as a real-valued random sample
from the interval EZMb = [mid ag’, mid Eﬂ = mid E? of the variable ™ =
mide[l, 1] = mide. Hence, eM®* is the same mide?. The bth b =1, ..., n,
random sample set from the interval variable e is

Mxb _ {511\41;*7 o géwb*}_ (3)

The sample {spr 52’ } is introduced as the ith real-valued random sample,
i=1,...,kand b= 1, ..., n, obtained from the single-valued variable spr ¢
in the bth repetition. Hence, the bth, b =1, ..., n, random sample set from
the variable spre is defined as

e — {sprs?, ..., spreb } . (4)
The sample {Efl’*}, i=1,...,kand b = 1, ..., n, is defined as a single-
valued random sample from the interval E;-g b — [—spr ei-’, spr 5?] of the interval
variable £¥ = [—spre, spre]. So,

£S%b _ {61%*’ o egb*} (5)

is the bth, b = 1, ..., n, random sample set from the variable ¢°. In the
model (1), € is an interval-valued random error variable. Based on the ith
element of the random sample sets eM** and £%*%, respectively, in (3) and (5),
we generate the single-valued element 5?* = qM b 4 5;-%* from the interval
e = eMb 4 Pb = [mide? —spre?, mide? +spre?] at the bth iteration,
i=1,...,kand b=1,...,n. So,fori=1,...,kand b=1, ..., n, the
sample {?*} is introduced as a random sample from the interval 0 of the

variable ¢ = eM 4 &% = mid e[l £ 0] + spre[0 & 1]. Hence,
e = {61{*, cee 62*} (6)

is defined as the bth sample set from the interval variable ¢.

J. Statist. Res. Iran 15 (2018): 237-274



244 Estimation of a Linear Model for Interval Data

We define the ith, ¢ = 1, ..., k, real-valued random sample from the
variable spr X at the bth iteration as {spr Xf }, b=1, ..., n. Hence, the bth
b=1, ..., n, random sample set from the variable spr X is provided as

XSp*b:{ser{’,...,serg}. (7)

A random sample from the interval be = [—Spr Xf’ , Spr Xib] of the interval

variable X = [—spr X, spr X] is introduced as {Xzsb*}, t=1,...,k and

b=1,...,n. Xz-Sb*Ebe, fori =1,...,kand b = 1, ..., n, is single-
valued. So, the bth, b =1, ..., n, sample set from the variable X° is

XS = {be* be*}. (8)

The ith real-valued random sample from the single-valued variable mid X in
the bth repetition is provided as {mide’}, i=1,...,kand b=1,..., n.
{XiMb*} is introduced as a real-valued random sample from the interval
XMb = mid X?[1, 1] = mid X? of the variable X = mid X[1, 1] = mid X.
Hence, Xl-Mb*EXiMb can be expressed as Xl-Mb* = XiMb = midXib, i =
1,...,kand b=1, ..., n. So,

XMrb {X{W’*, X,Q“*} (9)

is the bth, b = 1, ..., n, random sample set from the variable X™. The
random sample {Xzb*} is defined as a real-valued random sample from the
interval Xf’ = XZMI’ + Xisb = [mide — spr Xf’, mide7 + spr Xf] (the ith
random interval from the variable X = XM + X9 at bth iteration) of the
interval variable X, i =1, ..., kand b=1, ..., n. We can express Xf’* € Xf’.
So, we introduce the bth, b =1, ..., n, random sample set from the intervals
of the variable X = [mid X + spr X] as

X = {X{’*, X,‘;*}. (10)

We can express Xf* = XiMb* + XiSb*, i=1,...,kand b=1, ..., n, where
Xzb*, XiMb*, and XiSb* are the ith element of the sample sets X**, XM*0 and
X 9% given in (10)-(8), respectively.

The ith random sample from the real-valued variable midY in the bth
repetition is introduced as {mid Y}, i =1, ..., kand b=1, ..., n. We de-
fine {YV;M"*} as a real-valued sample from the interval Y;'* = mid Y[1, 1] =
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mid Y of the variable Y = mid Y[1, 1] = midY. Hence, YM* ¢ YM? is

7

the same Y Mb* :YiMb:miinb,i: 1,....,kand b =1, ..., n. The bth

7
sample set from the variable Y™ = midY is provided as

yMb _ {Yle*, L ka*}' (11)

We introduce the ith single-valued sample from the real-valued variable sprY
in the bth repetition as {sprl@b}, i=1,...,kand b =1, ..., n. The bth
random sample set from the variable sprY is defined as

yopb — {spr Y2, ..., spr ka} : (12)
In the bth repetition, the single-valued sample {Y;Sb*}, 1 =1,..., k and
b=1,...,n,is provided from the interval Y;Sb = [—spr Yib7 spr Yﬂ of the

interval variable Y = sprY[—1, 1. The bth sample set from the variable
Y is provided as

ySe = {y Ly (13)

At the bth iteration, a single-valued sample from the interval Yib = YiM b4
YiSb = [mid Yib— Spr Yib, mid Yib—l— spr Yib] (the ¢th random interval from the
variable Y = Y™ 4+ Y5 in the bth repetition) of the interval-valued variable Y
is defined as {Yib*}, i=1,...,kand b =1, ..., n. The bth random sample
set from the variable Y is presented as

Y = {Yf’*, Yk”*}. (14)

We can express Y = YMo 4 YiSb*, t=1,...,kand b=1, ..., n, where
Yib*, YiM b and YiSb* are the ith element of the sample sets Y**, YM*0 and
Y9* given in (14), (11), and (13), respectively.

Assume that G is a real-valued variable such that G —=» 0 (that is
E(G) —0and 0%(G) — 0). For instance, we can consider G ~ U(—0.05,0.05).
We define the interval variable Y/ as Y/ = [mid Y —sprY! midY! +sprv? ]
=[midY —sprY — |G|, midY +sprY + |G|] = mid Y [1 £ 0] + (spr Y + |G])
[0+ 1], where mid Y/ = mid Y (hence, mid Y/ — mid Y £ 0is always con-
firmed) and sprY? = sprY + |G|. By considering |G|[0 £ 1] = G[0 + 1] =
—G[0 £ 1], if we have G £ 0, then we will conclude Y/ — Y £, 0. This
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result will be used in all the sections of this paper. We introduce {Gg’*} as
the ith single-valued random sample from the variable G in the bth repeti-

tion, i =1,...,kand b =1, ..., n. Based on the sample sets Y*0, Y M*b,
and YP* in (14), (11), and (12), respectively, we generate the ith single-
valued sample {YZ-H’*}, i=1,...,kand b=1, ..., n, from the subinterval

(V2" — |G|, YP* + |G?|] of the interval [Y;M"* —sprY? — |GP*|, Y;M** + spr
Y2 + |GY|] of the variable Y/ at the bth iteration. Hence, the values Y;/**
and Yib* are close to each other with this sampling method. The bth random
sample set from the variable Y7 is defined as

Yl*b: {Yllb*’ e klb*}' (15)
Based on the ith element of the sample sets Y 9P** and Y*b in (12) and (13),
respectively, the ith single-valued sample {Y;ISZ’* ,i=1,...,kand b =
1, ..., n, is generated from the subinterval [Y;Sb* - }G?* , YZ-S”* + ‘Gf*ﬂ of

the interval [—spr YP - ‘Gﬁ-’*‘, sprY? + ‘Gf*u of the variable Y =spr Y/[—1
, 1] = (sprY + |G|) [-1, 1] at the bth iteration. The bth sample set from the
variable Y9 is

y IS _ {Y1]Sb*, L kasz)*} . (16)

According to the ith element of the set YM** in (11), we generate the ith
single-valued sample {YiIMb*}, i=1,...,kand b = 1, ..., n, from the
interval [Y;MP* Y;M¥*] of the variable Y™ = midY[1, 1] = mid Y1, 1] =
midY at the bth iteration. Hence, YiI Mb+ i3 equal to YiM b The bth random
sample set from the variable Y™ is as

yIM*b _ {Y11Mb*, L YkIMb*} ' (17)

Also, based on the set (12), the bth sample set from the non-negative variable
sprY! =sprY + |G| is provided as

YISp*b _ {Ser'lb + ‘Gli*

,...,SpI‘ka—i-‘Gz*

}. (18)

We can write Y;/** = Y IMb* 4 YiISb*, t=1,...,kand b=1, ..., n, where
Yilb*, YiISb*, and YiIMb* are the ith element of the data sets Y*0, Y15 and
Y IM#b i (15)-(17), respectively.

By considering all n iterations, based on (3)-(18), respectively, the ran-
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dom sample sets eM* 5% g% g XOpr XS X Mx Xk yMr ySpr oy Sk
Y*, Yoy ISt yIM: and YISP* are produced as follows:

(e e iy, (19)
Spx {Spre%, ey Sprsllc, .., Sprey, ..., SprEZ}, (20)
= {551*, e *, e 513"*, ., E ;j"*}, (21)
c* —{5 = - - 8 (22)
X 5P — {serl, cysprXp L spr XL, spr X} }, (23)
(X XP XX (24)
Mo (MU MM x My (25)
X=X XX, X (26)
y M _ {YlMl* LyMUu M Yan*}7 (27)
ySpx — {serll, A serkl, S T Serkn}, (28)
R £ S 7 AU AN e (29)
YVE= (Y v, Y L Y, (30)
R D LN R NI (i (31)
yISs = [yISte L yISte L yIsee sy (32)
yIMs _ (yIMis YkIMl*7 L Ylan*’ L, Y IMmeY (33)
and
y ISp* :{serll + }G%*‘, ., sprYd 4 }G,lg* y oo, sprYt 4+ |G|, ..., spr Yy
1G] ). 39

4 Provided Estimators

The motivation of this article is to propose new estimators for the param-
eters of the model (1) that to be superior to the old known estimators of
the parameters in Blanco-Fernandez et al. (2011). Based on the new struc-
ture of MCR in Section 3, Section 4.2 proposes the new estimators of the
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parameters, and also Section 4.1 re-introduces the old known estimators of
the parameters.

4.1 The Old Known Estimators

Blanco-Ferndndez et al. (2011) solved the LS estimation of the model (1)
over a suitable feasible set which assures the coherence of the solutions has
been proposed and analytically solved.

By considering Section 3, spr Xf, XZ-S”*, XiMb*, Xb*, YiMb*, spr Yib,
Yo% and Y are the ith element of the sample sets XSp*b XS0 X Mb,

X0y MebySpeb y S and Y*P given in (7)-(14), respectively, i = 1, ..., k
and b=1, ..., n. Also, XJ7*, X5 XMr xr yMe vy VS and Y}
j=1, ..., nk, are defined as the jth element of the sample sets X5P*, X%

XM+ xx Yy Me ySpx yS* and Y* given in (23)-(30), respectively.
This section re-introduces the old known estimators of the parameters of
the model (1) presented in Blanco-Ferndndez et al. (2011) according to the

nk
random sample {(X]’-*, Y]*)} . from (X, Y) as follows:
]:

_ 3(XM, Y) _ CO’U(XM*, Y*)

¢ o2(XM)  Var(XM) (35)
o S Sx *

B—minﬁ ma OM = min<dp, ma ()M
= 05 X9 Y, o2(X%) = 05 x4 U, Var(X5%) )
(36)
Y=Y a X (37)

and ~ -
0 = Y5p* — X5, (38)
o~ v S _ .
where Zp=min§ Jg: X; P*£0} and YM* = Z L VM (analogously
J

XM= ySpx and XSP*). The estimators are provided under the condition
nk — oo. Also, when n, k tend to infinity, the old known estimators (35)-
(38), respectively, can be shown as

Cov XM*b Y*b))

1 n
:nb§::1 Z( Var(XMxb)
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0 CO’U(XS*b,Y*b)
B e Var(X5*) ’

lem s 1 —

~_ b — Mxb _ ,b Y Mx*b

’y_n i nZ<Y o’ X )’
b=1 b=1

and

PO LA, ~

5= = 5b:,Z(ysp*b_ﬁb XSp*b)
rwt et 7

where YM*b = 1 3~ le Y Mb* (analogously XM+t Y Spb and X5p+b),

4.2 New Estimators

Another novelty and innovation of this paper is to introduce the new esti-
mators for the parameters of the model (1). According to Section 3, spr X?,
XiSb*7 XZ-Mb*, Xf*, Yilb*, YZ-ISb*, YiIMb*, and spr YibJr |G;-“b‘ are the ith element
of the sample sets XSp*b’ X’S*b7 XM*b, X*b, Yl*b, YIS*b’ YIM*b, and Y!Spxb
given in (7)-(10) and (15)-(18), respectively, i =1, ..., kand b=1, ..., n.
Also, X7P*, X 5% XM+ X vIr yIS yIM and Y/ j=1,... nk, are
defined as the jth element of the sample sets X5P* X% XM+ x* yI*
Y15 Y IMx and Y1SP* given in (23)-(26) and (31)-(34), respectively.

The new estimators for the parameters of the model (1) are proposed on

k
the basis of the random sample {(X;-‘, Y}I *) }n . from (X L Y! ) as follows:
]:

E(XM, YI) B C’ov(XM*, YI*)
o2(XM)y — Var(XMx)

. v/ ope g(x5, v
— i ; J .y SpH !
8= mln{mm{ 5 X # 0}, maX{O, W

J

y ISP C’ov(XS* YI*)
. . J . Spx ’
= mm{mm{ 5 ij # 0}, maX{O7 Var(X5) ) (40)

J

(39)

a=
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5 =YIM _ g XM~ (41)

and

§ = YISpr — B X 5P, (42)
where YIM* = Z”k V/M* (analogously Y75P*, XM+ and X5P*). The

new estimators are provided under the conditions nk — oo and Y/ —Y £, 0
(that is E(Y! —Y) — 0 and 6?(Y’ —Y) — 0). Also, when n, k — oo and

yi—vy £ 0, we can write the new estimators (39)-(42), respectively, as
follows:

COU(XM*b Yl*b)>

1 & 1 &
nb; n21< Var(X M)

~ 1 & 1 sprYy? + |GY*| b
=— — min< ming —————: spr X;# 0 »,
b nz n < { { serf’ prX/#

Q)

g

b=1
0 Cov (XS*b’ YI*b)

maxq v Var(X5*) ’

ﬁ:li 1i(ylM*b_&ZXM*b)
n n ’

b=1 b=1
and

PO LN 1 n —~

I N (YISp*b _ b XSp*b>7
n n Z 2

b=1 b=1

where Y/M#b = 1 Zle YIMb* (analogously Y1Spb X Mxb and X Sp+b),

5 Optimal Properties of the Estimators

We utilize the new structure defined in Section 3, which accounts the internal
variations of the intervals, to fit the model (1) on interval-valued data.

The strong consistency, the asymptotic unbiasedness, the asymptotic dis-
tribution, the asymptotic variance, and the asymptotic mean squared error
(MSE) of each of the estimators (35)-(42) are studied and demonstrated un-

der the conditions nk — co and Y — Y7 £ 0 in this section. Hence, this
section investigates the theoretical performance of the estimators. In this
paper, we express the old known and new estimators of the parameters of
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the model (1) briefly as the old known estimators and the new estimators,
respectively.

5.1 Optimal Properties of the Old Known Estimators

In this section, we investigate the optimal properties (the asymptotic unbi-
asedness and the strong consistency) of each of the old known estimators
(see the estimators (35)-(38)) when nk — oo. Also, the asymptotic distri-
butions, the asymptotic variances, and the asymptotic MSEs of some of the
old estimators are proposed.

Theorem 1. Let X, Y be random intervals verifying a model (1), such that
(Y, X) < o0, and 0 < 0%(Y),0%(X) < co. The old known estimators are
strongly consistent with respect to the parameters of the model (1).

Proof. From (Y, X) < oo and 0 < 0%(Y), 0(X) < oo, we can conclude,
respectively, J(XM, YM), J(XS, YS) < oo and 0 < O'Q(YM), 02(YS),
o?(XM), 0%(X®) <oo (see Section 2.1).

The Strong Law of Large Numbers guarantees that the terms G(XM, Y) =
E(XM, YM) (because the variable Y is Y™ + Y5 and the variable Y is
independent from the variable X™) and 52 (X M ) converge almost surely to
O'(XM, Y) = J(XM, YM) and o2 (XM), respectively. Thus, based on the

P~ M
Slutzky Theorem, we conclude that the old known estimator a = %
M
n (35) converges a.s. — [P] to the parameter a = % (this means

a"™= o as. — [P)).

The strong consistency of the estimator ¥ = YM* —a X M+* in (37) with re-
spect to the parameter v = E (YM ) —aF (X M ) follows from the convergence
of a in (35), together with the strong law of large numbers for the sample
mean of an interval random set (see Artstein and Vitale , 1975). Hence, we

conclude 7 i v a.s. — [P].

For B given in (36), we are going to prove B\ =2 B a.s. — [P]. First,
S
we will demonstrate that T, = max{ , UAj(XS) } max 0 ,6’1} koo 8=

o S
% a.s. — [P]. The expressions 7(X°, V) = 5(X", Y°) (because the

variable Y is Y¥ 4+ Y™ and the variable Y™ is independent from the vari-
able X°) and 52 (XS) converge almost surely to G(XS Y) = O’(XS, YS)
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and o? (X o ), respectively, using the Strong Law of Large Numbers. Thus,

nk—o0

based on the Slutzky Theorem, we conclude B\l —- B as.—[P]. By
considering the real continuous mapping max{0, -}, the expression T, =

max{O,B\l} nhogo max{0, 5} a.s. — [P] can be obtained. We have max{0, 5}
=Bin Ty = max{O,/j’l} nk—go max{0, 3} a.s. — [P] when 0 < o2 (XS) <00,
nk—o00

and 8 > 0. Hence, we conclude T, — 8 a.s. — [P].

We introduce ug = mln{ssgf)};‘; : spr X, # 0}, o=1,..., N, where N is

the number of members of the population. Hence, the expression P(lim,,x o
uo (nk) = uo) = P(limyx_, N U (nk) = up) = 1 is easily proven. The result
min{ug, Thr} < mrn{uo, T} = B can be obtained on the basis of ﬁ

Tk, and also ug < ug, WhAere up is considered as the sample of ug. Thus,
we have min{ug, Tr} < 8 < Tni. By considering 3, spr X, spre > 0 in
the model sprY = fsprX + spre, the conclusion min{ug, 5} = f can be
expressed. The convergence min{uo,Tnk}nki?O min{ug, 5} = B a.s. — [P]
can be concluded using the real continuous mapping min{ug,-}. So, the

> nk—oo . . .
convergence f — [ a.s. — [P] is proven using the convergence min{ug, Tp,x }

nkogo min{ug, 8} = B a.s. — [P], the conclusion Ty 5 —%°8 a.s. — [P], and the

sandwich rule in min{ug, T}, } < B < T

By considering B nk—go B a.s. — [P] and the strong law of large numbers
for the sample mean of an interval random set, the strong consistency of
the estimator & = Y57* — B X% in (38) with respect to the parameter 5=

E(sprY) — BE(spr X) is proven. Hence, we can express 5" 5 as. — [P].
O

Theorem 2. Let X,Y be random intervals verifying a model (1), such that
0 < o%(Y), 0%(X) < oo, and o(XM, YM), (X% Y¥) < co. The old
known estimators are asymptotically unbiased.

Proof. Section 2.1 shows that if we have 0 < o2(Y),0%(X) < oo and
J(XM, YM) , J(XS, YS) < 00, then we can express 0 < O'Q(YM), 0’2(YS),
o? (XM),U2 (XS) < oo and o(X, Y) < oo, respectively. Considering Section
2.1 and the definition of Y = Y5 + YM in (2) (we know Y = X5 + &9
and YM = a XM 4+ +[1+0]+eM), we conclude o (X?, S) U(XM, eM) < 0
from a(XS, YS),O'(XM, YM) <ooand0<02(XS) ( ) < o0o. As a
result, we will express o(X, €) = O’(XS, ES) + U(XM, M) < 0.
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a(xM,y) o(xM,yMiys)

52(X M) - 32(X M) in (35) can be

The old known estimator a =
6.\()(]\/[7 yM
52(X M)

expressed as 4 = , because the variables X and Y are indepen-

M M
% is the LS estimator of the
parameter « of the linear model Y™ = a XM +~[1+0]+e™. Taking into ac-

dent from each other. The estimator

count that YjM* = ozXJ]-\/[*—I—*y+5§W* forall j =1, ..., nk (see the jth element
of the sets e™*, XM* and YM* respectively, given in (19), (25), and (27)),
8(X]\J’€1W

the expression a@ — a = Sy is concluded. Based on the strong consis-
tency of (XM, eM) and 5% (XM) with respect to o (XM, M) and o2 (X ),
A(XM, EM) nk— oo O'(XM,EM)

. g
respectively, we conclude

TSIXMYT 7 T er(xMy &S~ [P]. Hence, when

o M M
nk — oo, E(@) — a and % are (asymptotically) equivalent; in sym-
~ M M
bols: (J(i(a]\};;) — lor E(Q) —a =~ % Based on Theorem 1,

we have @ "5° o as. — [P], and hence E(a) — a ~ 0. So, the old known
estimator @ in (35) is asymptotically unbiased. Hence, we can conclude

R o(XM M
E(a)—a%(UQT;))QO.

Since the variables X° and Y™ are independent from each other, the

(x5y) (x5 yMiys) 5(X5,v9)

oA(X) 73 (X?) 72 (X7)
(x5, yS

expression in (36) can be written as

The estimator is an estimator for the parameter 5 of the model

72(X9)
Y® = BXS+e%. Taking into account that Yjs* = ﬂXJS* + Ef* for all
j=1,..., nk (see the jth element of the sets 5% X% and Y°*, respec-
5(X5,v9) 5(x5,e%)

tively, given in (21), (24), and (29)), the expression —205) —B= 2X5)
can be concluded. The Strong Law of Large Numbers guarantees that the
terms b\(XS7 ES) and o2 (XS) converge almost surely to O’(XS, ES) and
o? (X o ), respectively. Thus, based on the Slutzky Theorem, we conclude
E(XS,ES) P J(Xs,as

=3x5) 7 o2(X%

o (X?) o?(X?)

= S S
>. Hence, when nk — oo, we can write E<U(;§(;S/))) —

(XS,ES) ~ O'(XS,ES)
52(X5) ~ T o2(X9)

8=F <(7 . By considering the proof of Theorem 1, we

5(X5,Y) nk—oo a(X5,Y = nk—00
haVe % ~ B = W a.S. — [P] and 5 :> B a.S. — [P] Hence,
a(x%,v9) ~ .
we conclude E =To el e 8 =~ 0 and E(B) — B = 0. So, the estimator
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~ G S S
B in (36) is asymptotically unbiased. By considering E((A)Q((X}S/)> B~

o(x5,e9%) a(x9,v¥9)
UQ(xS) ’ "Q(XS)

B(5) -5~ " 0.
o(xM, M

Based on the result @ = a+ WM)) provided in the proof of the asymp-

— B =~ 0, and E(B) — 8 =~ 0, we can conclude

totic unbiasedness of the estimator (35), we write E(7)=F (YM* - &XM*) =
= M _M [
L5k B(YM) - E((a + ) )> XM*) = aXM 45— aXM -

G M - G M M
E<(A)§(XM))XM*>. Hence, we conclude E(y) —v = —E<(Z§(X’AE4))XM*>.

Also, based on Theorem 1, we express 7 kg0 v a.s. — [P], and hence
E(®) — v ~ 0 (this means that the estimator 7 in (37) is asymptotically

M
unbiased). Hence, we can write E(y) —v = —E<(X)XM*> ~ 0.

a2 (XM)
By considering the asymptotic unbiasedness of 5 in (36), E (3) =F (YSP*
~N———— G S
~BXT) & s B (V) - E((B + (ff(xs))> XSP*> — BsprX +

G5(X5,e8
(X¢,9)

0—LBspr X E(HX p*> can be obtained, so E(ES\) -0~ —E<32(XS)

72(X7)

X Spx ) can be concluded. Based on Theorem 1, the asymptotic unbiasedness
of the estimator 0 in (38) is concluded. Hence, E (5) -~ —-F <£2<XS))XSP*>
~ 0 can be expressed. O

The estimators provided by Blanco-Ferndndez et al. (2011) are the same
the old known estimators. The results obtained about the strong consistency
and the asymptotic unbiasedness of the old known estimators (see Theorems
1 and 2, respectively) confirm the results obtained about the corresponding
properties of the estimators in Blanco-Ferndndez et al. (2011). In the men-
tioned paper, in contrary to this article, there is no study on the asymptotic
distributions, the asymptotic variances, and the asymptotic MSEs of the es-
timators (the contributions of this research). The asymptotic distribution,
the asymptotic variance, and the asymptotic MSE of each of the old known
estimators (35) and (36) are studied in the rest of this section.
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Theorem 3. Assume that X, Y be random intervals verifying a model (1).
If 0 < a2(YM), 0%(Y9), 02(XM), 62(X5) < 00, o( XM, YM) o(X5, Y¥)
< 00, o2 (XM), o? (XS) -+ 0, and as the results of the assumptions, 0 <
UQ(EJW) 0’2(85)

m, m < o0, then

e e (o PE
nk(a—a)—N|0, S2(XM) | (43)

and

Vik (B - 8) 55N (o “2(53)> (44)
b 0_2(XS) b

5(v, x5

where & and Bl = WS))’ respectively, are the estimators provided in (35)

and (36).

A unique expression dose not exist for the distribution of the old known
estimator ,8 in (36) because B depends on min and max operators. Hence,
a valid asymptotic distribution is proposed by using the partial information

Y, X e . ~ N
ﬁl A(QTS)) The asymptotic distributions of the estimators & and 3; are

introduced, respectively, as the distributions (43) and (44).

Proof. Section 2.1 shows that if we have 0 < o2 (YM), o? (YS), o2 (XM),
02(XS) < oo and O'(XM, YM), O'(XS, YS) < 00, then we can conclude
0 < o?(Y), 0?(X) < o0 and 0(X, Y) < oo, respectively. Hence, considering
Section 2.1 and the definition of the interval variable Y = Y™ + Y in
(2) (with YM = aXM4~[1 £+ 0]+e™ and Y = BX5+¢%), we conclude
0 < o?(¢), 02(5M), 02(55) < oo and o(X, €), U(XM, EM), U(XS, 55) < 0
from the assumptions of the theorem and the results of the assumptions. As

2(-M 2(-S
results, if we have o2 (XM), o? (XS) - 0, then 0 < ;72((;M)), ZQ((;S)) < oo will

be confirmed.

In the proof of Theorem 2, we showed that @ = % in (35) can be
M M
written as & = % Based on the sample sets (19), (25), and (27),

respectively, from the variables e, XM and Y™, the asymptotic distribu-

tion (43) is proven. Let us study first the law convergence of vnk (& — a) =
= M M
vnk (W — a). By considering YjM* = aXJM* + v+ z—:é”* for all
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j = 1,..., nk (see the jth element of the sample sets ¢* in (19), XM*
G M M i M M
n (25), and YM* in (27)), we obtain % = a+ %, and

hence \/ﬂ(&— a) = Vnk (W —a) = m% By adding
E(XM) — B(XM) in Vako(eM, XM) = (1/\ﬁ>z (XM* W)

<€M* - EM*) (with XM* = & an XM*, and analogously eM*), we con-

J
clude

Vika (&, X) = rz (x5 = B(xM)) | +

nk

(B(x) - X7) \/%kzay* =1+

Jj=1

nk

Since {(X]M* - E(XM)> 5;\/[*} - is a collection of i.7.d. real-valued vari-
j:

ables with mean equal to 0 and variance equal to o2 (X M ) o? (5M ), using the

Central Limit Theorem, we can express Ili> N(O, o2 (XM) o2 (5M)). An

nk
analogous reasoning to the variables {55‘4 *} - drives to (1 /V nk‘) Z?kl £; M
]:

£, N(O, o? (EM)). Using the Strong Law of Large Numbers, we conclude

that the expression (E (X M ) - XM *) converges almost surely to zero. Thus,

by applying the Slutzky Theorem, we can express I2£> 0. The strong consis-
tency of 52 (XM) with respect to o2 (XM) allows to use the Slutzky Theorem

M
in vk (AZ & ) finally obtain vnk (a — «) =N <07 (ZM)

Y ~ S ~ = S S
The expression 31 = % in (36) can be written as f; = %
(see the proof of Theorem 2). Also, based on Section 2.1, % is equal

o (sprY,spr X)
o2(spr X)
Section 2.1, and also the sample sets given in (20), (23), and (28) from
the variables spre, spr X, and sprY, respectively. Let us study first the

law convergence of vnk (Bl — B) = vnk (% — B). Taking into
account that YjSp* = BX]SP* + Efp* for all 7 = 1, ..., nk (see the jth el-

to The asymptotic distribution (44) is proven according to
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ement of the sets 7% X°P% and Y P* respectively, given in (20), (23),

o(sprY, spr X o(spre, spr X
and <28)) (&PQ(SprE() : =pf+ (8p2(2prr))() )

proof process is analogous to the proof process of (43). Finally, we conclude

vnk (B\l — B) AN (0, ;;éiff%). Based on Section 2.1, we can express

o(spre) _ (=) and hence vnk (Bl - ﬂ) Ny (0 JQ(aS)) O

o2 (spr X) a2(X9) ? 02 (X5)

can be written. The rest of the

The inferential study of the model (1) can be developed on the basis of
the asymptotic distributions of the old known estimators 7 in (37) and ¢ in
(38).

Based on Theorem 3, the asymptotic variances of the old known esti-
—~ 2(_ M R
mators & and f are Var(a) = Var(a—a) = %?X])VI) and Var(ﬁ) =
o2(e8

Var(g— 5) R Var(ﬁl) = Var(gl — B) S W(X)S)’ respectively. Also,
based on the proof of Theorem 2 and the asymptotic variances, the asymp-
totic MSE of the old estimator & in (35) is MSE(@) = (E(@) —a)® +

o(eM, XM) 2 o2(eM) N
Var(a) ~ < 02()’<M) ) + R o? (X)) and the asymptotic MSE of § in (36)

: N _ (2(3) _5) 2 (o x\ e (=)
is MSE(ﬁ) - (E(ﬂ) —B) —|—Var<ﬁ> ~ (Crz(m) + Tl When
nk — oo, we can express MSE(a) ~ 0 and MSE(B) ~ 0.

5.2 Optimal Properties of the New Estimators

In this section, under the conditions nk — oo and Y/ —Y £, 0 (this means
yIM _yM £, 0and Y9 —y* £, 0), we investigate the asymptotic unbi-
asedness, the strong consistency, the asymptotic distribution, the asymptotic
variance, and the asymptotic MSE of each of the new estimators (39)-(42).
The study of these properties is one of the innovations and novelties of this
article.

Theorem 4. Let X, Y be random intervals verifying a model (1), such that
o(YL,X), 0(Y,X), o(YM, XM), o(YM XM) oY1 X5), 0(Y9,X5) < o0,
and 0 < 02(YI), a2(Y), o?(X), 02(YIM), 02(YM), Uz(XM),O'Q(YIS) UQ(YS),
o? (XS) < 00. Under the conditions nk — oo and Y —Y £, 0, the new
estimators are strongly consistent with respect to the parameters of the model

(1).
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=~ M I = M IM = S I = S 15

Proof. We have U(;;(X’,\);)) = U(;()’(};) ) in (39) and Ug()’()s/)) = U(;(Q(;;;) )
in (40), because the variables Y% and Y/ in Y1 = Y15 4 YIM are indepen-
dent from the variables X™ and XS respectively. Using the second condi-
tion, the models Y/ = a XM+ BX 5 44[140]4+¢, YIM = XM 4H[1+0]+eM,
Y15 = BX5+£5 and the new estimators (see (39)-(42)) change to the models
Y = aXM 4+ BX% 4410+, YM = aXM 4 4[14+0]+M, V5 = BX5 45
and the old known estimators (see (35)-(38)), respectively. Based on The-
orem 1, the old known estimators are strongly consistent with respect to
the parameters of the model (1). So, under the conditions, the new estima-
tors are consistent estimators with respect to the parameters. This means

~ nk— > nk— ~ nk— T nk—
a5 a, BT 6,7 "y, and 6 "0 5 as. — [P). O

Under the conditions nk — oo and Y —V £ 0, the new estimators like
the old known estimators in Blanco-Fernandez et al. (2011) are strongly
consistent (see Theorem 4). Under the conditions, considering the proof of
Theorem 4, we can conclude that the new estimators (39)-(42), respectively,
are (asymptotically) equivalent to the old known estimators (35)-(38) in the
strong consistency property. This means that under the conditions, in the
mentioned property, none of the new estimators is absolutely superior to the
corresponding old estimator. Hence, under the conditions, we conclude no
absolute superiority of one of the sets of the old known and new estimators
to another in the mentioned property.

Theorem 5. Let X, Y be random intervals verifying a model (1), such that
0 < o?(Y1),0%(Y),0%(X) < o0, and 0(X, Y'),0(X,Y) < co. Under the

conditions nk — oo and Y1 —Y 55 0, the new estimators are asymptotically
unbiased.

Proof. By considering Section 2.1, from 0 < o%(Y71),02(Y),0%(X) < oo and
o(X, Y1), 0(X,Y) < oo, we conclude, respectively, 0 < o2 (YIM),02 (YIS),
o2(YM),02(Y9), 0% (XM),02(X5) < oo and o(XM, YIM) o(X5, VI9),
O'(XM, YM) ,J(XS, YS) < 00. Hence, considering Section 2.1 and the defi-
nition of the variable Y = Y™ + V% in (2) (with Y™ = aXM +-~[140] +eM
and Y¥ = BX° + &%), we conclude J(XM7 €M),O'(XS, ES) < oo from
J(XM, YM),U(XS, YS) < oo and 0 < UZ(XM),0'2(XS) < 00. As a re-
sult, we will have o(X, ¢) = U(XM, EM) + G(XS7 ES) < oo. The new
?‘\’(XA/[,YI) a,\(XILT’Y}]\/I+Y}S
GAXMy T G2(X M)

estimator a@ = ) in (39) can be expressed as
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3(XM, YIM
S2(X M)
each other. By considering the definition of the variable Y/ in Section 3, we
conclude that the old estimators (35) and (37) are equal to the new estima-

a = , because the variables X™ and Y5 are independent from

tors (39) and (41), respectively, and the condition Y™ —yM £ 0is always
XS7YI) _ axs,ylkl_’_yls)
aAX®) a(X?)

confirmed. The expression
5(xS. yIS
FAX®)
YIM_ Under the condition Y/ —y % 0, the linear models Y% = 83X 4+¢9,
Y1 =aXM4BX5+4[140]+¢, and the new estimators (40) and (42) change
to the linear models Y = X% 4 &% YV = aXM + X + 4[1 £ 0] + ¢, and
the old known estimators (36) and (38), respectively. Based on the proof of
Theorem 2, the old known estimators are asymptotically unbiased. Based on
part of the results obtained from Theorem 4, the new estimators are asymp-
totically unbiased. Hence, under the conditions, the asymptotic unbiased-

in (40) can be writ-

ten as , because the variable X° is independent from the variable

o M M
ness of the new estimators can be concluded as F(a) — a =~ % ~ 0,
PN o )(S7 S R G XM, MY —
E(B) -8 = 52()(2)) ~ 0, E(y) —v = _E< (52(X;1))XM*> ~ 0, and
o~ (XS &5)—s—
B(3) -0~ _E<§§(X’s))XSp*> ~ 0, O

Under the conditions nk — oo and Y/ — Y £ 0, the new estimators like
the old known estimators in Blanco-Ferndndez et al. (2011) are asymptot-
ically unbiased (see Theorem 5). Under the conditions, based on the proof
of Theorem 5, in the asymptotic unbiasedness property, the new estimators
(40) and (42), respectively, are (asymptotically) equivalent to the old known
estimators (36) and (38). So, under the conditions, none of the new estima-
tors (39)-(42) is absolutely better than the corresponding old estimator in
the mentioned property. Hence, in the mentioned property, we conclude no
absolute superiority of one of the sets of the old known and new estimators
to another under the conditions.

No study has been done about the asymptotic distributions, the asymp-
totic variances, and the asymptotic MSEs of the old known estimators in the
mentioned paper. In the rest of this section, we investigate the asymptotic
distributions, the asymptotic variances, and the asymptotic MSEs of the new
estimators (39) and (40).

Theorem 6. Assume that X, Y be random intervals verifying a model (1).
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Under the conditions Y1 —Y %5 0 andnk — oo, if 0 < o2 (YIM), o? (YIS),

o2(YM), o2(Y9), 02(XM), 62(X5) < o0, o(XM, YIM) o(XM, VM), o

X9, Y]S), O'(XS, YS) < 00, 0'2(XM), 02(XS) -+ 0, and as the results of
. A() ()

the assumptions, 0 < SIXY 52(xE) < OO then

e (o )
nk (@ —a)—N| 0, 20X | (45)

and

~ (72 €S
vk (B — 8) <N (0, 5 ((XS))), (46)

a(v1,x%)

where & and By = —sa(xs) are the estimators proposed in (39) and (40),

respectively.

There is not a unique asymptotic distribution for the new estimator § in
g(v!, x9)
72 (X7)
as the partial information of (40), a valid asymptotic distribution is proposed.
The distributions (45) and (46), respectively, are the asymptotic distributions

of the estimators & in (39) and S.

(40), which depends on min and max operators. Hence, using Bl =

Proof. Section 2.1 shows that if we have 0 < o2 (YIM), o? (YIS), o? (YM), o?
(Y9), 02(XM), 62(X%) < ccoand o (XM, YIM) o(X5, VI, o(XM yM),
o (X5, Y®) < oo, then we can conclude 0 < o2 (Y?), 6?(Y), 0%(X) < oo and
O‘(X, YI), o(X,Y) < oo, respectively. Hence, considering Section 2.1, the
definition of the variable Y in (2), the assumptions of Theorem 6, and the
results of the assumptions, we conclude 0 < o2(g), o (5M), o? (ES) < 00
and o(X, €), O'(XM, EM), O'(XS, 55) < 00. As results, if we have aQ(XM),
2/+vS . o?(eM) o?(e5)

o (X ) - 0, then we will have 0 < SIXM) g2(xT) < 00

In the proof of Theorem 5, we demonstrated that the old estimator
a in (35) and the new estimator & in (39) are equal. Based on (43) in

G M i M M
Theorem 3, we know vnk (a(QY(XXM)) — a> = vnk ((;;X)]é)) — a) £,

UZ(xl\l)

i I M G IM M
be presented as vnk(a —a) = vVnk <g(x)§4)) - a) = M(W

2(-M
N <0, 0(5)> Hence, the asymptotic distribution of the estimator (39) can
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o2 (eM
—a> LN <0, 02((;))> .

The distribution (46) is proven according to the sample sets given in
(23), (20), (34), and (28) from the variables spr X, spre, sprY?, and sprY,

respectively. Under the conditions Y/ — Y £, 0 and nk — oo, the linear

~ ~ I S P~ Is S
model Y'$ = X5+ and the estimator 51 = Ug(;é)) = U(;(Xf) ) in (40)
~ = S
change to the linear model Y° = X +¢° and the estimator 5, = % =

= S S
% in (36), respectively. The expression vn ( o, XS) B)

0_2 S
N (O, 02((;5(5;))) concluded in the proof of (44) of Theorem 3. Hence, we

~ sy, x5 (e
can write vk (51 - 5) — Vnk <<;;(;§)> - 5) LN <o, f((XS))> based
0

on the conditions.

Under the conditions nk — oo and Y/ —Y =5 0, considering the proof of
Theorem 6, we can conclude that the asymptotic distribution (46) is (asymp-
totically) equivalent to the asymptotic distribution (44), and the asymptotic
distribution (45) is the same the asymptotic distribution (43).

Based on Theorem 6, the asymptotic variances of (39) and (40) are
Var(a) =Var(a —a) = %ﬁ% and Var (E) =Var (B— ﬁ) ~ Var (Bl>

o?(c

= Var(gl —ﬁ) ~ W(X)S) Based on Var(a), Var(ﬁ), and the proof

of Theorem 5, the asymptotic MSEs of (3 n (40) are, respectively,

9) a
MSE(@@)=(E@) — a) —i—Var(a)%( UG (XM))> oy and MSE(B)

nko2(XM)

U(ss XS) 02(55)

= (E(B) — 5)2 + Var(ﬁ) S ( 02(}(5) >2 + ko2 (X5 We can conclude
MSE(a) ~ 0 and MSE(B) ~ 0 when nk — oo.

Under the conditions nk — 0o and Y! — Y -5 0, considering the proofs
of Theorems 2, 3, 5, and 6, we can conclude that Var (B\ in (36)) and

MSE (B in (36)), respectively, are (asymptotically) equivalent to Var(g in
(40)) and MSE(B in (40)). So, Var(B in (36)) and MSE(B in (36)), re-
spectively, are not always less than Var <§ in (40)) and MSFE (B in (40)).
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Also, we have Var(a in (35)) = Var(ain (39)) and MSE(a in (35)) =
MSE(a in (39)).

Based on the asymptotic distributions of the estimators (41) and (42),
the inferential study of the model (1) can be developed.

6 Studies

6.1 Simulation Studies

Based on the new structure of MCR, in Section 3, a researcher selects single-
valued samples within the random intervals of interval-valued variables. How-
ever, based on other sampling methods from interval variables, the researcher
selects single-valued samples from mid variables and spr variables. Under

the conditions nk — oo and Y! — YV £ 0, the empirical behaviors of the
estimators (see Sections 4.1 and 4.2) are investigated when the parameters
of the model (1) have known quantities. In this section, based on Section
3, we consider n and k, respectively, as the number of the simulations (it-

—

erations) and observations. The values calculated for the estimators a?, BAb,
q//\b, and (ﬁ’, b=1, ..., n,in each of Sections 4.1 and 4.2 are denoted by the
estimates &\Q, ﬂAi’, ’;i’, and (iﬁ, respectively. The vector of n values for the
estimate of each parameter of the model (1) will be defined as an empiri-
cal distribution of the corresponding estimator close to the theoretical one,

because n is large enough. Based on n iterations, E(é) = O EY)/n

e a —~ 2
and MSE (E) = (ZZI (EZ - E) > /n are calculated, respectively, as the

estimated mean value and the estimated mean squared error of an estimator
= from the empirical distribution, as empirical approximations of the the-
oretical ones. By considering n repetitions, the mean square error of the
estimated model (1) based on the sets of the old known and new estimates
of the set of the parameters, respectively, is computed as

- 2
k Mxb_ 5 Mxb)2 ko (ySpeb_yseeb
Ty (B ) Zz_l( o T

MSEMO = n

and

© 2018, SRTC Iran



A. M. Malekfar and F. Eskandari 263

k ISpxb  ISpxb)2
YiMeb_ YIM*b i=1 (Y. =Y, )
2b1 ( = F i > 2im1 ( T

+ )
n n

MSEMN =

where Y M*b YZ-Sp b YIM*b and YiISp *0 respectively, are the it" element of
the sample sets (11), (12), (17), and (18),i=1, ..., k and b = 1, ,n.In

the expression M SEMO, based on the old known estimates aﬁi, B*, 'y*, and
5b calculated from the estimators in Section 4.1, YM*b = abXM*b + 4% and

YiSp*b = BSZXZSp*qu(SQ are defined, where X** and XSp *0 are the i'" element
of the sample sets (9) and (7), respectlvely In the expresswn MSEMN,

under the conditions, based on the new estimates ab ﬁ*, 7*, and (5b obtained
from the estimators in Section 4.2, Y/M+b — aﬁXiM*b + ~b and Y;ISp*b =

@Xfp*b + % are introduced. In this section, n = 1000 and k = 5, 50, 500
(the first condition is fulfilled) are considered.

Some LMs with the structure of the model (1) are studied in this section.
Different parameters are investigated in the LMs. In the models, the vari-
ables come from different distributions. The LMs, taking into account that
the spr variables have to be non-negative, are provided.

Model Mj: Let mid X ~ N(0, 1), mide ~ N(0, 0.2), and spr X,spre ~ x?
be random variables, and let Y be a random interval defined by means of
the linear model

V =3XM —2X5 £ 5[140]4+e=3XM 4 2X% +5[1+0] +e.

From the distribution considered for spre, it can be shown that § = 1, and
hence B = [y £ ] = [4, 6].

Model Maz: Let mide ~ N(0, 9), mid X ~ N(0, 3), spre ~ x% and spr X ~
X3 be random variables, and let the interval linear model between X and YV
be

Y =3XM —2X% £ 5[140]+¢=3XM 4 2X% +5[1+0] +e.

We can conclude 0 =4 and B = [1, 9] from the distribution of spre.

Model M3: Let mid X ~T'(1, 50), mid e ~ Exp(3000), spr X ~ Beta(0.7, 0.7),
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Table 1. Empirical validation of the old known estimators with respect to the parameters of
the model (1).

Model k  E@ MSE@ E(B) MSE() E®  MsE@)  E(5) MSE(5)
5 3.002162  1.0172e-01  1.730412 4.6368e-01  5.008412  5.2529e-02  0.974601  2.1629e-01

M, 50 2.999661 4.3119e-03  1.929245 4.5035e-02  5.002541  4.0134e-03  1.001770  2.1064e-02
500 3.000241  4.0934e-04  1.940257 4.8875e-03  4.999633  4.0328e-04  0.998545  2.5570e-03

5 3.069161  1.6383171  1.826449 5.2137e-01  5.039471  2.8635722  3.968221  1.9177650

Mo 50  2.982802 6.0798e-02  1.956279  2.4740e-02  5.020446  1.8093e-01  3.987342  1.6474e-01
500 3.012075 6.7971e-04 1.987883 2.1121e-03  4.988527  1.9421e-02 4.013026  1.7294e-02

5 5.000469  4.1386e-04  0.805601  1.5263e-01  3.399e-04  2.3939e-07  0.496992  1.3734e-01

M3 50  4.999887  6.3810e-06 0.870884  6.0659e-02  3.371e-04  1.1855e-07  0.502816  1.0669e-02
500  4.999975  5.9320e-07 0.880639 5.6996e-02  3.341e-04  1.1205e-07  0.500663 1.1646e-03

5 0.999108  1.1116e-02  2.958663 1.8021e-01  1.999715  3.6253e-02  0.822683  6.4379e-02

My 50  1.000331 4.3875e-05 3.000027 1.1697e-02  2.000143  1.7053e-03  0.832330  4.9334e-03
500 1.000001  4.9336e-07  3.000013 1.1349e-03  2.000126  1.6846e-04  0.833693  5.0385e-04

and spre ~ X(Q).25 be random variables, and let Y be
YV =5XM - X% 4e=5xM4+ X% te.

By considering the distribution of spre, we conclude § = 0.5, and thus
B =[-0.5,0.5].

Model My: Let mid X ~ Cauchy(1, 1), mide ~ U(-0.5, 0.5), spr X ~
F(100, 200, 10), and spre ~ Beta(3, 0.6) be random variables, and the in-
terval variable Y is defined as

V=XM_3X5 42140 +e=XM +3X° +2[140] +¢.
By considering the distribution of spre, we can show that § = 3—36 and B =
3 3 '
2-(55), 2+ (55)]-
We use G ~ U(—0.005, 0.005) (see Section 3) for calculating the new
estimates of the parameters of models My and My in Table 2. Also, the
new estimates of the parameters of models M; and M3, respectively, are

calculated using G ~ U(—0.0005, 0.0005) and G ~ U(—0.00005, 0.00005) in
the table. Hence, the realization of the condition Y/ —Y £, 0 for all models
is concluded.

Under the conditions nk — co and Y/ — v £ 0, Tables 1 and 2 show the
proximity of the old known and new estimates to the corresponding parame-
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Table 2. Empirical validation of the new estimators with respect to the parameters of the
model (1).

Model k  E@ MSE@ E(B) MSE() E®  MsE@)  E(5) MSE(5)
5 3.002162  1.0172e-01  1.732566  4.5965e-01  5.008412  5.2529e-02  0.975107  2.1576e-01

M, 50 2.999661 4.3119e-03  1.943085 3.7823e-02  5.002541  4.0134e-03  1.001380  2.0311e-02
500 3.000241  4.0934e-04 1.971457 4.1111e-03  4.999633  4.0328e-04  0.998606  2.0114e-03

5 3.069161  1.6383171  1.826418 5.2144e-01  5.039471  2.8635722  3.968214  1.9178040

Mo 50  2.982802 6.0798e-02  1.956268  2.4742e-02  5.020446  1.8093e-01  3.987341  1.6475e-01
500 3.012075 6.7971e-04 1.987882  2.1124e-03  4.988527  1.9421e-02  4.013030  1.7295e-02

5 5.000469 4.1386e-04  0.805728  1.5261e-01  3.399e-04  2.3939e-07  0.496999  1.3733e-01

M3 50  4.999887  6.3810e-06 0.876845 5.5623e-02  3.371e-04  1.1855e-07  0.502723  1.0650e-02
500  4.999975  5.9320e-07 0.944114 4.7068e-02  3.341e-04  1.1205e-07  0.500630  1.1448e-03

5 0.999108  1.1116e-02  2.958495 1.8047e-01  1.999715  3.6253e-02  0.822507  6.4394e-02

My 50  1.000331 4.3875e-05 3.000064 1.1706e-02  2.000143  1.7053e-03  0.832319  4.9344e-03
500 1.000001  4.9336e-07  3.000019 1.1363e-03  2.000126  1.6846e-04  0.833701  5.0395e-04

ters in models M;-M, as k increases. This means the empirical validation of
the old known and new estimators of the model (1) under the conditions. We
know that if k increases, then nk = 1000k increases. Under the conditions,
in Tables 1 and 2, based on the reported experimental results for n = 1000
random samples (see (3)-(18) in Section 3) of different size k from mod-
els M1-My, the following conclusions can be expressed: First, the empirical
asymptotic unbiasedness of the old known and new estimators are manifest
when k increases. In the tables, for instance, under the conditions, we see
the empirical asymptotic unbiasedness of the old known and new estimators
for model My when k or nk = 1000k increases. Second, in Tables 1 and 2, as
k increases, @(a), W(B), ]\m(fy), and ]\75’\17}(3) go to zero. This
means the empirical consistency of the old known and new estimators under
the conditions.

The study of the empirical validation (the empirical asymptotic unbiased-
ness and the empirical consistency) of the new estimators is the empirical
novelty of this paper.

We concluded in the proof of Theorem 5 that the old known estimators
(35) and (37) are equal to the new estimators (39) and (41), respectively.
Hence, these results are repeated in empirical consistency and empirical
asymptotic unbiasedness, so that the values of the third, fourth, seventh,
and eighth columns of Table 1 are equal to the corresponding values in the
third, fourth, seventh, and eighth columns of Table 2.
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Table 3. The empirical comparison between the old known and new estimation methods of
the model (1).

A:@(&)+@S§)+ £ = MSE@)+ MSE(B) +

Model MSE(®) + MSE(5 MSE() + MSE () MSEMO MSEMN £  MSEux
from Table 1 from Table 2

5 0.8342191 0.8296590 2080085 2966100  0.99453  0.99231

My 50 0.0744243 0.0664593 2383716 2282250  0.80208  0.95743
500 0.0082571 0.0069351 2268857 2004400  0.83080  0.88344

5 6.9410240 6.9411333 21.80141 2180247  1.00002  1.00005

My 50 0.4312081 0.4312201 1707415 17.07425  1.00003  1.00001
500 0.0395068 0.0395081 1696112 16.96113  1.00003  1.000001

5 0.2003841 0.2903541 1907982 1907709 0.99990  0.99986

My 50 0.0713345 0.0662795 1546166 1.544810 092913  0.99912
500 0.0581609 0.0482135 1526243 1499192 0.82897  0.98228

5 0.2010582 0.2022334 0.350045  0.351219  1.00094  1.00335

My 50 0.0183799 0.0183893 0120875 0129930  1.00051  1.00042
500 0.0018078 0.0018091 0.115237 0115270  1.00072  1.00029

Under the conditions, in empirical consistency and empirical asymptotic
unbiasedness, Tables 1 and 2 show generally that each of the new estimators
(39)-(42) is (asymptotically) equivalent to the corresponding old estimator.
For models M; and M3, under the conditions, the comparison between the
values of Tables 1 and 2 shows that the new estimators (40) and (42), re-
spectively, are superior to the old known estimators (36) and (38) in the
empirical asymptotic properties. For model My, under the conditions, in the
empirical properties, the comparison between the mentioned tables shows
the superiority of the old estimators (36) and (38).

Under the conditions, for each k, in the empirical asymptotic properties,
the comparison between the values of Tables 1 and 2 shows the superiority of
the new estimators (39)-(42) for the parameters of models M; and M3, and
also the superiority of the old known estimators (35)-(38) for the parameters
of model Mjy.

For instance, under the conditions nk — oo and Y! — Y £, 0, Fig-
ure 1 illustrates empirically the consistency of the estimators (35), (36),
(39), and (40) of model M; based on n = 1000 simulated samples of k
observations (see (3)-(18) in Section 3) as k (or nk = 1000k) increases.

This means that MSE(a in (35)), m(g in (36)), MSE(@ in (39)), and

m@@ in (40)) go to zero as k increases. Because in all situations, the

boxes reduce the spread around the true value of the corresponding parame-
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Figure 1. Box plot for the old known and new estimators of the parameter o (top left and
top right, respectively) and the old known and new estimators of the parameter 8 (bottom
left and bottom right, respectively) for model M.

ter as the number of observations k increases. Figure 1 illustrates the supe-
riority of the new estimator 3 in (40) to the old known estimator B in (36)
in empirical consistency when k& = 500 (or when k increases) and n = 1000.
Since the estimators (35) and (39) are equal, hence the plots provided in
Figure 1 for the old known and new estimators of the parameter « are the
same.

Table 3 is provided under the conditions. As k (or nk = 1000k) increases,
the values of the third and fourth columns of Table 3 for each of models M;-
My go to zero. This means the empirical consistency of the sets of the old
known and new estimators of the model (1) under the conditions. Also, the
values of the fifth and sixth columns of the table for each model decrease
as k increases. This means that under the conditions, the old known and
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new estimation methods, respectively, in Sections 4.1 and 4.2 are suitable.
Table 3 shows that under the conditions, the new estimators in Section 4.2
are superior to the old known estimators in Section 4.1 (or the same the
estimators presented in Blanco-Ferndndez et al. , 2011) for the parameters
of models M; and Ms in empirical consistency, because we have % <1
for each k. Also, in empirical consistency, for each k, the seventh column of
Table 3 shows the superiority of the old known estimators for the parameters
of model My, because we have % > 1. For each k, the ratio % in Table 3
is (asymptotically) equivalent to one for model M;. This means that under
the conditions, in empirical consistency, none of the sets of the estimators is
superior to the other one. Hence, under the conditions, the new estimators
in Section 4.2 are superior to the old known estimators in Section 4.1 for
the parameters of some LMs with the structure of the model (1) in empirical
consistency. All the results provided for Table 3 will be confirmed when
the last column of Table 3 instead of the seventh column of the table is
investigated.

Overall, under the conditions, the results demonstrate well that for LMs
with the structure of (1), the distributions of the variables spr ¢ and spr X are
simultaneously effective in choosing a better set of the estimators from the
two sets (see models M; and Ms). Table 3 shows no the absolute superiority
of one of the sets of the old known and new estimators to another under the
conditions.

6.2 A Real-Life Case Study

To motivate the methodology, the analysis of the linear relationship between
the fluctuation of the systolic and diastolic blood pressure for the 100 patients
hospitalized in a hospital is considered. Values of the blood pressures for each
patient are measured at different points in a day. Therefore, the range of
variation of each pressure over one day can be expressed using a real compact
interval. The range of variation of the pressures of each patient on a concrete
day are recorded as X= ‘‘range of variation of the systolic blood pressure
up to one decimal place over a day’ in Table 4 or Table 5, Y/= “range of
variation of the diastolic blood pressure up to three decimal places over the
same day” in Table 4, and Y= ‘“‘range of variation of the diastolic blood
pressure up to one decimal place over the same day” in Table 5. If inf Y/
and sup Y’ in Table 4 are rounded up to one decimal place, then we will
have, respectively, inf Y and sup Y in Table 5. Diastolic blood pressure data
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Table 4. Data set on the range of variation of blood pressures of 100 patients.

X y! X y! X y! D'e y!
[15.0, 20.5] [7.353,12.547]  [8.6, 14.5]  [4.663, 9.137]  [13.8,19.9]  [4.554, 9.146]  [13.2, 17.9]  [5.462, 9.538]
[10.5, 20.8]  [6.164, 11.536]  [9.0, 17.0]  [4.351,11.349]  [8.2,16.5]  [3.579, 9.321]  [10.0, 21.6]  [4.259, 10.241]
[11.5,20.1] [6.660, 13.140]  [8.5, 16.8]  [4.151,10.049]  [9.3, 15.5]  [5.490, 10.610]  [8.5, 17.2]  [3.652, 8.448]
[11.3,17.0] [5.594, 10.706] [11.4, 18.1]  [3.998, 8.802]  [12.6, 17.6]  [5.161, 9.639]  [10.1, 22.9]  [4.798, 10.702]
[9.5,18.3]  [4.368,10.332] [11.5,20.2] [7.254, 13.246]  [8.7,15.3]  [4.098, 10.102] [12.9, 20.6]  [6.667, 14.033)
[9.4,16.3]  [4.497,8.503]  [10.0,18.7] [6.079, 11.621]  [9.4,19.3]  [3.992, 11.008] [11.2, 20.5]  [6.557, 11.543]
[13.9,18.7]  [6.154, 11.946] [10.8, 16.4]  [5.196, 9.504]  [13.8,20.9] [8.452, 12.648]  [9.7, 14.1]  [4.983, 9.517]
[9.2,16.9]  [5.061, 10.639] [10.8, 17.6]  [5.676, 12.024]  [9.6, 18.4]  [4.163, 10.137]  [8.9, 17.5]  [4.294, 11.606]
[10.5, 16.3]  [5.871,11.629]  [9.9, 15.8]  [4.867, 10.433] [10.8, 17.5]  [5.491,9.709]  [7.6, 15.4]  [3.883, 10.517]
[14.2,21.3] [7.783,13.317] [10.2,16.0]  [5.062, 9.738]  [12.9,20.1] [5.564, 10.836] [10.1, 19.6] [4.782, 11.418]
[11.7,17.8] [6.182, 11.118]  [9.4,16.1]  [4.770, 10.830] [11.0, 16.4] [5.986, 11.514] [12.6, 19.4]  [7.159, 12.341]
[8.3,18.4]  [4.065,9.335  [10.9,17.2]  [4.893,9.107]  [11.7,18.9] [5.573,10.827] [12.0, 17.9] [7.279, 11.421]
[10.2, 19.5]  [4.282,9.918]  [10.3,16.2] [6.278,10.322]  [9.6, 16.5]  [4.962, 10.138]  [9.6, 18.4]  [4.294, 9.206]
[9.8,16.0]  [3.898,9.002]  [9.8, 17.8]  [4.962, 12.038] [11.5,19.9] [4.754, 10.946] [10.9, 21.6]  [5.156, 11.144]
[13.0,20.6] [6.174,11.726]  [8.7,18.0]  [4.167, 10.233] [14.7, 20.7] [8.659, 12.841] [13.3,20.9] [6.864, 13.836]
[11.6,20.0] [5.664, 11.236] [12.6, 18.4]  [6.354, 11.846] [10.9, 19.4]  [4.958, 9.642]  [12.7, 19.5] [7.566, 12.134]
[10.9, 15.9]  [6.074, 11.626]  [11.1, 17.3]  [5.792, 10.408]  [10.2, 16.9] [5.878, 10.722]  [9.5, 15.9]  [5.955, 10.145]
[11.6, 19.0]  [5.564, 9.936]  [8.3,16.4]  [3.797,11.203] [10.1,20.0] [5.177,12.923] [12.3,20.5] [5.268, 10.232]

[

[9.2, 18.0] [4.786, 8.914] [8.5, 14.5] [4.158, 8.642] , 16.0] [3.656, 8.444] [10.4, 16.0] 5.099, 11.201]

[8-8
(10.3,17.0] [5.662, 10.538] [12.8,26.2] [6.893,16.207]  [8.0, 14.9]  [3.481,8.219]  [9.6,17.9]  [4.863, 8.537]
(13.4,22.5)  [6.597, 12.403] (9.2, 14.7]  [4.466, 10.334]  [9.7, 17.4]  [3.773,8.427]  [10.4, 16.0] [6.151, 10.949]
[11.3,17.8]  [5.773,9.727]  [8.9,17.6]  [4.200, 10.500]  [9.8, 20.2]  [5.278, 12.122] [12.3,18.3] [5.871, 10.029]
] ]
|

[10.2, 18.4]  [4.071,8.429]  [8.3,15.4]  [4.289,8311]  [8.6,18.3]  [3.781,9.319]  [10.4, 19.7]  [4.578, 9.822]
[9.7,17.1]  [5.583,10.717] [13.6,26.1] [7.176, 15.424]  [9.6, 17.5]  [3.855, 8.445]  [13.0, 18.8] [6.976, 12.724]
[10.8,18.9] [5.500, 11.000] [10.8, 17.5] [5.865, 11.435] [10.9, 18.5] [5.554, 10.246] [12.8, 16.9]  [6.794, 10.806]

had been initially recorded as Y/ in the hospital computer system. But then,
Y! was recorded as Y to match the decimal of Y/ with the decimal of X.
In this study, we have n = 1, k£ = 100, and hence nk = 100 (the realization
of the first condition). We use the sample data for the interval variables Y
and Y. respectively, in Tables 5 and 4. The P — value = 0.177 for the
one sample Kolmogorov-Smirnov test at the significance level 0.05 shows
that the values G1*, --- | G13, are observations from the real-valued variable

G ~ U(—-0.049, 0.049) (this means G £ 0, and hence Y/ — Y ) (the
second condition) is confirmed).

Based on the sample data for (X, Y) in Table 5, we obtain the values

0 5153, 0.3212, 0.5854, and 1.4596, respectively, for the old known estimators

a, B, ~, and 5 in Section 4.1 (or in Blanco-Fernandez et al. , 2011). Also, the

values 0.5153, 0.3204, 0.5854, and 1.4898, respectively, for the new estimators
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Table 5. Data set on the range of variation of blood pressures of 100 patients up to one
decimal place.

X Y X Y X Y X Y
[15.0,20.5] [7.4,125] [8.6,14.5]  [4.7,9.1] [13.8,19.9] [4.6,9.1] [132,17.9] [5.5, 9.5]
[10.5,20.8] [6.2,11.5] [9.0,17.0] [4.4,11.3] [8.2, 165  [3.6,9.3] [10.0,21.6] [4.3,10.2]
[11.5,20.1] [6.7,13.1] [8.5,16.8] [4.2,10.0] [9.3,155] [5.5,10.6] [8.5,17.2]  [3.7, 8.4]
[ ]
[ ]

[11.3,17.0] [5.6, 10.7 11.4,18.1 [4.0,8.8] [12.6,17.6] [5.2,9.6] [10.1,22.9] [4.8,10.7]

[9.5,18.3] [44,10.3] [11.5,20.2] [7.3,13.2] [8.7,15.3] [12.9, 20.6]  [6.7, 14.0]

[ ]
[ ]
[9.4,16.3]  [4.5,85] [10.0,187 [6.1,11.6] [9.4,19.3]
[ ]
[ ]

[4.1, 10.1]

[4.0,11.0] [11.2,20.5] [6.6, 11.5]
(13.9,18.7] [6.2,11.9] [10.8,16.4] [5.2,9.5] [13.8,20.9] [85,12.6] [9.7,14.1]  [5.0,9.5]
9.2,16.9] [5.1,10.6] [10.8,17.6] [5.7,12.0] [9.6,18.4] [4.2,10.1] [8.9,17.5] [4.3, 11.6]

[5.5,9.7]  [7.6,15.4] [3.9, 10.5]

[ I
[ I
[10.5,16.3] [5.9,11.6] [9.9, 15.8]  [4.9,10.4] [10.8, 17.5
[ I
[ ]

[9.8,16.0] [3.9,9.0] [9.8,17.8] [5.0,12.0] [11.5, 19.9 [10.9, 21.6] [5.2, 11.1]

I
[14.2,21.3] [7.8,13.3] [10.2,16.0] [5.1,9.7] [12.9,20.1] [5.6,10.8] [10.1,19.6] [4.8, 11.4]
[11.7,17.8] [6.2, 11.1]  [9.4,16.1] [4.8,10.8] [11.0,16.4] [6.0, 11.5] [12.6, 19.4] [7.2, 12.3]
[8.3,18.4]  [41,93] [109,17.2] [4.9,9.1] [11.7,18.9] [5.6,10.8] [12.0,17.9] [7.3,11.4]
[10.2,19.5] [4.3,9.9] [10.3,16.2] [6.3,10.3] [9.6,16.5] [5.0,10.1] [9.6, 18.4]  [4.3,9.2]
4.8, 10.9]
8.7, 12.8]

]
[13.0,20.6] [6.2,11.7] [8.7,18.0] [4.2,10.2] [14.7, 20.7] [13.3,20.9] [6.9, 13.8]
[11.6,20.0] [5.7,11.2] [12.6,18.4] [6.4,11.8] [10.9,19.4] [5.0,9.6] [12.7,19.5] [7.6, 12.1]
]
]

[10.9,15.9] [6.1, 11.6] [11.1,17.3] [5.8, 10.4] [10.2,16.9] [5.9,10.7] [9.5,15.9]  [6.0, 10.1]
[11.6,19.0] [5.6,9.9] [8.3,164] [3.8,11.2] [10.1,20.0] [5.2,12.9] [12.3,20.5] [5.3,10.2]
9.2,18.0] [4.8,89] [8.5, 145  [42,86] [88,16.0] [3.7,8.4] [10.4,16.0] [5.1,11.2]
[10.3,17.0] [5.7,10.5] [12.8,26.2] [6.9,16.2] [8.0,14.9] [3.5,8.2] [9.6,17.9]  [4.9, 8.5]
[13.4,22.5] [6.6,12.4] [9.2,14.7]  [45,10.3] [9.7,17.4]  [3.8,8.4] [10.4,16.0] [6.2, 10.9]
[11.3,17.8] [5.8,9.7] [8.9,17.6] [4.2,10.5] [9.8,202] [5.3,12.1] [12.3,18.3] [5.9, 10.0]
[10.2,18.4] [4.1,84] [8.3,154] [4.3,83] [8.6,18.3] [3.8,9.3] [10.4,19.7] [4.6, 9.8]
[
[

9.7,17.1]  [5.6,10.7] [13.6,26.1] [7.2,154] [9.6,17.5] [3.9,8.4] [13.0,18.8] [7.0,12.7]
[10.8,18.9] [5.5,11.0] [10.8,17.5] [5.9,11.4] [10.9,18.5] [5.6,10.2] [12.8,16.9] [6.8, 10.8]
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a, B\ , ¥, and § in Section 4.2 are calculated using the sample data for (X LY )
in Table 4. By considering (%) = (gzg%gg) = 0.9984 < 1, the new
estimation method of the model (1) in Section 4.2 is superior to the old
known estimation method of the model in Section 4.1.

Based on the sample data for (X, Y) and (X, Y7'), respectively, in Ta-
bles 5 and 4, the existence of the assumptions of theorems is confirmed as
follows: First, the first and second conditions are confirmed (nk = 100 and
V! —Y %5 0). Second, we obtain 32(X) = 3.8752, 32(XM) = 3.0664, and
o%(X®) = 0.8089. Third, we have o%(Y) = 1.8257, 52(Y'M) = 1.5555,
o%(Y®) = 0.2702. Fourth, (V') = 1.8238, 5%(YM) = 1.5555, and
o%(Y1%) = 0.2683 are obtained. Fifth, (X, Y) = 1.8400, o(XM, yM) =
1.5802, o(X®, Y¥) = 0.2598, 5(X, Y') = 1.8393, (XM, YIM) = 1.5802,
and E(XS, YIS) = 0.2591 are calculated. Sixth, we have E(XS, YM) =
2.0056e —7, 7(XM, Y9) = 1.5981e — 9, 5(X7, YIM) = 2.0056e — 7, and
o(XM, vI5) = 1.5961e — 9. Seventh, we know & = & 4 2% mide =
midY — Inidi/;, and spré = sprY — spr)/}, where midY = @mid X +7
and spr? = Bser + 5. Hence, considering Section 2.1, 52(¢) = 0.9279,
o%(eM) = 0.7412, 52 gss) = 0.1867, 5(X, ) = —1.5168¢ — 13, 5 (XM, M) =
—1.4846e — 13, E(X , 55) = —3.2191e — 15 are obtained. Eighth, as re-
82(81M

sults from the seventh and first cases, we conclude SIXM) = 0.2417 and

=2

o2(e5) _
sy = 0.2308.

7 Conclusions

In many recent articles, the relationships between interval-valued variables
have been modeled by LRMs. If interval response variables have any statis-
tical distributions, the relationships are modeled in the LMs framework.
The new structure of MCR in Section 3 randomly generates a large num-
ber of single-valued sample sets (the sets consist of points randomly chosen
within random intervals of the interval variables). Hence, the structure is
computationally intensive. However, this disadvantage is outweighed by its
good properties. First, the internal variations of intervals are fully utilized
using the structure. Second, it relieves the need to develop complex method-
ologies for interval-valued data. Third, it is flexible in the sense that one
can modify the structure of MCR, depending on specific problems. For ex-
ample, one may assume a non-uniform distribution within an interval such
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as truncated normal distribution.

Using the new structure of MCR, we introduce the set of new estimators
(see Section 4.2) alongside the set of old known estimators (see Section 4.1)
for the set of parameters of the model (1) under the conditions. In this
work, under the conditions, the theoretical performance of each of the old
known and new estimators is shown. We study the asymptotic unbiasedness,
the strong consistency, the asymptotic distribution, the asymptotic variance,
and the asymptotic MSE of each estimator under the conditions. Also, in
each mentioned asymptotic property, each new estimator is compared with
the corresponding old known estimator.

Under the conditions, the results of the simulations in Section 6.1 show
the empirical performance (the empirical asymptotic unbiasedness and the
empirical consistency) of the old known and new estimators of the model
(1). The assessments in Section 6.1 demonstrate well that for LMs with the
structure of (1), the distributions of the variables spre and spr X are simul-
taneously effective in choosing a more efficient set of estimators from among
the two sets under the conditions. Under the conditions, the new estimators
are superior to the old known estimators for estimating the parameters of
some LMs with the structure of (1). Under the conditions, Table 3 shows no
absolute superiority of one of the sets of the old known and new estimators
to another.
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