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known that X1:n and Xn:n correspond to the lifetimes of series and paral-
lel systems, respectively. Reliability and stochastic properties of series and
parallel systems have been considered by various researchers under differ-
ent scenarios. For example, stochastic comparisons of the lifetimes of series
and parallel systems, in the case of heterogeneous component lifetimes with
Weibull distributions, are considered in Khaledi and Kochar (2006), Fang
and Zhang (2013), Torrado (2015), Li and Li (2015), Torrado and Kochar
(2015) and Fang and Balakrishnan (2016). Attempts have also been made
by Fang and Zhang (2015) and Kundu and Chowdhury (2016) in the case of
heterogeneous components with exponentiated Weibull (EW) distributions,
and by Balakrishnan et al. (2014) in the case of heterogeneous components
with generalized exponential (GE) distributions. For a recent review on the
topic one can refer to Balakrishnan and Zhao (2013).

The aim of the present note is to compare the lifetimes of series and par-
allel systems with heterogeneous components where the component lifetimes
are distributed as a four-parameter generalized modified Weibull (GMW)
distribution with cumulative distribution function (cdf)

F (x) = (1− exp(−αxγ exp(λx))β (1)

where α > 0 is a scale parameter, and γ > 0 and β > 0 are shape param-
eters. The parameter λ works as a factor of fragility in the survival of an
individual as time increases. This model which has recently been studied
by Carrasco et al. (2008), has both monotone and nonmonotone hazard
rates. If a random variable X has GMW distribution in (1), then we write
X ∼ GMW(α, γ, λ, β). For λ = 0 and β = 1, we obtain the Weibull distribu-
tion and we have modified Weibull distributions when β = 1. For λ = 0 the
model (1) reduces to the EW distribution constructed by Mudholkar and Sri-
vastava (1993). Our established results extend some known results dealing
with Weibull and EW distributions. Furthermore, the results obtained here
strengthen and generalize those known in the Balakrishnan et al. (2018).

The rest of the paper is organized as follows: In Section 2, we give the
required definitions and some useful lemmas which are used throughout the
paper. In Section 3, we discuss stochastic comparisons of the lifetimes of se-
ries and parallel systems with independent heterogeneous GMW components
in terms of the usual stochastic order, hazard rate order and the reversed
hazard rate order. Section 4 discusses some results on series systems with
dependent components where the structure of dependency is expressed ac-
cording to the Archimedean copula. Throughout this paper, we use the no-
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tations R = (−∞,+∞), R++ = (0,+∞), D+ = {(x1, x2, . . . , xn) : x1 ≥ x2 ≥
· · · ≥ xn > 0}, E+ = {(x1, x2, . . . , xn) : 0 < x1 ≤ x2 ≤ · · · ≤ xn} and use the
term ‘increasing’ for nondecreasing and ‘decreasing’ for nonincreasing.

2 Preliminaries
In this section, we review some definitions and well-known notions of stochas-
tic orders and majorization concepts and lemmas that are useful for proving
our main results. Let X and Y be two non-negative continuous random
variables with distribution functions F and G, density functions f and g,
and the survival functions F̄ = 1 − F and Ḡ = 1 − G, respectively. Denote
also the reverse hazard rate functions rF = f

F and rF = f
F , hazard rate

functions of X and Y by hF = f
F̄

and hG = g
Ḡ
, respectively. The following

definition introduces some well-known orders that compare the magnitude
of two random variables.

Definition 1. X is said to be smaller than Y in the

(i) stochastic order, denoted by X ≤st Y , if F̄ (x) ≤ Ḡ(x) for all x;

(ii) hazard rate order, denoted by X ≤hr Y , if hF (x) ≥ hG(x) for all x.

(iii) reversed hazard rate order, denoted by X ≤rh Y , if rF (x) ≤ rG(x) for
all x.

Note that the hazard rate order, and the reversed hazard rate order
implies the usual stochastic order. For more on these stochastic orders one
may refer to Shaked and Shanthikumar (2007) and Li and Li (2013).

A real function ϕ is said to be n-monotone on (a, b) ⊆ (−∞,+∞) if
(−1)n−2ϕ(n−2) is decreasing and convex in (a, b) and (−1)kϕ(k)(x) ≥ 0 for all
x ∈ (a, b), k = 0, 1, . . . , n − 2, where ϕ(i)(.) is the ith derivative of ϕ(.). For
a n-monotone (n ≥ 2) function ϕ : [0,+∞) −→ [0, 1] with ϕ(0) = 1 and
limx→+∞ ϕ(x) = 0, let ψ = ϕ−1 be the pseudo-inverse, then

Cϕ(u1, . . . , un) = ϕ(ψ(u1) + . . .+ ψ(un)), for allui ∈ [0, 1], i = 1, . . . , n,

is called an Archimedean copula with the generator ϕ. Archimedean copulas
cover a wide range of dependence structures including the independence cop-
ula with the generator ϕ(t) = e−t. For more detail on Archimedean copula,
see, McNeil and Neslehova (2009) and Nelsen (2006).
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The notion of majorization is essential for the understanding of the stochas-
tic inequalities for comparing order statistics. In the sequel, we use the no-
tation x(1) ≤ x(2) ≤ ... ≤ x(n) to denote the increasing arrangement of the
components of the vector x = (x1, . . . , xn).

Definition 2. The vector x is said to be

(i) weakly submajorized by the vector y (denoted by x ⪯w y) if
∑n

i=j x(i) ≤∑n
i=j y(i) for all j = 1, . . . , n,

(ii) weakly supermajorized by the vector y (denoted by x
w
⪯y) if

∑j
i=1 x(i) ≥∑j

i=1 y(i) for all j = 1, . . . , n,

(iii) majorized by the vector y (denoted by x
m
⪯y) if

∑n
i=1 xi =

∑n
i=1 yi and∑j

i=1 x(i) ≥
∑j

i=1 y(i) for all j = 1, . . . , n− 1.

Bon and Pǎltǎnea (1999) introduced the order of p-larger.

Definition 3. A vector x in Rn
+ is said to be p-larger than another vector

y in Rn
+ (denoted by x

p
⪰ y) if

j∏
i=1

x(i) ≤
j∏

i=1

y(i), for j = 1, . . . , n.

Definition 4. A real valued function φ defined on a set A ⊆ Rn is said to
be Schur-convex (Schur-concave) on A if

x
m
⪯y on A =⇒ φ(x) ≤ (≥)φ(y).

For more details on the above partial orders of real vectors, Schur-convexity
and Schur-concavity we refer readers to Marshall et al. (2011). Let us intro-
duce the following lemmas which will be used in the next sections to prove
the results.

Lemma 1 (Marshall et al. (2011), Theorem 3.A.4). Suppose I ⊂ R is an
open interval and Φ : In −→ R+ is continuously differentiable. Necessary
and sufficient conditions for Φ to be Schur-convex (Schur-concave) on In are

(i) Φ is symmetric on In,
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(ii) for i ̸= j and all z ∈ In,

(zi − zj)

(
∂Φ(z)

∂zi
− ∂Φ(z)

∂zj

)
≥ (≤)0,

where ∂Φ(z)
∂zi

denotes the partial derivative of Φ with respect to its i-th argu-
ment.
Lemma 2 (Marshall et al. (2011), Theorem 3.A.8). For a function l on
A ∈ Rn, x ⪯w (

w
⪯)y implies l(x) ≤ l(y) if and only if it is increasing

(decreasing) and Schur-convex on A.
Lemma 3. The function g : (0,∞)× (0, 1) −→ (0,∞) defined as

g(β, x) =
βxβ−1

1− xβ

is a decreasing function of β.

Proof. It is easy to see that g(β, x) = 1

x
βxβ

1−xβ and

∂g(β, x)

∂β

sgn
=(xβ + xβ log(x)β)× (1− xβ) + βx2β log(x) =

xβ(1 + β log(x)− xβ) =: f(β).

Then, it follows that

∂f(β)

∂β
= log(x)(1− xβ) < 0.

Therefore, f(β) < f(0) = 0, and so ∂g(β, x)

∂β
< 0. The assertion then

follows.

3 Main Results
3.1 Independent Random Variables
In this section, we provide some new comparison results on the lifetimes of
series and parallel systems arising from independent heterogeneous GMW
random variables.
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106 New Results on Stochastic Comparison of Series and Parallel Systems

The following results discuss the variability ordering of lifetimes of paral-
lel systems with independent heterogeneous GMW components in terms of
the reversed hazard rate order.

Theorem 1. Let X1, . . . , Xn be a set of independent random variables with
Xi ∼ GMW(αi, γ, λ, β)، i = 1, . . . , n. Further، let X∗

1 , . . . , X
∗
n be another set

of independent random variables with X∗
i ∼ GMW(α∗

i , γ, λ, β)، i = 1, . . . , n. If
(α1, . . . , αn)

w
⪯ (α∗

1, . . . , α
∗
n)، then Xn:n ≤rh X

∗
n:n.

Proof. Let us consider a fixed x > 0, then the reversed hazard rate of Xn:n

is given by

r̃Xn:n(x) =
β(λx+ γ)

x

n∑
i=1

ui
eui − 1

where ui = αix
γeλx. From Lemma 2, the proof follows if we prove that, for

each x > 0, r̃Xn:n(x) is Schur-convex and decreasing in αi’s. For the proof of
the first part, see the work of Balakrishnan et al. (2018). The proof of the
second part is easy. Thus, it is omitted for the sake of conciseness.

Note that (α1, . . . , αn)
m
⪯ (α∗

1, . . . , α
∗
n) implies (α1, . . . , αn)

w
⪯ (α∗

1, . . . , α
∗
n),

Theorem 1 substantially improves Theorem 1 of Balakrishnan et al. (2018).

Example 1. Let (X1, X2, X3) ((X
∗
1 , X

∗
2 , X

∗
3 )) be a vector of independent het-

erogeneous GMW random variables. Set γ = 2, λ = 1.2, β = 0.5, (α1, α2, α3) =

(0.1, 4, 6) and (α∗
1, α

∗
2, α

∗
3) = (0.1, 1, 8). Obviously (α1, α2, α3)

w
⪯ (α∗

1, α
∗
2, α

∗
3),

and X3:3 and X∗
3:3 are ordered in the reversed hazard rate order, as can be

seen in Fig. 1.

We now generalize Theorem 2 to a wider range of the shape parameters
as follows.

Theorem 2. Let the conditions of Theorem 1 be met. Then, for any γ, λ, β >
0, if αi ≤ α∗

i , i = 1, . . . , n, we have Xn:n ≥rh X
∗
n:n.

Proof. Using the definition of the reversed hazard rate order and the fact
that r̃Xn:n(x) is decreasing in each αi, the required result follows readily.

Theorem 3. For i = 1, . . . , n, let Xi and X∗
i be two sets of mutually indepen-

dent random variables with Xi ∼ GMW(αi, γ, λ, βi) and X∗
i ∼ GMW(α∗

i , γ, λ, βi).
Further, suppose that β ∈ E+ and α,α∗ ∈ D+. Then for all γ, λ > 0,
(α1, . . . , αn)

w
⪯ (α∗

1, . . . , α
∗
n) implies Xn:n ≤rh X

∗
n:n
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Figure 1. Plot of the reversed hazard rate functions of X3:3 (black line) and X∗
3:3 (red line)

Proof. The reversed hazard rate functions of Xn:n is given by

r̃Xn:n(x) =
(λx+ γ)

x

n∑
i=1

βiαix
γeλx

eαixγeλx − 1
.

Let gi(y) =
βiyx

γeλx

eyxγeλx − 1
= βih(yx

γeλx), where, by Lemma 8 of Balakrishnan

et al. (2018), h(y) = y

ey − 1
is convex and decreasing in y > 0, which implies

that for any two real numbers a ≥ b, g′
i(a) ≥ g

′
i(b). So, by Proposition H.2

of Marshall et al. (2011) , r̃Xn:n(x) is Schur convex. Thus, the result follows
from Lemma 8 of Balakrishnan et al. (2018) and lemma 2.

Theorem 4. For i = 1, . . . , n, let Xi and X∗
i be two sets of mutually indepen-

dent random variables with Xi ∼ GMW(αi, γ, λ, βi) and X∗
i ∼ GMW(α∗

i , γ, λ, β
∗
i ).
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Then, for any γ, λ > 0, if αi ≥ α∗
i and βi ≤ β∗i , i = 1, . . . , n, we have

Xn:n ≤rh X
∗
n:n.

Proof. Using the definition of the reversed hazard rate order and the fact
that r̃Xn:n(x) is decreasing in each αi and increasing in each βi, the required
result follows readily.

Theorem 5. For i = 1, . . . , n, let Xi and X∗
i be two sets of mutually indepen-

dent random variables with Xi ∼ GMW(αi, γ, λ, βi) and X∗
i ∼ GMW(αi, γ, λ, β

∗
i ).

If (β1, . . . , βn)
m
⪯ (β∗1, . . . , β

∗
n) and (i) β,β∗ ∈ D+ and α ∈ E+, then

Xn:n ≤rh X
∗
n:n; (ii) β,β∗,α ∈ D+, then Xn:n ≥rh X

∗
n:n

Proof. Assuming g(xi) = xi, ui =
αix

γeλx

eαixγeλx − 1
and

φ(β) =
(λx+ γ)

x

n∑
i=1

uig(βi)

and by noting the fact that ui ∈ D+(ui ∈ E+) whenever αi ∈ E+(αi ∈ D+)
(by Lemma 8 of Balakrishnan et al. (2018)) and using Theorem 3.1 and
Theorem 3.2 of Kundu et al. (2016) it can be proved that r̃Xn:n(x) is Schur
convex under condition (i), and Schur concave under condition (ii). This
proves the result.

The following theorem follows from Lemma 2 and Theorem 5.

Theorem 6. For i = 1, . . . , n, let Xi and X∗
i be two sets of mutually indepen-

dent random variables with Xi ∼ GMW(αi, γ, λ, βi) and X∗
i ∼ GMW(αi, γ, λ, β

∗
i ).

(i) If β,β∗ ∈ D+ and α ∈ E+, then (β1, . . . , βn) ⪯w (β∗1, . . . , β
∗
n) implies

Xn:n ≤rh X
∗
n:n; (ii) If β,β∗,α ∈ D+, then (β1, . . . , βn)

w
⪯ (β∗1, . . . , β

∗
n) im-

plies Xn:n ≥rh X
∗
n:n

The following result considers the comparison of the lifetimes of two series
systems in terms of the usual stochastic order when the shape parameters (α)
of the distribution of component lifetimes of a system is weakly majorized
by the shape parameters (α∗) of the other system.

Theorem 7. Let X1, . . . , Xn be a set of independent random variables with
Xi ∼ GMW(αi, γ, λ, β), i = 1, . . . , n. Further, let X∗

1 , . . . , X
∗
n be another set
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of independent random variables with X∗
i ∼ GMW(α∗

i , γ, λ, β), i = 1, . . . , n.
Then, (i) for (α1, . . . , αn) ⪯w (α∗

1, . . . , α
∗
n), we have X1:n ≥st X

∗
1:n if β ≥ 1;

(ii) (α1, . . . , αn)
w
⪯ (α∗

1, . . . , α
∗
n), we have X1:n ≤st X

∗
1:n if 0 < β ≤ 1.

Proof. To prove the first part (second part), it is sufficient to show that,
for β ≥ 1 (0 < β ≤ 1), the survival function of X1:n is Schur-concave (Schur-
convex) in (α1, . . . , αn) and is decreasing in αi, i = 1, . . . , n.. The survival
function of X1:n is given by

F̄X1:n(x) =

n∏
i=1

(1− (1− exp(−αix
γ exp(λx)))β), x > 0. (2)

Differentiating (2) partially with respect to αi, i = 1, . . . , n, we get

∂F̄X1:n(x)

∂αi
= −xγ exp(λx)F̄X1:n(x)

β exp(−αix
γ exp(λx))

1− (1− exp(−αixγ exp(λx)))
≤ 0. (3)

Thus, the survival function of X1:n given by (2) is decreasing in αi, i =
1, . . . , n. To prove its Schur-concavity (Schur-convexity) see Theorem 2 of
Balakrishnan et al. (2018).

Note that (α1, . . . , αn)
m
⪯ (α∗

1, . . . , α
∗
n) implies both

(α1, . . . , αn) ⪯w (α∗
1, . . . , α

∗
n) and (α1, . . . , αn)

w
⪯ (α∗

1, . . . , α
∗
n), Theorem 7

substantially improves Theorem 2 of Balakrishnan et al. (2018).

Example 2. (i) Let (X1, X2, X3) ((X∗
1 , X

∗
2 , X

∗
3 )) be a vector of indepen-

dent heterogeneous GMW random variables. Set γ = 1.3, λ = 1.6, β = 1.3,
(α1, α2, α3) = (5, 2, 0.2) and (α∗

1, α
∗
2, α

∗
3) = (8, 3, 0.3). Obviously (α1, α2, α3) ⪯w

(α∗
1, α

∗
2, α

∗
3), andX1:3 ≥st X

∗
1:3, as can be seen in Fig. 2 (A). (ii)Let (X1, X2, X3)

((X∗
1 , X

∗
2 , X

∗
3 )) be a vector of independent heterogeneous GMW random

variables. Set γ = 1.3, λ = 1.6, β = 0.3, (α1, α2, α3) = (0.2, 4, 9) and
(α∗

1, α
∗
2, α

∗
3) = (0.1, 1, 6). Obviously (α1, α2, α3)

w
⪯ (α∗

1, α
∗
2, α

∗
3), and X1:3 ≤st

X∗
1:3, as can be seen in Fig. 2 (B).

Naturally, one may wonder whether the following statement is actually
also true: For 0 < β ≤ 1, (α1, . . . , αn)

p
⪯ (α∗

1, . . . , α
∗
n) gives rise to the

usual stochastic order between X1:n and X∗
1:n. The following example gives

negative answer to these two conjecture.

J. Statist. Res. Iran 16 (2019): 101–120



110 New Results on Stochastic Comparison of Series and Parallel Systems

Figure 2. Plot of the survival functions of X1:3 (black line) and X∗
1:3 (blue line)

Example 3. Let (X1, X2) ((X∗
1 , X

∗
2 )) be a vector of independent hetero-

geneous GMW random variables. Set β = 0.5, γ = 2 and λ = 3. For
(α1, α2) = (2, 3)

p
⪯ (1, 5.5) = (α∗

1, α
∗
2), X1:2 ≥st X

∗
1:2, as can be seen in Fig. 3

(A); however, for (α1, α2) = (1.1, 6)
p
⪯ (1, 2.25) = (α∗

1, α
∗
2), X1:2 ≤st X

∗
1:2, as

can be seen in Fig. 3 (B) So, (α1, α2)
p
⪯ (α∗

1, α
∗
2) implies neither X1:2 ≤st X

∗
1:2

nor X1:2 ≥st X
∗
1:2 for 0 < β ≤ 1.

Now, we discuss stochastic comparison between the lifetimes of two series
systems in the sense of the hazard rate order.

Theorem 8. Let X1, . . . , Xn be a set of independent random variables with
Xi ∼ GMW(α, γ, λ, βi), i = 1, . . . , n. Further, let X∗

1 , . . . , X
∗
n be another set

of independent random variables with X∗
i ∼ GMW(α, γ, λ, β∗i ), i = 1, . . . , n.

If (β1, . . . , βn)
w
⪰ β∗1 , . . . , β

∗
n), then X1:n ≤hr X

∗
1:n.
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Figure 3. Plot of the survival functions of X1:2 (red line) and X∗
1:3 (black line)

Proof. The hazard rate of X1:n can be obtained as

hX1:n(x) = (αxγ exp(λx))(λ+
γ

x
)(exp(−αxγ exp(λx)))×

n∑
i=1

g(βi, 1− exp(−αxγ exp(λx))).

where g is given as in Lemma 3. Using Lemma 2, it is enough to show that
the function hX1:n(x) is Schur-convex and decreasing in βi’s. The partial
derivatives of hX1:n(x) with respect to βi are

∂hX1:n(x)

∂βi
=

J. Statist. Res. Iran 16 (2019): 101–120
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(αxγ exp(λx))(λ+
γ

x
)(exp(−αxγ exp(λx)))∂g(βi, 1− exp(−αxγ exp(λx)))

∂βi
.

(4)
Furthermore, from Lemma 3, g(β, x) is a decreasing function of β. Using
this, we obtain ∂hX1:n(x)

∂βi
≤ 0. Thus, the hazard rate of X1:n is decreasing in

βi, i = 1, . . . , n. To prove its Schur-convexity see Theorem 3 of Balakrishnan
et al. (2018).

The following result considers the comparison of the lifetimes of paral-
lel systems in terms of the usual stochastic order with respect to the scale
parameter λ.

Theorem 9. Let X1, . . . , Xn be a set of independent random variables with
Xi ∼ GMW(α, γ, λi, β), i = 1, . . . , n. Further, let X∗

1 , . . . , X
∗
n be another set

of independent random variables with X∗
i ∼ GMW(α, γ, λ∗i , β), i = 1, . . . , n.

Then, for (λ1, . . . , λn)
w
⪯ (λ∗1, . . . , λ

∗
n), we have Xn:n ≤st X

∗
n:n.

Proof. The cdf of Xn:n is given by

FXn:n(x) =

n∏
i=1

(1− exp(−αxγ exp(λix))β), x > 0. (5)

Using Lemma 2, it is enough to show that the function FXn:n(x) is Schur-
concave and increasing in λi’s. Differentiating (5) partially with respect to
λi, i = 1, . . . , n, we get

∂FXn:n(x)

∂λi
= xβFXn:n(x)

αxγ exp(λix)

exp(αxγ exp(λix))− 1
≥ 0. (6)

Thus, the cdf of Xn:n is increasing in λi, i = 1, . . . , n. To prove its Schur-
concavity see Theorem 4 of Balakrishnan et al. (2018).

The next result considers the comparison of the lifetimes of series systems
in terms of the usual stochastic order with respect to the scale parameter λ.

Theorem 10. Let X1, . . . , Xn be a set of independent random variables with
Xi ∼ GMW(α, γ, λi, β), i = 1, . . . , n. Further, let X∗

1 , . . . , X
∗
n be another set

of independent random variables with X∗
i ∼ GMW(α, γ, λ∗i , β), i = 1, . . . , n.

Then, for (λ1, . . . , λn) ⪯w (λ∗1, . . . , λ
∗
n), we have X1:n ≥st X

∗
1:n if β ≥ 1.
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Proof. The survival function of X1:n is given by

F̄X1:n(x) =
n∏

i=1

(1− (1− exp(−αxγ exp(λix)))β), x > 0. (7)

Its easy to see that F̄X1:n(x) is decreasing in λi, i = 1, . . . , n. To prove its
Schur-concavity see Theorem 4 of Balakrishnan et al. (2018).

3.2 Interdependent Variables with Archimedean Copulas
Recently, some authors paid their attention to comparing order statistics of
dependent samples. For instance, see, Bashkar et al. (2017), Li and Li
(2015), Li and Fang (2015) and Fang et al. (2015). In this section, we
derive some new results on the usual stochastic order between the minimum
of order statistics of two heterogeneous random vectors with the dependent
components having Archimedean copula structure with GMW marginals.
Before going into the details, let us recall one important general family of
distributions. We say that random variable X belongs to the Exponentiated
Scale (ES) family of distributions if X ∼ H(x) = [G(λx)]α, where α, λ > 0
and G is called the baseline distribution function which we assume that is
absolutely continuous. In the sequel, we denote this family by ES(α, λ).
Bashkar et al. (2017) proved the following general result.
Theorem 11. Suppose for i = 1, ..., n, Xi ∼ ES(αi, λ) and X∗

i ∼ ES(α∗
i , λ)

share a common Archimedean survival copula with generator ϕ. Then,
X1:n ≤st X

∗
1:n if (α1, . . . , αn)

w
⪰(α∗

1, . . . , α
∗
n).

The following result, for the GMW samples with Archimedean survival
copulas, follows immediately from Theorem 11.
Theorem 12. Suppose for i = 1, ..., n, Xi ∼ GMW(α, γ, λ, βi) and X∗

i ∼
GMW(α, γ, λ, β∗i ) share a common Archimedean survival copula with gener-
ator ϕ. Then, X1:n ≤st X

∗
1:n if (β1, . . . , βn)

w
⪰(β∗1 , . . . , β

∗
n).

In the sequel, by X ∼ GMW(β, α, γ, λ, ϕ) we mean that X has the
Archimedean copula with generator ϕ and for i = 1, ..., n,Xi ∼ GMW (βi, α, γ, λ).
The smallest order statistic X1:n of the sample X ∼ GMW(β, α, γ, λ, ϕ) has
the survival function

ḠX1:n(x) = ϕ
( n∑
i=1

ψ(1− (F (α, γ, λ, x))βi)
)
≡ J(β, α, γ, λ, x, ϕ) (8)
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where, F (α, γ, λ, x) = 1− exp(−αxγ exp(λx)).

Theorem 13. For X ∼ GMW(β, α, γ, λ, ϕ1) and X∗ ∼ GMW(β∗, α, γ, λ, ϕ2),
if ψ2 ◦ ϕ1 is super-additive, then (β1, . . . , βn)

w
⪰(β∗1 , . . . , β

∗
n) implies X1:n ≤st

X∗
1:n.

Proof. According to Equation (8), X1:n and X∗
1:n have their respective sur-

vival functions J(β, α, γ, λ, x, ϕ1) and J(β, α, γ, λ, x, ϕ2) for x ≥ 0. First
we show that J(β, α, γ, λ, x, ϕ1) is increasing and Schur-concave function of
βi, i = 1, . . . , n. Since ϕ1 is decreasing, we have

∂J(β, α, γ, λ, x, ϕ1)

∂αi
= −

(F (α, γ, λ, x))βi log(F (α, γ, λ, x))ϕ′1
(∑n

i=1 ψ(1− (F (α, γ, λ, x))βi)
)

ϕ′1(ψ(1− (F (α, γ, λ, x))βi))
≥ 0,

for all x > 0,

That is, J(β, α, γ, λ, x, ϕ1) is increasing in βi for i = 1, . . . , n.
To prove its Schur-concavety, from lemma 1, we need to show that for

i ̸= j,

(βi − βj)
(∂J(β, α, γ, λ, x, ϕ1)

∂βi
− ∂J(β, α, γ, λ, x, ϕ1)

∂βj

)
≤ 0,

that is, for i ̸= j,

− log(F (α, γ, λ, x))ϕ′1
( n∑
i=1

ψ1(1− (F (α, γ, λ, x))βi))
)
(βi − βj)×

(
(F (α, γ, λ, x))βi

ϕ′1(ψ1(1− (F (α, γ, λ, x))βi))
− (F (α, γ, λ, x))βj

ϕ′1(ψ1(1− (F (α, γ, λ, x))βj ))

)
≤ 0. (9)

Now, let us consider the function g(β) = (F (α, γ, λ, x))βi

ϕ′1(ψ(1− (F (α, γ, λ, x))βi))
. g(β) is

increasing with respect to β, from which it follows that (9) holds. According
to Lemma 2, β

w
⪰ β∗ implies J(β, α, γ, λ, x, ϕ1) ≤ J(β∗, α, γ, λ, x, ϕ1). On

the other hand, since ψ2◦ϕ1 is super-additive by Lemma A.1. of Li and Fang
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(2015), we have J(β∗, α, γ, λ, x, ϕ1) ≤ J(β∗, α, γ, λ, x, ϕ2). So, it holds that

J(β, α, γ, λ, x, ϕ1) ≤ J(β∗, α, γ, λ, x, ϕ1) ≤ J(β∗, α, γ, λ, x, ϕ2).

That is, X1:n ≤st X
∗
1:n.

Theorem 13 generalizes the result of the Theorem 12 to GMW samples
with not necessarily a common dependence structure. Theorem 14 general-
izes the result of Bashkar et al. (2017) to ES samples with not necessarily
a common dependence structure. The smallest order statistic X1:n of the
sample X ∼ ES(α, λ, ϕ) gets survival function

ḠX1:n(x) = ϕ
( n∑
i=1

ψ(1−Gαi(λx))
)
= J1(α, λ, x, ϕ) (10)

Theorem 14. For X ∼ ES(α, λ, ϕ1) and X∗ ∼ ES(α∗, λ, ϕ2), if ψ2 ◦ ϕ1 is
super-additive, then α

w
⪰ α∗ implies X1:n ≤st X

∗
1:n.

Proof. According to Equation (10), X1:n and X∗
1:n have their respective

survival functions J1(α, λ, x, ϕ1) and J1(α
∗, λ, x, ϕ2) for x ≥ 0.

First we show that J1(α, λ, x, ϕ1) is increasing and Schur-concave func-
tion of αi, i = 1, . . . , n. Since ϕ1 is decreasing, we have

∂J1(α, λ, x, ϕ1)

∂αi
= −

Gαi(λx) log(G(λx))ϕ′1
(∑n

i=1 ψ(1−Gαi(λx))
)

ϕ′1(ψ(1−Gαi(λx)))
≥ 0,

for all x > 0,

That is, J1(α, λ, x, ϕ1) is increasing in αi for i = 1, . . . , n.
To prove its Schur-concavety, it follows from lemma 1 that we have to

show that for i ̸= j,

(αi − αj)
(∂J1(α, λ, x, ϕ1)

∂αi
− ∂J1(α, λ, x, ϕ1)

∂αj

)
≤ 0,

that is, for i ̸= j,

− log(G(λx))ϕ′1
( n∑
i=1

ψ1(1−Gαi(λx)))
)
(αi − αj)
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(
Gαi(λx)

ϕ′1(ψ1(1−Gαi(λx)))
− Gαj (λx)

ϕ′1(ψ1(1−Gαj (λx)))

)
≤ 0. (11)

Now, let us consider the function g(α) = Gα(λx)

ϕ′(ψ(1−Gα(λx)))
. Taking deriva-

tive with respect to α, we get

g′(α)
sgn
= Gα(λx) log(G(λx))ϕ′(ψ(1−Gα(λx)))

+
G2α(λx) log(GF (λx))

ϕ′(ψ(1−Gα(λx)))
ϕ′′(ψ(1−Gα(λx))) ≥ 0.

Thus, g(α) is increasing with respect to α, from which it follows that (11)
holds. According to Lemma 2α

w
⪰ α∗ implies J1(α, λ, x, ϕ1) ≤ J1(α

∗, λ, x, ϕ1).
On the other hand, since ψ2 ◦ ϕ1 is super-additive by Lemma A.1. of Li and
Fang (2015), we have J1(α

∗, λ, x, ϕ1) ≤ J1(α
∗, λ, x, ϕ2). So, it holds that

J1(α, λ, x, ϕ1) ≤ J1(α
∗, λ, x, ϕ1) ≤ J1(α

∗, λ, x, ϕ2).

That is, X1:n ≤st X
∗
1:n.

Note that if in Theorem 14, we take λ = 1, then we get the following
result for the proportional reversed hazards (PRH) model.

Corollary 1. Suppose X ∼ PRH(α, ϕ1) and X∗ ∼ PRH(α∗, ϕ2) and
ϕ2 ◦ ψ1 is super-additive. Then α

w
⪰ α∗ implies X1:n ≤st X

∗
1:n.

In the ES family, Bashkar et al. (2018) obtained some sufficient condi-
tions for the comparison of parallel systems under some well-known stochastic
orderings. Their results are stated in the following theorem.

Theorem 15. For X ∼ ES(α, λ, ϕ1) and X∗ ∼ ES(α∗, λ, ϕ2),

(i) if ϕ1 or ϕ2 is log-convex, and ψ2◦ϕ1 is super-additive, then (α1, . . . , αn) ⪰w

(α∗
1, . . . , α

∗
n) implies Xn:n ≥st X

∗
n:n;

(ii) if ϕ1 or ϕ2 is log-concave, and ψ1◦ϕ2 is super-additive, then (α1, . . . , αn)
w
⪰

(α∗
1, . . . , α

∗
n) implies Xn:n ≤st X

∗
n:n.

The following result follows immediately from Theorem 15.

Theorem 16. For X ∼ GMW(β, α, γ, λ, ϕ1) and X∗ ∼ GMW(β∗, α, γ, λ, ϕ2),

© 2019, SRTC Iran



E. Bashkar 117

(i) if ϕ1 or ϕ2 is log-convex, and ψ2◦ϕ1 is super-additive, then (β1, . . . , βn) ⪰w

(β∗1 , . . . , β
∗
n) implies Xn:n ≥st X

∗
n:n;

(ii) if ϕ1 or ϕ2 is log-concave, and ψ1◦ϕ2 is super-additive, then (β1, . . . , βn)
w
⪰

(β∗1 , . . . , β
∗
n) implies Xn:n ≤st X

∗
n:n.

The following theorem provides some sufficient conditions under which
weakly supermajorized order between the scale parameter vectors implies the
usual stochastic order between the largest order statistics.

Theorem 17. For X ∼ GMW(β,α, γ, λ, ϕ1) and X∗ ∼ GMW(β,α∗, γ, λ, ϕ2),
if ϕ1 or ϕ2 is log-convex, and ψ2 ◦ ϕ1 is super-additive, then (α1, . . . , αn)

w
⪰

(α∗
1, . . . , α

∗
n) implies Xn:n ≥st X

∗
n:n.

Proof. The largest order statisticXn:n of the sampleX ∼ GMW(β,α, γ, λ, ϕ1)
gets distribution function

FXn:n(x) = ϕ1
( n∑
i=1

ψ1((1− exp(−αix
γ exp(λx)))β)

)
= J2(β,α, γ, λ, x, ϕ1)

(12)
We only prove the case that ϕ1 is log-convex, and the other case can be
finished similarly. First we show that J2(β,α, γ, λ, x, ϕ1) is increasing and
Schur-concave function of αi, i = 1, . . . , n. Since ϕ1 is decreasing, we have

∂J2(β,α, γ, λ, x, ϕ1)

∂αi
= βxγeλxe−αix

γ exp(λx)(1− exp(−αix
γ exp(λx)))β−1

×
ϕ′1
(∑n

i=1 ψ1((1− exp(−αix
γ exp(λx)))β)

)
ϕ′1
(
ψ1((1− exp(−αixγ exp(λx)))β)

) ≥ 0,

for all x > 0,

That is, J2(β,α, γ, λ, x, ϕ1) is increasing in αi for i = 1, . . . , n. Furthermore,
for i ̸= j,

∂J2(β,α, γ, λ, x, ϕ1)

∂αi
− ∂J2(β,α, γ, λ, x, ϕ1)

∂αj)
=

βxγeλxϕ′1
( n∑
i=1

ψ1((1− exp(−αix
γ exp(λx)))β)

)
×
(

e−αix
γ exp(λx)

(1− e−αixγ exp(λx))
× ϕ1(ψ1(1− e−αix

γ exp(λx)))

ϕ′1
(
ψ1(1− e−αixγ exp(λx))

)−
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e−αjx
γ exp(λx)

(1− e−αjxγ exp(λx))
× ϕ1(ψ1(1− e−αjx

γ exp(λx)))

ϕ′1
(
ψ1(1− e−αjxγ exp(λx))

)).
Note that the log-convexity of ϕ1 implies the decreasing property of ϕ1

ϕ′
1
. Since

ψ1(1 − e−αxγ exp(λx)) is decreasing in α > 0, then ϕ1(ψ1(1− e−αix
γ exp(λx)))

ϕ′1
(
ψ1(1− e−αixγ exp(λx))

)
is increasing in α > 0. Also e−αxγ exp(λx)

(1− e−αxγ exp(λx))
is decreasing in α > 0, and

thus e−αxγ exp(λx)

(1− e−αxγ exp(λx))
× ϕ1(ψ1(1− e−αxγ exp(λx)))

ϕ′1
(
ψ1(1− e−αxγ exp(λx))

) is increasing in α > 0.

So, for i ̸= j,

(αi − αj)

(
∂J2(β,α, γ, λ, x, ϕ1)

∂αi
− ∂J2(β,α, γ, λ, x, ϕ1)

∂αj)

)
≤ 0.

Then Schur-concavity of J2(β,α, γ, λ, x, ϕ1) follows from lemma 1. Accord-
ing to Lemma 2 (α1, . . . , αn)

w
⪰ (α∗

1, . . . , α
∗
n) implies J2(β,α, γ, λ, x, ϕ1) ≤

J2(β,α
∗, γ, λ, x, ϕ1). On the other hand, since ψ2 ◦ ϕ1 is super-additive

by Lemma A.1. of Li and Fang (2015), we have J2(β,α∗, γ, λ, x, ϕ1) ≤
J2(β,α

∗, γ, λ, x, ϕ2). So, it holds that

J2(β,α, γ, λ, x, ϕ1) ≤ J2(β,α
∗, γ, λ, x, ϕ1) ≤ J2(β,α

∗, γ, λ, x, ϕ2).

That is, Xn:n ≥st X
∗
n:n.

4 Conclusions
In this paper, we have considered series and parallel systems with indepen-
dent heterogeneous generalized modified Weibull components. These com-
parisons are made with respect to usual stochastic, hazard rate and reversed
hazard rate orderings. We also conducted stochastic comparison on the ex-
treme order statistics from GMW samples with Archimedean survival copu-
las. The results of the paper extend some known results in the Balakrishnan
et al. (2018).
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