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1 Introduction

The mixture models are one of the most important statistical models, and
also the most technically challenging. See, Everitt and Hand (1981); Titter-
ington et al. (1985) have provided the properties of minimum-distance esti-
mators for mixture models, especially for estimation of the weights, McLach-
lan and Basford (1988); McLachlan and Peel (2004) introduced a lot of al-
gorithms that have been published to fit mixture models, and Redner and
Walker (1984), have extended the regular assumptions in Wald (1948) for
well-specified mixture model using some assumptions. Model selection is an
important step in most empirical work and, accordingly, there exists a vast
literature devoted to this issue. Model selection for mixture model can be
view in two situations. First is about determining the number of components
by hypothesis testing when two rival mixture models are nested and second is
selecting optimum model between two rival non-nested mixture models with
equal number of components under which the rival models are well-specified
or mis-specified. In many practical situations, the number of components in
a mixture distribution is unknown. Determining the number of components
in a mixture distribution is an important but difficult problem. It is well
known that the likelihood ratio statistic for testing the number of compo-
nents in a mixture model fails to have the classical chi-squared distribution,
since under the null hypothesis, the mixing proportions lie on the bound-
ary of the parameter space and the parameters are not identifiable under
the model of null hypothesis. Ghosh and Sen (1985) obtained the limiting
distribution under a separation condition. The separation condition turned
out to be unnecessary, which was shown by Chernoff and Lander (1995) for
binomial mixtures, and in general by Chen et al. (2001); Dacunha-Castelle
and Gassiat (1999) and others. Chen et al. (2001); Chen and Kalbfleisch
(2005) developed a modified likelihood approach which they showed to be
simple to use and to have good performance in many situations. Feng and
McCulloch (1994) performed a simulation study to demonstrate their claim
that the simulated null distribution of the likelihood ratio statistic for testing
a single normal against a mixture of two normal distributions depends on the
choice of restrictions imposed on the component variances. Lo et al. (2001)
extended the work of Vuong (1989) by applying the Vuong’s test to allow
comparisons between rival models with different numbers of components.
They showed that the likelihood ratio statistic is asymptotically distributed
as a weighted sum of independent chi-squared random variables with one de-
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gree of freedom. It is important to note that Jeffries (2003) pointed out that
the conditions for the Lo-Mendell-Rubin (LMR) likelihood ratio test The-
orem are not generally satisfied in the mixture modeling context when the
parameters are in boundary of parameter space. When the null hypothesis
of LMR is true, the parameters of the additional component hypothesized
under the alternative hypothesis does not exist. Therefore, they don’t have
a unique maximum in parameter space, which is a violation of one of the
assumptions presented in Lo et al. (2001). Despite this flaw, LMR has been
widely used and has been shown to be effective in recovering the number
of underlying components, Nylund et al. (2008); Morgan (2015); Morgan et
al. (2016). Lo (2005) performed a simulation study to normal mixture with
unequal variances and he confirmed the results of Lo et al. (2001). Also,
Sayyareh (2016) considers a finite mixture of the known criterion to the
model selection problem to answer to the question, how could infinite set of
all possible models that could have given rise to data, be narrowed down to a
reasonable set of statistical models. He has proposed two types of coefficients
for the mixture criterion, one based on the density and another one based on
the risk function. Fallahigilan and Sayyareh (2016) have selected model for
mixture distribution with the Vuong’s test, AIC and BIC, based on simula-
tion study. Wichitchan et al. (2018) apply the idea of goodness of fit (GOF)
testing procedure to finite mixture models and investigate their performance
when performing hypothesis testing of mixture models for different types of
alternative hypotheses.

The aim of the current paper is to give a method to model selection in
mixture issue using Vuong’s statistic and model selection criteria. In Section
2, the idea is to altering mixture model distribution and its development it
to a complete-data (bivariate) distribution. In section 3 we propose a test
procedure based on an extension of the Theorem which have introduced by
Vuong (1989). We extend the Vuong (1989) has likelihood ratio test for
model selection, AIC and BIC. We use the Vuong’s test to show when
the rival models are nested, based on certain regularity assumptions, the
limiting distribution of the likelihood ratio statistic is a weighted sum of
independent χ2 random variables, and a normal distribution when the rival
models are non-nested. These results do not require that either of the rival
models be well-specified. Section 4 consider a discussion on this approach in
more details. In particular, using the results of Sections 2 and 3, we shall
obtain very simple tests and information criteria for selecting among two
rival models. Numerical results,compression between our method with LMR
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likelihood ratio test and Kolmogorov-Smirnov test bead on Wichitchan et
al. (2018) and also data analysis for Total Energy Production data set are
presented in Section 5. There is a discussion about total energy production
for 10 top Total Energy Production Rankings, in United State of America.
Our basic verification show that this data has a finite mixture model. So we
extend the known statistical test to find an optimum model between some
nested, non-nested and mis-specified rival models.

2 Development of the Mixture Models
Finite mixture distributions have been used widely in the modern statistics.
Consider a population made up of m subgroups, mixed at random in propor-
tion to the relative group sizes τ1, . . . , τm. Assume that interest lies in some
random feature X which is heterogeneous across and homogeneous within
the subgroups. Due to heterogeneity, X has a different probability distri-
bution in each group, usually assumed to arise from the same parametric
family h(x|ϕ), however, with the parameter ϕ differing across the groups.
The groups may be labelled through a discrete indicator variable Z taking
values in the set 1, . . . ,m. When sampling randomly from such a population,
we may record not only X, but also the group indicator Z. The probability
of sampling from the group labelled Z is equal to τj , whereas conditional on
knowing Z, X is a random variable following the distribution h(x|ϕj) with
ϕj being the parameter in group Z. The joint density h(x, z) is given by

h(x, z) = h(x|z)h(z).

A finite mixture distribution arises if it is not possible to record the group
indicator Z; what we observe is only the random variable X.

Let X = (X1, . . . , Xn)
T ∈ ℜk denote a random vector with size n, where

Xi is a k-dimensional random vector and is independent and identically
distributed random vector with mixture distribution function H(x|Υ) =∫ x
−∞ h(t|Υ)dt where

h(xi|Υ) =
m∑
j=1

τjhj(xi|ϕj), xi ∈ ℜk, ϕj ∈ Φj ⊆ ℜpj ; j = 1, . . . ,m (1)

is probability density and m is the number of components of the mixture and
each τj is non-negative quantities that sums to one. The quantities τ1, . . . , τm

© 2018, SRTC Iran



S. Fallahigilan and A. Sayyareh 177

are called the mix proportions or weights. The function of any components,

h1(x|ϕ1), . . . , hm(x|ϕm)

are the same parametric density functions by ϕj ∈ Φj ⊆ ℜpj where ϕj is the
vector of unknown parameters in the postulated form for the jth component
and pj is the number of parameters in j’th component. So we consider (1) as
definition of m-component mixture (incomplete-data) density function with
parameter space

∆ = {(τ1, . . . , τm, ϕ1, . . . , ϕm) :
m∑
j=1

τj = 1, τj ⩾ 0, ϕj ∈ Φj for j = 1, . . . ,m}

and Υ = {(τ1, . . . , τm−1, ϕ1, . . . , ϕm)} = {ξ1, . . . , ξℓ0}; Υ ∈ ∆ ⊆ ℜℓ0 where Υ
is the vector of all unknown parameters in the mixture model and ℓ0 is the
dimension of Υ that is ℓ0 = m− 1 +

∑m
j=1 pj .

It is well known that the mixture model can be seen as an incomplete-data
structure model, where the complete-data is given by

(X,Z) = {(X1, Z1), . . . , (Xn, Zn)}

and Zi represent the missing data variable which can be thought of as the
component label of the feature vector Xi. It is convenient to work with a
m-dimensional-label vector Zi in place of the single categorical variable Zi,
where the jth element of Zi, Zij , is defined to be one or zero, according to
whether the component of origin of Xi in the mixture is equal to j or not
(j = 1, ...,m). Thus Zi is distributed according to a multinomial distribution
consisting of one draw on m categories with probabilities τ1, . . . , τm; that is,

P (Zi = zi) = τ zi11 . . . τ zimm

or

Zi ∼ Multinomial(1, τ1, . . . , τm).

Then one can write the mixture density in the complete-data form as,

h(xi, zi|Υ) =

m∏
j=1

(τjhj(xi|ϕj))
zij . (2)
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According Z, we have found an alternative method for mixture models
based on a complete-data distribution of X and Z. So, we could write
mixture model in fully categorized, complete-data observation (X,Z), with
complete-data density function (2) in family of HΥ = {h(x, z|Υ) : Υ ∈ ∆}.
The first advantage this model is that we could write closed and linear form
for log-likelihood function. The second advantage is about identifiability of
mixture models. In a family of finite mixture distribution H

′
Υ = {h(x|Υ) :

Υ ∈ ∆} one has to distinguish among three types of non-identifiability.
Non-identifiability due to invariance to relabeling the components of the
mixture distribution, Redner and Walker (1984), and non-identifiability due
to potential overfitting, Crawford (1994). The last type of non-identifiability
is a generic property of a certain class of mixture distributions (like finite
mixtures of uniform distributions), Teicher (1961). In the following, we will
avoid last type of models.

According Yakowitz and Spragins (1968); Titterington et al. (1985) we
can not use identifiability definition for mixture model. We assume that
all weights are positive, 0 < τ1 < · · · < τm < 1 and for each mixture the
component parameters are distinct in the weak sense defined, ϕ1 < · · · < ϕm

(this strong constraint rules out many interesting mixtures if ϕj contained
all element of parameters. e.g. in the two-component normal mixture these
restrictions are 0 < τ1 < τ2 < 1 and µ1 < µ2 or 0 < τ1 < τ2 < 1 and σ1 < σ2).
So, we modified this conditions for arbitrary element of parameters. Then
these assumptions ensure that h(x|Υ1) = h(x|Υ2) implies Υ1 = Υ2.

Third advantage is, this model contains more information about the un-
known parameters than observed data. Now, let σY be the σ-finite mea-
sure on Y . The vector Y denote a random vector which is partitioned to
Y = (X,Z). Let (X,σX) and (Z, σZ) be the measurable space associated
with X and Z. Let H0

Y be true distribution of Y . Based on regularity as-
sumptions given in Vuong (1989) as Assumptions 1-6. We have explained
some of these Assumptions as follow.

Assumption 1. The random vector Y is independent and identically dis-
tributed, i.i.d, with common true underlying distributionH0

Y on (Y, σY ) with
measurable Radon- Nikodym density h(·).

Now we consider two rival parametric families of mixture distributions
with complete-data form: FΓ = {f(y|Γ); Γ ∈ Ω ∈ ℜℓ} andGΨ = {g(y|Ψ);Ψ ∈
Λ ∈ ℜȷ}. These rival models can be nested or non-nested. Also, both, only
one or neither can be well-specified. Each rival models must be satisfied

© 2018, SRTC Iran



S. Fallahigilan and A. Sayyareh 179

Voung’s (1989) Assumptions 2 to 5 that stated in terms of FΓ. It is clear
that similar Assumptions are made on GΨ.

According Vuong’s Assumptions ensures the existence of the matrices:

Af (Γ∗) = ⟨Eh(∇2
Γ log f(Y |Γ∗))⟩

Ag(Ψ∗) = ⟨Eh(∇2
Ψ log g(Y |Ψ∗))⟩

Bf (Γ∗) = ⟨Eh([∇Γ(log f(Y |Γ∗))][∇Γ(log f(Y |Γ∗))]
T )⟩

Bg(Ψ∗) = ⟨Eh([∇Ψ(log g(Y |Ψ∗))][∇Ψ(log g(Y |Ψ∗))]
T )⟩

Bfg(Γ∗,Ψ∗) = B
′
gf (Ψ∗,Γ∗) = ⟨Eh([∇Γ(log f(Y |Γ∗))][∇Ψ(log g(Y |Ψ∗))])⟩

The expectation under h(. . . ), Eh, denote the expectation with respect to
the true distribution of Y and the value Γ∗ is called pseudo-true value of Γ
for rival model FΓ. Similarly, Ψ∗ denotes the pseudo-true value of Ψ for GΨ.

2.1 Estimation of Missing Data Variable

The EM algorithm is a broadly applicable algorithm that provides an itera-
tive procedure for computing MLE’s in situations where, but for the absence
of some additional data, MLE would be straightforward. The EM algo-
rithm approaches the problem of solving the incomplete-data log likelihood
equation indirectly by proceeding iterative in terms of the complete-data log
likelihood function.

One can write the log-likelihood

log f(x|Γ) = log f(y|Γ)− log κf (zf |x; Γ) ⇒
logL(Γ) = logLc(Γ)− log κf (zf |x; Γ), (3)

where logL(Γ) and logLc(Γ) are incomplete-data and complete-data log like-
lihood functions. On taking the expectations of both sides of (3) with respect
to the conditional distribution κf (zf |x; Γ(k)) using the fit Γ(k) for Γ, we have
that

logL(Γ) = Eκf (zf |x;Γ(k))(logLc(Γ)|x)− Eκf (zf |x;Γk)(log κf (Zf |x; Γ)) ⇒

= Q(Γ; Γ(k))−H(Γ; Γ(k)). (4)

More specifically, let Γ(0) be some initial value for Γ. Then we have for
estimating parameters using EM algorithm as;
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•E-step: Calculation Q(Γ; Γ(k)).
•M -step: Choose Γ(k+1) to be any value of Γ ∈ Ω that maximizes

Q(Γ; Γ(k)).
The E- and M -steps are alternated repeatedly until the difference

L(Γ(k+1))− L(Γ(k))

by an arbitrarily small amount in the case of convergence of the sequence
of likelihood values {L(Γ(k))} where k = 0, 1, · · · . In reality, Zf is unknown
but yet we could find a prediction of the missing data variable Zf . Kazakos
(1977), Scott and Symons (1971) and Symons (1981) introduced many ways
for predicate Zf . We have selected the predictor of Zf in last iteration of
EM algorithm in terms of mean squared error. As McLachlan and Peel
(2004) point out, the corresponding a classification distribution is

Eκf (zf |x;Γ)(Zjf |x) = P (Zjf |x; Γ) =
αjf(x|θj)
f(x|Γ)

. (5)

After parameter estimation with EM algorithm, the predicted classifications
are given by (5) in the last iterative. For convenience, write

z̃jf = Eκf (z̃f |x;Γ̂n)
(Zjf |x) =

α̂jf(x|θ̂j)
f(x|Γ̂n)

, (6)

for j = 1, . . . ,m. In some applications it is desirable to harden a posterior
classifications and the most popular way to do this is to report maximum a
posterior (MAP) classifications, i.e

MAP (z̃jf ) =

 1 j = argmax
h

{z̃hf}

0 otherwise.
(7)

3 Model Selection

In this section, based on Vuong (1989), we obtain the asymptotic distri-
bution of the complete-data likelihood ratio (CLR) statistic under Vuong’s
Assumptions 1 to 5 and also we extend AIC, BIC for complete-data form
of mixture distribution.

In the other hand, one can write E-step in the last iterative based on
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previous section

logL(Γ) = Eκf (z̃f |x;Γ̂n)
(log f(X,Zf |Γ)|x) ⇒

logL(Γ̂n) = Eκf (z̃f |x;Γ̂n)
(log f(X,Zf |Γ̂n)|x). (8)

Lemma 1. Given Vuong’s Assumptions 1 to 3 and Equation (8);

1

n

n∑
i=1

Eκf (z̃if |xi;Γ̂n)
(log f(Xi, Zif |Γ̂n)|x)

a.s.−−→ Eh(log f(X,Z∗f |Γ∗)) (9)

where z∗f is pseudo true value of zf .

Similarly for GΨ

logL(Ψ) = Eκg(zg |x;Ψ(k))(logLc(Ψ)|x)− Eκg(zg |x;Ψk)(log κg(Zg|x; Ψ))

= Q(Γ; Γ(k))−H(Γ; Γ(k)) (10)

and in the last iterative of E-step

logL(Ψ) = Eκg(zg |x;Ψ̂n)(log g(X,Zg|Ψ)|x) ⇒

logL(Ψ̂n) = Eκg(z̃g |x;Ψ̂n)
(log g(X,Zg|Ψ̂n)|x), (11)

where z̃jg = Eκg(z̃g |x;Ψ̂n)
(Zjg|x) =

τ̂jg(x|ϕ̂j)

g(x|Ψ̂n)
.

Corollary 1. Given z̃jf and z̃jg we have;

Eκf (z̃f |x;Γ̂n)
(log f(X,Zf |Γ̂n)|x) = log f(x, z̃f |Γ̂n) (12)

Eκg(z̃g |x;Ψ̂n)
(log g(X,Zg|Ψ̂n)|x) = log g(x, z̃g|Ψ̂n). (13)

Lemma 2. Given Vuong’s Assumptions 1 to 3 and Equations (8), (11), (12)
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and (13)

1

n
CLR(Γ̂n, Ψ̂n) =

1

n

n∑
i=1

{Eκf (z̃if |xi;Γ̂n)
(log f(Xi, Zif |Γ̂n)|x)

− Eκg(z̃ig |xi;Ψ̂n)
(log g(Xi, Zig|Ψ̂n)|x)} =

1

n

n∑
i=1

{log f(xi, z̃if |Γ̂n)

− log g(xi, z̃ig|Ψ̂n)}
a.s.−−→ Eh(log

f(X,Z∗f |Γ∗)

g(X,Z∗g|Ψ∗)
). (14)

Given all assumptions in Redner and Walker (1984), Vuong’s Assump-
tions 1 to 5 and Lemma 1 and 2 we could supposed limk−→∞ Γ(k) = Γ̂n

and Γ̂n
a.s.−−→ Γ∗ as n −→ ∞. Also, the MLE is consistent for Γ∗, and

is asymptotically normally distributed with asymptotic covariance matrix
A−1

f (Γ∗)Bf (Γ∗)A
−1
f (Γ∗). Similar properties hold for the MLE Ψ̂n of Ψ∗. As

a matter of fact, Γ̂n and Ψ̂n are jointly asymptotically normal with asymp-
totic covariance matrix that can be consistently estimated using the sam-
ple analogs of Al(·), Bl(·) and Bfg(Γ∗,Ψ∗) where l = f, g are evaluated at
(Γ̂n, Ψ̂n), Vuong (1989).

Based on Vuong (1989), we obtain the asymptotic distribution of the
complete-data likelihood ratio (CLR) statistic under null hypothesis Hfg

0 :
Eh{log f(X,Z∗f |Γ∗)} = Eh{log g(X,Z∗g|Ψ∗))}, that verify two family of
mixture models are equivalent. against,

Hf
1 : Eh{log f(X,Z∗f |Γ∗)} > Eh{log g(X,Z∗g|Ψ∗)},

which means that the rival model FΓ is better than GΨ, or

Hg
1 : Eh{log f(X,Z∗f |Γ∗)} < Eh{log g(X,Z∗g|Ψ∗)},

which means that the rival model GΨ is better than FΓ.
The Vuong’s Assumption 1 to 6 ensure that variance of log f(y|Γ∗)

g(y|Ψ∗)
ex-

ists. Following, we restate Theorem 3.3 from Vuong (1989), based on the
complete-data form of mixture density. Consider Y = (X,Zl) where l = f, g
having complete-data density. One difference between Vuong’s test and this
work is that the marginal density is parametric density. Based on Vuong
(1989) we use following Theorem.
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Theorem 1. Under Vuong’s Assumptions 1 to 5
(a) If two rival models are nested, then

2CLR(Γ̂n, Ψ̂n)
D−→ Mℓ+ȷ(·;λ∗) (15)

where Mℓ+ȷ(·;λ∗) is the weighted sum of Chi-square distribution and λ∗ is
the vector of ℓ+ ȷ eigenvalues of

W =

[
−Bf (Γ∗)A

−1
f (Γ∗) −Bfg(Γ∗,Ψ∗)A

−1
g (Ψ∗)

−Bgf (Ψ∗,Γ∗)A
−1
f (Γ∗) −Bg(Ψ∗)A

−1
g (Ψ∗).

]
(16)

(b) If two rival models are non-nested and Vuong’s Assumption 6 holds, then

n− 1
2CLR(Γ̂n, Ψ̂n)− n

1
2Eh[log

f(Y |Γ∗)

g(Y |Ψ∗)
]

D−→ N(0, ω2
∗) (17)

where ω2
∗ = V arh(log

f(Y |Γ∗)

g(Y |Ψ∗)
) = V arh(log

f(X,Z∗f |Γ∗)

g(X,Z∗g|Ψ∗)
).

In practice, λ∗ can consistently estimated by λ̂n, that is estimated by
replacing the matrices (16) by sample averages evaluated at Γ̂n and Ψ̂n; for
example

An
f (Γ̂n) =⟨n−1

n∑
i=1

∇2
Γ log f(xi, z̃if |Γ) |Γ=Γ̂n

⟩ a.s.−−→ Af (Γ∗)

and so on.

Lemma 3. Given Vuong’s Assumptions 1 to 3 and 6 and Corollary 1

ω̂2
n

a.s.−−→ ω2
∗.

So, ω̂2
n is a strongly consistent estimator for ω2

∗, that is

ω̂2
n =

1

n

n∑
i=1

[log
f(xi, z̃if |Γ̂n)

g(xi, z̃ig|Ψ̂n)
]2 − [

1

n

n∑
i=1

log
f(xi, z̃if |Γ̂n)

g(xi, z̃ig|Ψ̂n)
]2.

On the other hand, one of the basic tools to model selection is class of
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information criteria. Akaike (1973) has defined his information criterion as;

AIC = −2 log-likelihood function+ 2(number of parameters).

In this context, the Akaike information criterion for mixture and complete-
data distributions are respectively;

AIC = −2

n∑
i=1

log

m∑
j=1

α̂jf(xi|θ̂j) + 2ℓ

and

AICb = −2
n∑

i=1

m∑
j=1

log z̃ijf (log α̂j + log f(xi|θ̂j)) + 2(ℓ+ 1)

Schwarz (1978) introduces his information criterion as a competitor to the
AIC;

BIC = −2 log-likelihood function+ (number of parameters)(log n).

Similarly, the Schwarz information criterion for mixture and complete-data
distributions are respectively;

BIC = −2
n∑

i=1

log
m∑
j=1

α̂jf(xi|θ̂j) + ℓ log(n).

and

BICb = −2
n∑

i=1

m∑
j=1

log z̃ijf (log α̂j + log f(xi|θ̂j)) + (ℓ+ 1) log(n)

Obviously, because of the prediction of variable Z, we add the number of
parameters ℓ in the AICb and BICb.

4 Discuss in More Detail about Vuong’s Test
In Section 2, it is suggested using complete-data form of mixture models. In
this section, we shall discuss this approach in more detail. In particular, using
the results of Sections 2 and 3, we will extend Vuong’s test for selecting among
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two rival models whether they are nested (for testing number of component)
or non-nested when both, only one or neither can be well-specified.

4.1 Nested Models: Testing Number of Components

In this subsection, we consider the case where the models FΓ and GΨ are
nested and may or may not contain the true underlying distribution. In this
case, we have supposed all the component distributions in two rival models,
FΓ and GΨ are from the same parametric family. Furthermore, we assume
that the parameter m is unknown. We postulate that the first rival model,
GΨ have m0-component and second rival model, FΓ have m1-component,
where m0 and m1 are known constants with m0 < m1. Note that a m0-
component mixture distribution is nested within a m1-component mixture
distribution when two rival models come from the same parametric family.
So, we can use Theorem 1(a) for this situation.

Assumption 2. There exists a function ν(·) from Λ to Ω ∈ ℜℓ such

that, for almost all y, g(y|Ψ) = f(y|ν(Ψ)) for Ψ in Λ ∈ ℜȷ.

Assumption 2 states that any complete-data mixture density g(y|Ψ) is
also a complete-data mixture density f(y|Γ) for some Γ in Ω. Since ν(Ψ)
is included in Ω then g(y|Ψ) is nested in f(y|Γ). As a matter of fact, the
alternative to the null hypothesis Hfg

0 is Hf
1 inasmuch Hg

1 can never occur
because the rival model g(y|Ψ) can never be better than f(y|Γ). Hence, our
testing reduces to the smaller model is equivalent to or worse than the larger
model, but in this situation when two rival models are equivalent we select
the smaller model because of the number of parameters.

Theorem 2. Given Vuong’s Assumptions 1 to 5 and Assumption 1, under
null hypothesis:
(a) If FΓ is mis-specified

2CLR(Γ̂n, Ψ̂n)
D−→ Mℓ+ȷ(·; λ̂n), (18)

(b) If rival models are well-specified

2CLR(Γ̂n, Ψ̂n)
D−→ χ2

ℓ−ȷ(·). (19)
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It is carried out by choosing a critical value from Mℓ+ȷ(·; λ̂n) or χ2
ℓ−ȷ(·)

when rival models are mis-specified or well-specified respectively and by re-
jecting the hypothesis that the models are equivalent if twice CLR statistic
is greater than this critical value for choosing Hf

1 in favour of Hfg
0 .

4.2 Non-nested Models

In this subsection, we consider the case where the models FΓ and GΨ are
non-nested and may or may not contain the true underlying distribution.
This situation can accrue when we know the number of components are
equal and specified but the rival models are from the non-nested parametric
families. Since the complete-data models FΓ and GΨ do not need to more
assumptions. So based on Theorem 1(b);

Theorem 3. Given Voung’s Assumptions 1 to 5 and null hypothesis, if two
rival models are non-nested, then

n− 1
2CLR(Γ̂n, Ψ̂n)

ω̂n

D−→ N(0, 1). (20)

Theorem 3 provide very simple tests for mixture model selection. Since,
we can chosen a critical value c from the standard normal distribution. If
the value of statistic (20) is higher than c then we rejects the null hypothesis
and we say rival model FΓ is better than rival model GΨ. Similarly, if it is
smaller than −c then we say rival model GΨ is better than rival model FΓ .

5 Simulaion Study

In the remaining, we decide whether two rival mixture models are equivalent
or which of them is optimum to estimate the true model. Simulation studies
were conducted to investigate the finite sample properties of the test. The
maximum likelihood estimates of the parameters and prediction of missing
data variable were obtained by the EM algorithm. In this section, we do
simulation study to show that, Vuong’s test could select the optimummixture
model when mixture of density functions write in complete-data form. Also,
we try to show different between AICb, BICb with AIC, BIC. We consider
the data generating probabilities as mixtures of normal (MNt), mixtures of
log-normal (MLNt), mixtures of Weibull (MWt), mixture of Gamma (MGt)
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Table 1. Different situations for generating data set

True
model D1 D2 D3

M2Nt (0.3,0,1,1,1) (0.3,0,1,2,1) (0.3,0,1,3,1)

M2Et (0.3,1,4) (0.3,0.5,7) (0.3, 1
5
,5)

M3Nt (0.2,0.4,0,1,1,1,2,1) (0.3,0.4,0,1,1,1,3,1) (0.3,0.4,0,1,3,1,6,1)

M4Nt (0.3,0.3,0.2,0,1,1,1,2,1,5,1) (0.3,0.3,0.2,0,1,2,1,7,1,12,1) (0.3,0.35,0.2,0,1,3,1,8,1,12,1)

M4Et (0.3,0.3,0.2, 1
8
,1,4,8) (0.3,0.3,0.2, 1

6
,0.5,2,6) (0.3,0.3,0.2, 1

20
, 1
13

, 1
6
,1)

M4Gt

(0.2,0.3,0.3,10,20,13,20,17,
20,43,20)

(0.2,0.3,0.3,10,20,15,20,30,
20,60,20)

(0.2,0.3,0.3,10,20,20,20,40,20,
80,20)

M4Wt

(0.2,0.3,0.2,5,8,12,8,18,8,40,
8)

(0.2,0.3,0.2,5,0.8,12,6,18,6,
43,9)

(0.2,0.3,0.2,5,0.8,12,4,18,6,
43,9)

Note:M2Nt : mixture of two normal, M2Et : mixture of two exponential, M3Nt: mixture of three normal, M4Nt : mixture of four
normal, M4Et : mixture of four exponential, M3Gt: mixture of three Gamma, M4Gt : mixture of four Gamma and M4Wt: mixture

of four Weibull

distributions. We generate 10000 Monte-Carlo data sets of sample sizes n =
50, 80, 200, 500.

5.1 Simulations Study for Nested Models: Testing Number
of Components

In this subsection, we do simulation study to show that how can select the
mixture model with optimum component when the true underlying model
is well-specified or mis-specified. For more competition, we calculated non-
parametric test as Kolmogorov-Smirnov test, KS-test, AIC, BIC, AICb and
BICb criteria. We used 12 configurations, based on four sample sizes, 50,
80, 200 and 500, and three values of Di, i = 1, 2, 3 where Di generate the
different mixture model for each of true underlying models. Table 2 shows
Di for each underlying true mixture models.

Table 2 shows the simulated significance levels for Vuong’s test and KS-
test, at α = 0.05 for 12 configurations, based on four sample sizes, 50, 80,
200 and 500, and three values of Di, i = 1, 2, 3. In row 1, we have consid-
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ered random sample which drawn from the two-component normal mixture
distributions, m = 2 with α1 < α2, µ1 < µ2 and σ1 = σ2 in three values
D1, D2 and D3. For example, the data is generated from parameters D1,
Table 2. Although, data come from a mixture model with two-component
but the density plot is look like normal, Figure 1, a. In D2 and D3, the
difference between mean of components has been increased, Figures 1, b and
c, respectively. Therefore, we choose two competing models, mixture of two
normal M2N and mixture of three normal M3N , based on Figures 1, a, b
and c. As we can see for any sample size, Under p-value of Vuong’s test, we
accept null hypothesis when the two-component are not well separated, that
is D1 or D2 and the two-components, D3, are well separated. So, we say two
rival models are equivalent but we select two-component normal mixture
model as optimum model because of number of parameters. Next, in the
similarly way, we considered random sample which has been drawn from the
two-component exponential mixture distributions in three values D1, D2 and
D3. So, we choose two competing models, mixture of two exponential M2E
and mixture of three exponential M3E. Under p-value of Vuong’s test we
accept null hypothesis when the two-components are not well separated, that
is D1 or D2 and the two-components are well separated, D3, for any sample
size. We next considered random sample which has been drawn from the
three-component normal mixture distributions, m = 3 with α1 < α2 < α3,
µ1 < µ2 < µ3 and σ1 = σ2 = σ3 in three values D1, D2 and D3, as true
underlying models. Based on Figures 2 d, e and f , we choose two competing
models, mixture of two normal M2N and mixture of three normal M3N .
Here, Under p-values of Vuong’s test we reject null hypothesis and select the
mixture of three normal distributions at the 5 percent levels of significance
respect to Theorem 2 when the three-components are not well separated,
that is D1 or D2 and the three-components are well separated, D3 for any
sample size expect D1 with n = 50, see Figure 1 d, e and f . Similarly, in
rows 4 to 7, Voung’s test select the rival models that are equal to the true
underlying mixture model according number of components. Furthermore,
in row 7, the true mixture of four Weibull distribution is mis-specified. Com-
parisons of the actual level to the nominal level for each sample size indicate
that the KS-test can not select the optimum models and almostly, all models
are equivalent for any sample size. Furthermore, we have calculated AICb,
BICb and AIC, BIC information criteria for more competitions, Tables 3
and 4 respectively. In rows 1 and 2, according true distributions and rival
models and three value Di i = 1, 2, 3, AIC and BIC criteria select the rival
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model M2N and M2E, as optimum models. In this situation, the results of
AIC and BIC criteria equal to AICb and BICb. As we see in the Figure 1
and according to the true model, M2Nt, the shapes of the true models have
one mode in each situations D1, D2 and it has two modes for D3. As we have
seen, the information criteria have selected the model with less components,
M2N and M2E. In other rows, Table 6, 7 the AIC and BIC are different
from the AICb, BICb and the model selection test. In row 3, although the
true model is three-components normal distribution, M3Nt, but the shapes
of true model are one mode and two mode, for D1 and D2 respectively, see
Figure 1, d and e. We see that the model selection test and AICb, BICb

select the rival model, M3N , as optimum model. Tables 2 and 3, while AIC
and BIC select the rival model, M2N . For D3, the true model has three
modes, see Figure 1, d. In this situation, the results of AIC and BIC are
equal to AICb, BICb and model selection test. Similarly, in rows 4 to 7,
AIC and BIC have the same behavior. Furthermore, in row 7, the rival
models are mis-specified according the true underlying model. In this situa-
tion AIC, BIC and AICb, BICb select the same rival model as M4G. So,
we can say, when the true underlying model is well separated (D3) the AIC,
BIC, AICb, BICb and the model selection test make the same decision. In
the other situations, D1, D2, the model selection test, AICb and BICb select
the correct rival model than the AIC and BIC. We can see from Table
5 that the power of the test depends on the difference between component
local parameters and sample sizes. Furthermore, we can see the test power
increases uniformly as the difference between two local parameters increases
(D3) and is low when the components are not well separated (D1). Indeed,
the power of test are increasing when we reject null hypothesis, sample size
increase and components are well separated.

5.2 Simulations Study for Non-nested Models

In previous subsection, we select the mixture model with optimum compo-
nent when two rival models are nested. The second case will be worse when
two rival models are non-nested. In this subsection, our goal is to pay at-
tention to this problem. Table 6 summarizes the situation under which both
rival mixture models have equal numbers of component and they are non-
nested. In row 1, we considered four random sample which has drawn from
the two-component normal mixture distribution with size 50, 80, 200 and
500; the mixing proportion α was set to 0.3 and µ1, µ2, σ1 = σ2 were set
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Table 2. p-value of KS-test and Vuong’s test.

50 80

True
model

Rival
model test D1 D2 D3 D1 D2 D3

M3N KS-test 0.5487 0.9667 0.8693 0.8219 0.4383 0.8219
M2Nt Vuong’s test 0.9686 0.9767 0.9780 0.9894 0.9895 0.9896

M2N KS-test 0.8693 0.5487 0.3959 0.4383 0.6953 0.6953

M3E KS-test 0.7166 0.8693 0.7235 0.9794 0.7103 0.7501
M2Et Vuong’s test 1 1 1 1 1 1

M2E KS-test 0.7166 0.6221 0.4512 0.3307 0.6412 0.5231

M3N KS-test 0.5487 0.8693 0.9667 0.922 0.8219 0.9794
M3Nt Vuong’s test 1 0.0090 0.0097 0.0003 0.0001 0.0049

M2N KS-test 0.7166 0.9667 0.9667 0.9794 0.922 0.2424

M4N KS-test 0.7166 0.7166 0.8693 0.922 0.9979 0.9794
M4Nt Vuong’s test 0.0012 0.0006 0.0000 0.0035 0.0004 0.0000

M3N KS-test 0.8693 0.9667 0.9765 0.5625 0.8219 0.9752

M4E KS-test 0.8693 0.5487 0.8695 0.6953 0.6215 0.6953
M4Et Vuong’s test 0.0062 0.0037 0.0001 0.0051 0.0000 0.0000

M3E KS-test 0.5487 0.8693 0.8658 0.4383 0.5871 0.2424

M4G KS-test 0.9977 0.9977 0.3959 0.5625 0.922 0.3307
M4Gt Vuong’s test 0.0002 0.0007 0.0122 0.0001 0.0091 .0033

M3G KS-test 0.3959 0.2719 0.8693 0.9220 0.6953 0.8219

M4G KS-test 0.1124 0.8693 0.8693 0.9794 0.5625 0.8219
M4Wt Vuong’s test 0.0027 0.0057 0.0062 0.0082 0.0490 0.0006

M3G KS-test 0.3959 0.1786 0.2719 0.922 0.8219 0.2424
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Table 2. (continued)

200 500

True
model

Rival
model test D1 D2 D3 D1 D2 D3

M3N KS-test 0.5945 0.843 0.5945 0.9600 0.7699 0.7184
M2Nt Vuong’s test 0.9896 0.9991 0.9998 1 1 1

M2N KS-test 0.1565 0.9078 0.955 0.4595 0.3291 0.6654

M3E KS-test 0.8211 0.8123 0.7631 0.9231 0.8610 0.7801
M2Et Vuong’s test 1 1 1 1 1 1

M2E KS-test 0.6102 0.7551 0.6201 0.7567 0.8212 0.6651

M3N KS-test 0.1565 0.9078 0.955 0.7699 0.8632 0.9895
M3Nt Vuong’s test 0.0001 0.0001 0.0219 0.0000 0.0000 0.0000

M2N KS-test 0.5107 0.7654 0.3613 0.8186 0.3696 0.7184

M4N KS-test 0.3613 0.4324 0.9078 0.7699 0.6654 0.6654
M4Nt Vuong’s test 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

M3N KS-test 0.6808 0.4324 0.3613 0.7184 0.1114 0.5085

M4E KS-test 0.8643 0.7920 0.5441 0.6654 0.9959 0.6787
M4Et Vuong’s test 0.0044 0.0000 0.0000 0.0001 0.0000 0.0000

M3E KS-test 0.9228 0.2203 0.3275 0.5085 0.1294 0.7184

M4G KS-test 0.5107 0.4324 0.9078 0.9987 0.8186 0.9347
M4Gt Vuong’s test 0.0004 0.0007 0.0045 0.0000 0.0000 0.0000

M3G KS-test 0.0956 0.9550 0.4324 0.4131 0.08152 0.05873

M4G KS-test 0.5107 0.8430 0.9550 0.4131 0.9600 0.7184
M4Wt Vuong’s test 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000

M3G KS-test 0.5945 0.1565 0.1235 0.5085 0.9022 0.8544
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Table 3. AICb and BICb information criteria based on complete-data variable
50 80

True
model

Rival
model

Information
criterion D1 D2 D3 D1 D2 D3

M3N

AICb

BICb

181.7636
197.0598

193.3893
210.2381

211.3481
224.8134

287.8234
294.9810

298.2834
327.7613

330.2251
351.8778

M2Nt

M2N

AICb

BICb

161.7345∗
182.1231∗

182.3258∗
190.8921∗

200.6571∗
210.4854∗

269.0923∗
271.5675∗

283.4005∗
301.5634∗

315.8756∗
340.8709∗

M3E

AICb

BICb

70.5807
97.0123

110.5993
112.0715

129.3718
140.8750

119.8848
134.1770

161.4404
175.7336

212.4416
226.7338

M2Et

M2E

AICb

BICb

58.2392∗
87.3512∗

60.5417∗
68.1898∗

120.9908∗
128.6389∗

95.8570∗
105.3852∗

110.9453∗
120.4734∗

203.7081∗
213.2362∗

M3N

AICb

BICb

199.5634
222.7452

201.5487∗
223.1582∗

250.8976∗
271.7845∗

304.5105∗
323.5667∗

312.8596∗
329.2506∗

390.9809∗

399.8909∗

M3Nt

M2N

AICb

BICb

195.8989∗
209.9097∗

212.9808
231.9089

260.9120
287.0909

312.4523
333.8987

334.0978
356.8767

400.7809
415.9812

M4N

AICb

BICb

230.7612∗
235.7843∗

240.1254∗
261.6534∗

251.3454∗
272.5675∗

445.6787∗
460.7898∗

450.6787∗

478.6787∗
489.7898∗

490.7898∗

M4Nt

M3N

AICb

BICb

239.6781
242.8798

252.1248
271.5647

267.3487
287.9886

454.7676
469.6752

462.7865
485.8909

493.7612
500.1233

M4E

AICb

BICb

169.4921∗
181.7882∗

171.4113∗
186.7075∗

317.1173∗
332.4135∗

363.5249∗
382.5811∗

494.771∗
501.1201∗

512.0806∗
531.1368∗

M4Et

M3E

AICb

BICb

171.8554
183.3275

177.5833
189.0554

324.2900
335.7622

389.0058
402.2980

499.4510
510.5567

559.3427
573.6348

M4G

AICb

BICb

70.5674∗
66.6785∗

111.4563∗
119.7612∗

151.6743∗
176.6758∗

176.6575∗
210.8982∗

233.6574∗
261.4563∗

254.6574∗
282.6574∗

M4Gt

M3G

AICb

BICb

80.8977
84.8976

121.7898
129.8798

163.1239
183.7898

184.7667
220.9696

241.8098
274.1243

269.9091
299.9231

M4G

AICb

BICb

163.8774∗
186.5665∗

175.7779∗
188.0008∗

181.5589∗
193.5676∗

265.0966∗
288.8881∗

271.8798∗
297.9008∗

290.8977∗
300.1112∗

M4Wt

M3G

AICb

BICb

176.9778
190.8932

185.9088
205.9090

195.9080
208.7676

355.9094
364.1347

358.0911
365.7850

360.0871
378.0980

Note:* shows the select models.
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Table 3. (continued)
200 500

True
model

Rival
model

Information
criterion D1 D2 D3 D1 D2 D3

M3N

AICb

BICb

711.7823
719.7834

845.9098
782.8912

858.8934
861.8893

1634.1231
1658.8910

1780.7823
1801.8931

2100.1712
2158.9812

M2Nt

M2N

AICb

BICb

701.3461∗
703.7833∗

823.0128∗
776.3421∗

825.8129∗
841.7123∗

1599.8912∗
1610.8983∗

1771.8923∗
1782.7831∗

1999.1273∗
2101.7822∗

M3E

AICb

BICb

185.3385
205.1783

233.2544
253.3658

414.6072
434.3974

400.3018
417.1620

515.0554
540.3430

733.5318
757.8118

M2Et

M2E

AICb

BICb

147.9722∗
161.1655∗

232.2145∗
245.7665∗

412.8297∗
426.0224∗

372.5810∗
310.5289∗

380.5277∗
388.8861∗

674.3376∗
691.1960∗

M3N

AICb

BICb

840.8794∗
867.8941∗

910.4629∗
1002.8922∗

1023.8933∗

1059.9022∗
1945.8922∗
1959.0192∗

1999.0192∗
2041.8291∗

2080.8983∗
2371.9883∗

M3Nt

M2N

AICb

BICb

860.1389
910.8943

989.9884
1042.2983

1100.9883
1110.8911

1989.2223
2000.1232

2020.8292
2092.9829

2110.1728
2450.3491

M4N

AICb

BICb

1002.7887∗
1015.8784∗

1032.4568∗
1047.8895∗

1101.9988∗
1125.8895∗

2001.9093∗
2025.3483∗

2080.9112∗
2110.3450∗

2129.0091∗
2140.0122∗

M4Nt

M3N

AICb

BICb

1081.1923
1099.1922

1121.8011
1140.8849

1180.8222
1201.8811

2091.8112
2102.0091

2118.7999
2180.9988

2160.1110
2204.5886

M4E

AICb

BICb

673.4519∗
699.8384∗

733.1732∗
759.5598∗

1280.9720∗
1307.3590∗

1590.9670∗
1624.6845∗

1859.3920∗
1893.1090∗

3016.9860∗
3050.7030∗

M4Et

M3E

AICb

BICb

680.2928
700.0827

778.8488
798.6383

1384.4470
1404.2370

1680.2810
1715.5695

2015.3360
2040.6134

3340.9160
3366.2040

M4G

AICb

BICb

343.3806∗
365.4128∗

659.8998∗
739.8888∗

901.8894∗
920.9983∗

1101.8119∗
1158.8894∗

1210.2110∗
1221.2883∗

1382.8211∗
1402.8221∗

M4Gt

M3G

AICb

BICb

381.8819
399.1110

710.1811
761.1223

961.8812
984.1210

1131.0112
1210.0911

1250.5534
1289.0111

1405.0081
1480.1120

M4G

AICb

BICb

645.8572∗
681.0122∗

658.8837∗
688.9222∗

668.9991∗
701.8811∗

1551.1128∗
1575.9891∗

1567.8223∗
1578.6547∗

1581.1282∗
1580.2321∗

M4Wt

M3G

AICb

BICb

830.1233
855.2331

856.0911
877.1110

880.1920
909.0131

1977.8912
2010.1110

1989.8731
2031.4223

2031.8911
2051.0991

Note:* shows the select models.
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Table 4. AIC and BIC information criteria
50 80

True
model

Rival
model

Information
criterion D1 D2 D3 D1 D2 D3

M3N
AIC
BIC

159.3868
174.6838

173.5643
195.7831

198.8734
214.1696

262.2376
271.0726

282.2352
301.2914

306.5204
324.5766

M2Nt

M2N
AIC
BIC

155.9500∗
165.5101∗

172.4763∗
186.2371∗

196.1822∗
205.7423∗

260.0726∗
260.9828∗

278.5705∗
290.4807∗

305.3156∗
318.2258∗

M3E
AIC
BIC

32.6897
174.6838

173.5643
195.7831

198.8734
214.1696

57.7254
69.6356

282.2352
301.2914

306.5204
324.5766

M2Et

M2E
AIC
BIC

26.8869∗
65.8873∗

172.4763∗
186.2371∗

196.1822∗
205.7423∗

51.78455∗
56.5486∗

278.5705∗
290.4807∗

305.3156∗
318.2258∗

M3N
AIC
BIC

187.6528
202.9490

201.5487
223.1582

230.5847∗
246.8421∗

304.5105
323.5667

312.8596
329.2506

371.0245∗

386.4101∗

M3Nt

M2N
AIC
BIC

185.8852∗
195.4454∗

199.3485∗
220.6125∗

236.1284
254.3651

299.9416∗
311.8518∗

310.1944∗
324.7698∗

374.5000
390.0807

M4N
AIC
BIC

225.3819
230.2482

233.4283
252.6306

242.1284∗
269.3218∗

433.1281
455.6281

444.3952∗

470.3825∗
471.8251∗

485.8240∗

M4Nt

M3N
AIC
BIC

220.8012∗

226.3527∗
219.8677∗

245.9239∗
252.5491
279.5270

423.0240∗
442.0012∗

460.5010
475.3069

479.6038
492.3875

M4E
AIC
BIC

159.8805
173.2647

170.2253
186.6094

334.4294
347.8136

277.1564
294.6306

452.2310
422.6719

548.4550
565.1292

M4Et

M3E
AIC
BIC

156.4845∗
166.0446∗

169.4060∗
178.6961∗

330.6524∗
340.2125∗

274.5718∗
286.4819∗

453.245∗
415.0519∗

544.4864∗
556.3965∗

M4G
AIC
BIC

50.3806
65.4128

90.0947
100.8149

134.6775∗
155.7099∗

168.7139
193.8460

213.0945
238.9456

229.0890∗
255.2912∗

M4Gt

M3G
AIC
BIC

32.4336∗

53.7298∗
88.0248∗
93.6491∗

141.6136
156.9098

151.5092∗
184.8031∗

206.9051∗
227.8361∗

251.6605
270.7167

M4G
AIC
BIC

163.9204∗
184.9526∗

165.2389∗
185.0912∗

166.1110∗
187.1433∗

247.3486∗
273.5509∗

250.0946∗
280.5498∗

259.7270∗
285.9293∗

M4Wt

M3G
AIC
BIC

196.0858
211.3820

210.6743
223.8015

219.4907
234.7869

345.1415
364.1977

346.3481
375.1092

348.2700
383.3264

Note:* shows the select models.
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Table 4. (continued)
200 500

True
model

Rival
model

Information
criterion D1 D2 D3 D1 D2 D3

M3N
AIC
BIC

624.6085
650.9951

767.9033
699.0816

769.0981
795.4846

1498.2150
1531.9320

1725.2860
1759.0030

1986.1584
1947.6871

M2Nt

M2N
AIC
BIC

619.3370∗
635.8285∗

716.9855∗
683.1862∗

763.4512∗
779.9428∗

1493.7790∗
1514.8520∗

1713.4900∗
1734.5690∗

1974.1587∗
1929.1758∗

M3E
AIC
BIC

87.4421
103.9338

767.9033
699.0816

769.0981
795.4846

189.4558
210.5289

1725.2860
1759.0030

1986.1584
1947.6871

M2Et

M2E
AIC
BIC

81.5124∗
88.1090∗

716.9855∗
683.1862∗

763.4512∗
779.9428∗

183.4539∗
191.8831∗

1713.4900∗
1734.5690∗

1974.1587∗
1929.1758∗

M3N
AIC
BIC

730.2270
756.6134

886.3458
912.1452

937.2738∗

957.3823∗
1629.2514
1658.1520

1701.1000
1742.5128

1796.1282∗
1801.0025∗

M3Nt

M2N
AIC
BIC

697.1364∗
713.6280∗

875.5240∗
902.3650∗

940.8907
963.6603

1621.8380∗
1642.6110∗

1692.5419∗
1731.2561∗

1802.2000
1815.0096

M4N
AIC
BIC

825.3819
830.2482

833.4283
852.6306

742.1284∗
769.3218∗

1833.1281
1855.6281

1844.3952∗
1870.3825∗

1871.8251∗
1885.8240∗

M4Nt

M3N
AIC
BIC

720.8012∗
726.3527∗

719.8677∗
745.9239∗

854.5491
875.5270

1423.0240∗
1842.0012∗

1860.5010
1875.3069

1879.6038
1892.3875

M4E
AIC
BIC

595.8842
618.9724

693.1851
716.2733

1367.8790
1390.9670

1474.0090
1503.5060

1726.6490
1756.1510

3330.7320
3360.2430

M4Et

M3E
AIC
BIC

593.5536∗
610.0505∗

689.8887∗
706.3803∗

1364.1120∗
1380.6030∗

1472.9670∗
1494.0900∗

1723.1480∗
1744.2210∗

3337.0060∗
3348.5790∗

M4G
AIC
BIC

343.3806
365.4128

585.8901
647.8903

802.8193∗
816.0923∗

972.3012
949.6619

1101.8010
1116.0128

1228.4370∗
1274.7970∗

M4Gt

M3G
AIC
BIC

332.4336∗
353.7298∗

572.9851∗
628.1749∗

813.9289
889.8230

960.1420∗
930.8609∗

1051.9273∗
1080.8173∗

1395.7460
1429.4630

M4G
AIC
BIC

640.2799∗
676.5614∗

653.8098∗
682.8532∗

663.5338∗
699.8153∗

1547.6260∗
1573.9870∗

1564.7801∗
1574.1204∗

1579.6650∗
1575.7380∗

M4Wt

M3G
AIC
BIC

826.2116
852.5981

853.8902
872.8395

875.6029
901.9894

1972.9450
2006.6670

1986.9025
2026.3098

2011.3690
2045.0850

Note:* shows the select models.
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Table 5. Power of Vuong’s test

Sampel
size

Different
situations α M2Nt M2Et M3Nt M4Nt M4Et M4Gt M4Wt

0.01 0.1694 0.1756 0.1832 0.7861 0.7825 0.7531 0.7547
D1 0.05 0.2372 0.2896 0.2569 0.7925 0.7999 0.7546 0.7658

0.10 0.2711 0.3201 0.3011 0.8014 0.8023 0.7890 0.7891
0.01 0.1523 0.1725 0.7631 0.7516 0.8601 0.8131 0.8201

50 D2 0.05 0.2261 0.2745 0.7768 0.7798 0.8721 0.8473 0.8402
0.10 0.2631 0.2864 0.7899 0.8051 0.8950 0.8248 0.8654
0.01 0.1379 0.1562 0.8512 0.8624 0.9021 0.8976 0.9096

D3 0.05 0.2586 0.2678 0.8690 0.8644 0.9154 0.9051 0.9167
0.10 0.2951 0.3025 0.8899 0.8983 0.9498 0.9342 0.9378
0.01 0.1732 0.1968 0.7231 0.7391 0.7652 0.8001 0.7720

D1 0.05 0.2391 0.2548 0.7571 0.7452 0.7898 0.7741 0.7891
0.10 0.2821 0.3047 0.7686 0.7496 0.7966 0.7939 0.8061
0.01 0.1651 0.1968 0.7701 0.7631 0.8064 0.8259 0.8169

80 D2 0.05 0.2112 0.2354 0.7886 0.7959 0.8458 0.8361 0.8429
0.10 0.2772 0.3021 0.8090 0.8135 0.8507 0.8501 0.8586
0.01 0.1412 0.1602 0.7539 0.9672 0.9698 0.8981 0.9074

D3 0.05 0.2601 0.3012 0.7651 0.9732 0.9899 0.9136 0.9208
0.10 0.3061 0.3201 0.7948 0.9801 0.9915 0.9351 0.9312
0.01 0.1821 0.2031 0.8459 0.7540 0.7698 0.7839 0.7736

D1 0.05 0.2457 0.2632 0.8642 0.7590 0.7782 0.7940 0.7879
0.10 0.3039 0.3214 0.8967 0.8021 0.8325 0.8039 0.8140
0.01 0.1769 0.1870 0.9349 0.8539 0.8741 0.8353 0.8369

200 D2 0.05 0.2323 0.2504 0.9561 0.8851 0.8999 0.8447 0.8518
0.10 0.2911 0.3102 0.9710 0.9824 0.9901 0.9095 0.9041
0.01 0.1475 0.1608 0.8112 0.9836 0.9840 0.9252 0.9368

D3 0.05 0.2786 0.3087 0.8396 0.8905 0.9877 0.9331 0.9460
0.10 0.3275 0.3501 0.8501 0.9836 0.9898 0.9460 0.9553
0.01 0.2032 0.2402 0.8061 0.8071 0.8366 0.8052 0.8096

D1 0.05 0.2611 0.3088 0.8520 0.8766 0.8442 0.8596 0.8499
0.10 0.3301 0.3677 0.8970 0.8496 0.8677 0.8731 0.8728
0.01 0.1964 0.2278 0.9016 0.8642 0.8971 0.9057 0.9236

500 D2 0.05 0.2516 0.2891 0.8520 0.8938 0.9401 0.9531 0.9749
0.10 0.3291 0.3587 0.8970 0.9536 0.9748 0.9747 0.9874
0.01 0.1630 0.2079 0.9016 0.9931 0.9931 0.9870 0.9888

D3 0.05 0.3056 0.3478 0.9256 0.9973 0.9975 0.9889 0.9893
0.10 0.3451 0.3877 0.9590 1 1 0.9931 0.9991
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Figure 1. Results of Table 2 for rows 1, 3 and D1, D2, D3 when sample size is 500.

-4, 3 and 1 respectively, (0.3,-4,1,3,1), as true underlying model. Therefore,
we choose two competing models, mixture of two normal M2N and mix-
ture of two Cauchy M3C, based on Figures 2, a, b and c. Under p-value
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of Vuong’s test, we reject null hypothesis at the 1 percent significance level
and based on Vuong’s statistic, we select the mixture of two normal distri-
butions as optimum model for all sample sizes, AICb, BICb and AIC, BIC
confirm this result, Tables 7 and 8 respectively. Next, we considered random
sample which has drawn from the mixture of two log-normal and mixture
of two Weibull distributions as true underlying models; (0.2,1,0.1,2,0.2) and
(0.4,3,0.5,9,3) respectively. In each rows, we choose two competing models,
mixture of two Gamma M2G and mixture of two log-normal M3LN when
data come from mixture of two log-normal M3LNt. To compare the rival
models, we see that in well-specified cases (row 2), based on p-value at the
1 percent significance level, Vuong’s test indicates that two-components log-
normal mixture as optimum model, AICb, BICb and AIC, BIC confirm
this result for any sample size. Similarly, the two-components Gamma dis-
tributions are optimum models when the true models is mis-specified (row
3), M2Wt, but AIC and BIC select the M2LN as optimum model when
sample size is small. However AICb, BICb and model selection test select
the two-components Gamma distributions. In this situation, the comparison
between AICb, BICb and AIC, BIC when the rival models are non-nested,
have the same result. Comparisons of the p-values for each sample size in-
dicate that the KS-test can not select a optimum model because all models
are equivalent. In this case the power of test growthing when sample size
increase for each rows when α = 0.05.

5.3 Comparisons with LMR Tests and Proposed Test

We performed simulation studies to compare the performances of the pro-
posed test and the Lo-Mendell-Rubin (LMR) likelihood ratio test in terms of
the observed significance level. The observed LMR p-value and the observed
CLR p-value were estimated from 104 replications for each random sample.
Following Vuong (1989), Lo et al. (2001) showed that the likelihood ratio
statistic is asymptotically distributed as a weighted sum of independent chi-
squared random variables with one degree of freedom. They conducted simu-
lation studies for the case of a single normal versus a two-component normal
mixture where samples were generated from the standard normal distribution
and the case of a two-component normal mixture versus a three-component
normal mixture where samples were generated from the two-component nor-
mal mixture. Their simulation results showed that the test works well for
testing the number of components in a homoscedastic normal mixture with
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Table 6. p-value of KS test and Vuong’s test and power of Vuong’s test

True
model

Rival
model

Statistical
test 50 80 200 500

M2N∗ KS-test 0.9667 0.9794 0.3613 0.9022
M2Nt Vuong’s test 5.0747 7.2997 7.4336 12.4652

p-value 0.0027 0.0004 0.0000 0.0000
Power of test 0.9719 0.9741 0.9827 1

M2C KS-test 0.5487 0.5625 0.5107 0.2262
M2G KS-test 0.7166 0.6953 0.3613 0.8632

M2LNt Vuong’s test -2.996 -3.8995 -4.5533 -9.3653
p-value 0.0081 0.0012 0.0000 0.0000

Power of test 0.9613 0.9854 1 1
M2LN∗ KS-test 0.9667 0.9794 0.5107 0.8632
M2G∗ KS-test 0.9667 0.9220 0.9550 0.4595

M2Wt Vuong’s test 2.9723 3.6068 4.5466 7.4894
p-value 0.0085 0.0003 0.0000 0.0000

Power of test 0.9480 0.9855 .9941 1
M2LN KS-test 0.7166 0.1202 0.0322 0.0007

Note:M2N : mixture of two normal, M2C: mixture of two Cauchy, M2LN : mixture of two log-normal, M2G: mixture of two

Gamma and M2W : mixture of two Weibull. * Shows the select models based on Vuong’s test.

Table 7. AICb and BICb information criteria

True
model

Rival
model

Criteria
information 50 80 200 500

M2N
AICb

BICb

219.1923∗
230.0122∗

359.9992∗
377.8123∗

850.3431∗
878.9123∗

2105.2231∗
2135.5772∗

M2Nt

M2C
AICb

BICb

242.9982
259.1398

439.7878
448.5222

911.9134
929.5611

2260.3455
2276.9911

M2G
AICb

BICb

211.9988
220.3421

356.8877
374.8871

804.9881
824.7774

2001.3343
2040.8899

M2LNt

M2LN
AICb

BICb

200.6544∗
211.4588∗

348.9912∗
359.5774∗

788.2333∗
809.2884∗

1990.8844∗
2010.3342∗

M2G
AICb

BICb

83.3443∗
95.8988∗

148.7784∗
159.9911∗

359.9999∗
388.6556∗

881.7781∗
900.7784∗

M2Wt

M2LN
AICb

BICb

89.8827
100.1220

160.3121
170.1133

370.9744
398.3443

890.8883
910.9912

Note:* Shows the select models.
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Table 8. AIC and BIC information criteria

True
model

Rival
model

Criteria
information 50 80 200 500

M2N
AIC
BIC

211.1814∗
226.4775∗

352.4871∗
371.5433∗

845.3184∗
871.7050∗

2095.3130∗
2129.0300∗

M2Nt

M2C
AIC
BIC

236.0998
245.6599

431.5767
443.4856

907.1646
923.6565

2252.0890
2273.1590

M2G
AIC
BIC

205.9072
221.2034

348.2098
367.2657

792.5340
818.9225

1992.7330
2026.4500

M2LNt

M2LN
AIC
BIC

199.9322∗
209.4924∗

340.0101∗
351.9202∗

782.7042∗
799.1958∗

1985.7260∗
2006.7990∗

M2G
AIC
BIC

84.7001
99.9968

148.5464
167.6027

366.9290∗
392.3079

870.1877∗
903.9046∗

M2Wt

M2LN
AIC
BIC

82.1281∗
91.6881∗

147.6537∗
159.5638∗

368.9641
385.4557∗

888.7999
909.8729

Note:* Shows the select models.

suggested adjustment to the likelihood ratio statistic. Lo et al. (2001) showed
that, under some regularity conditions, the likelihood ratio test statistic de-
noted by 2LR for testingHfg

0 : Eh{log f(X|Γ∗)} = Eh{log g(X|Ψ∗))} against
Hf

1 : Eh{log f(X|Γ∗)} > Eh{log g(X|Ψ∗)} is asymptotically distributed as a
weighted sum of ℓ + ȷ independent χ2

1 random variables under the null hy-
pothesis, where ℓ and ȷ are unknown parameters of FΓ and GΨ, respectively.
They also show that the convergence rate of 2LR to the limiting distribution
is very slow and suggested using the modified likelihood ratio statistic, LMR,
2LR∗(Γ̂n, Ψ̂n) = 2LR(Γ̂n,Ψ̂n)

1+{(ℓ−ȷ) logn}−1 where 2LR(Γ̂n, Ψ̂n) =
∑n

i=1 log
f(xi|Γ̂n)

g(xi|Ψ̂n)
to

achieve reasonable accuracy. Table 9 gives the simulated significance levels
for the proposed test and the LMR test for testing a single normal versus a
mixture of two normal when the true distribution is standard normal. The
results show that the significance levels accepted the null hypothesis for both
tests when α = 0.05. Table 10 give the simulated significance levels for the
proposed test and the LMR test for testing a mixture of two normal versus a
mixture of three normal when the true distribution is mixture of two normal
where samples were generated from the two-component normal mixture base
on Table 1. The results show that the significance levels accepted the null
hypothesis for both tests when α = 0.05.
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Table 9. Simulated significance levels for the proposed
and LMR tests for testing a single normal versus a
mixture of two normal based on 104 replications for each
sample size at α = 0.05

Test
procedure 50 75 100 200

proposed test 1 1 1 1
LMR test 0.8808 0.9081 0.9403 0.9690

Table 10. Simulated significance levels for testing a proposed and
LMR testes for testing a mixture of two normal versus a mixture o
f three normal based on 104 replications for each sample size at α = 0.05

50 75

Test
procedure D1 D2 D3 D1 D2 D3

proposed test 0.9999 0.9999 0.9611 0.9998 1 0.7231
LMR test 0.9999 0.9992 0.9999 1 1 0.9875

Continued on next Table.

Table 10. (continued)

100 200

Test
procedure D1 D2 D3 D1 D2 D3

proposed test 0.9547 1 1 1 1 1
LMR test 0.4882 0.9998 0.9978 0.9999 0.9880 0.9450
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Figure 2. Results of Table 6 for each rows when sample size is 500

5.4 Total Energy Production Analysis

Here, we present a data analysis of Total Energy Production obtained by the
U.S. Energy Information Administration’s (EIA) State Energy Data System
(SEDS) for 10 top Total Energy Production Rankings, in United State of
America. Energy sources are also measured by their heat content, generally
expressed in Billion British thermal units (Billion Btu). For illustrative pur-
pose, we will be considering the data of total energy production of Table 11
from 1960 to 2013, (n = 540). Summary of data is given in Table 11 and Fig-
ure 3. This plot shows a strong relationship supporting the appropriateness
of the some mixture distribution. So for more comparison, first we purpose
adaptation normal mixture versus Cauchy mixture and log-normal mixture
versus folded normal mixture models (MFN) as competing models, rows 1
and 5, Table 12. First, we estimate parameters of distributions and missing
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Table 11. Summary of data

Rankings State Sample size Mean Sd Median Min Max
1 Texas 54 12720000 2240779 12390000 9180000 17400000
2 Wyoming 54 4685000 3310105 3738000 1018000 10890000
3 Pennsylvania 54 2662000 712108.7 2596000 430800 5880000
4 West Virginia 54 1209000 207204.8 1208000 824400 1649000
5 Oklahoma 54 2798000 372107.9 2882000 2073000 3386000
6 North Dakota 54 633400 439662 669600 197500 2632000
7 Colorado 54 1168000 767796.7 831600 405600 2921000
8 Louisiana 54 6676000 3622799 6676000 2313000 14140000
9 Illinois 54 1925000 248559.7 1899000 1506000 2520000
10 New Mexico 54 2165000 440682.3 2156000 239100 2780000

data variable based on EM algorithm and then calculate our statistic. Based
on Subsection 4.2, we reject null hypothesis at the 1 percent significance level
and based on Vuong’s statistic, we select the mixture of eight normal distri-
butions and mixture of eight folded normal distributions as optimum model
for rows 1 and 6 respectively, AICb, BICb and AIC, BIC confirm these
results. Also, for more deliberation about number of component consider
the different situations, in rows 2, 3, 4 and 5 about number of component
in normal mixture distributions and in rows 7, 8, 9, 10 about number of
component in folded normal mixture distributions. Based on Subsection 4.1,
Under p-values for Vuong’s test we reject null hypothesis and select the mix-
ture of seven normal distributions, in row 2, and mixture of eight normal
distributions at the 5 percent significance level respect to our test, in rows 3,
4 and 5 respectively. Similarly in row 7, we select the mixture of seven folded
normal distributions and mixture of eight folded normal distributions at the
5 percent levels of significance, in rows 8, 9 and 10 respectively. On the
other hand, KS-test result select both rival models in each test and instead
of we use AICb and BICb criteria that they confirm our results. Therefore,
we can select mixture of eight normal and mixture of eight folded normal
distributions as optimum model based on our test with respect to support
ℜ and ℜ+ respectively. Obviously, if we want to select one model between
two above models, we can used AICb and BICb, see Table ��, and select mix-
ture of eight folded normal distribution because it has smaller information
criteria.
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Table 12. Values of Vuong’s statistic, p-value of Vuong’s statistic and KS-test,
AIC and BIC.

Row
Competing

model
Vuong
statistic

p-value of
Voung’s test

p-value of
KS-test AICb BICb AIC BIC

M8N∗ 0.9685 17319.08∗ 17417.79∗ 17213.06∗ 17311.76∗

1 3.9764 0.0001

M8C 0.5478 18458.75 18157.15 18378.99 18066.22

M7N∗ 0.8569 17579.22∗ 17665.05∗ 17207.08 17292.91
2 92.2824 0.0000

M6N 0.7469 17665.50 17738.46 17204.55∗ 17277.51∗

M8N∗ 0.9685 17319.08∗ 17417.79∗ 17213.06 17311.76
3 266.1404 0.0000

M7N 0.8569 17579.22 17665.05 17207.08∗ 17292.91∗

M9N 0.6587 17429.01 17553.47 17218.51 17330.09
4 −97.9347 1

M8N∗ 0.9685 17319.08∗ 17417.79∗ 17213.06∗ 17311.76∗

M10N 0.5981 17429.01 17553.47 17214.57 17339.03
5 −97.9347 1

M8N∗ 0.9685 17319.08∗ 17417.79∗ 17213.06∗ 17311.76∗

M8LN 0.6894 17431.08 17529.79 17375.42 17474.13
6 −4.4963 0.0000

M8FN∗ 0.9881 16899.07∗ 16997.78∗ 17155.33∗ 17254.04∗

M7FN∗ 0.8426 17235.47∗ 17321.30∗ 17140.54 17189.11
7 250.8745 0.0000

M6FN 0.6829 18547.51 17985.98 17103.67∗ 17031.65∗

M8FN∗ 0.9881 16899.07∗ 16997.78∗ 17155.33 17254.04
8 342.3121 0.0000

M7FN 0.8426 17235.47 17321.30 17140.54∗ 17189.11∗

M9FN 0.8594 17052.80 17164.38 17182.66 17279.76
9 −147.6431 1

M8FN∗ 0.9881 16899.07∗ 16997.78∗ 17155.33∗ 17254.04∗

M10FN 0.8125 17098.23 17222.68 17250.79 17275.24
10 −187.0711 1

M8FN∗ 0.9881 16899.07∗ 16997.78∗ 17155.33∗ 17254.04∗

Note:* Shows the select models.
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Figure 3. density plot for real data

6 Conclusion
We have proposed an altering mixture model distribution to a complete-
data distribution using missing data variable and have shown that our idea
is applicable to use Voung’s test for select optimum mixture models when
number of components are known (fixed) or unknown. Indeed, this form of
complete-data distribution have some privileges than mixture distribution;
including, closed and linear form for log-likelihood function, identifiability of
parameter space of mixture models, the complete-data set (X,Z) contains
more information about the unknown parameter than observed data. We can
to easy check all assumptions in White (1982) and Vuong (1989). Vuong’s
statistic is simpler than other tests in model selection theory. This explains
why Vuong’s test is a popular test in model selection. One different between
Vuong (1989) test and this work is that the marginal density in this work
is parametric density. Also, we see that AICb and BICb select the better
model than AIC and BIC. In part of data analysis, although real data have
positive value but maybe we select adapted normal mixture as optimum
model.
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Appendix
Proof of Lemma 1: Given Voung’s Assumptions 1 to 3 and the strong low
of large numbers Theorem,

1

n

n∑
i=1

Eκf (z̃if |xi;Γ̂n)
(log f(Xi, Zif |Γ̂n)|x)

a.s.−−→ Eh(Eκf (zf |x;Γ∗)(log f(X,Zf |Γ∗)|x))

Since by (2)

Eh(Eκf (zf |x;Γ∗)(log f(X,Zf |Γ∗)|x))

= Eh(
m∑
j=1

(logαj∗ + log f(X|θj∗))Eκf (zf |x;Γ∗)(Zjf |x)) (21)

On the other hand

Eκf (zf |x;Γ∗)(Zjf |x) =
∑

zjf=0or1
zjfκf (zf |x; Γ∗)

=
αj∗f(x|θj∗)
f(x|Γ∗)

= zj∗f

since (21)

Eh(Eκf (zf |x;Γ∗)(log f(X,Zf |Γ∗)|x))

= Eh(
m∑
j=1

(logαj∗ + log f(X|θj∗))Eκf (zf |x;Γ∗)(Zjf |x))

= Eh(
m∑
j=1

(logαj∗ + log f(X|θj∗))Zj∗f )

= Eh(log f(X,Z∗f |Γ∗)).
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Proof of Lemma 2: From the proof of Lemma 1 and the strong low of
large numbers Theorem, we can write similarly;

1

n

n∑
i=1

Eκg(z̃ig |xi;Ψ̂n)
(log g(Xi, Zig|Ψ̂n)|x) =

1

n

n∑
i=1

log g(xi, z̃ig|Ψ̂n)

a.s.−−→ Eh(log g(X,Z∗g|Ψ∗)).

Similarly, other parts are is easy.
Proof of Theorem 1: From a Taylor expansion of logLc(Γ∗) around Γ̂n,
we obtain:

logLc(Γ∗) = log f(x, z∗f |Γ∗) = log f(x, z̃f |Γ̂n) +∇Γ log f(x, z̃f |Γ)|Γ=Γ̂n
(Γ− Γ̂n)

+
1

2
(Γ− Γ̂n)

′∇2
Γ log f(x, z̃f |Γ)|Γ=Γ̂n

(Γ− Γ̂n) + op(1) (22)

according the strong low of large numbers Theorem and Voung’s Assumption
4, we have

1

n

n∑
i=1

∇2
Γ log f(x, z̃f |Γ)|Γ=Γ̂n

a.s.−−→ Eh{∇2
Γ log f(x, z∗f |Γ∗)} = Af (Γ∗)

so

logLc(Γ∗) = log f(x, z̃f |Γ̂n) +
n

2
(Γ− Γ̂n)

′
Af (Γ∗)(Γ− Γ̂n) + op(1). (23)

Similarly, we have;

logLc(Ψ∗) = log f(x, z̃g|Ψ̂n) +
n

2
(Ψ− Ψ̂n)

′
Ag(Ψ∗)(Ψ− Ψ̂n) + op(1).

Since CLR(Γ∗,Ψ∗) = logLc(Γ∗)− logLc(Ψ∗), we obtain;

CLR(Γ̂n, Ψ̂n) = CLR(Γ∗,Ψ∗)−
n

2
(Γ− Γ̂n)

′
Af (Γ∗)(Γ− Γ̂n)

+
n

2
(Ψ− Ψ̂n)

′
Ag(Ψ∗)(Ψ− Ψ̂n) + op(1). (24)
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To prove (a), we note that CLR(Γ∗,Ψ∗) = 0 if two rival models be nested.
Part (a) by Vuong’s Lemma A and Lemma 2 obtain;

2CLR(Γ̂n, Ψ̂n) = n(Γ− Γ̂n)
′
Af (Γ∗)(Γ− Γ̂n) + n(Ψ− Ψ̂n)

′

×Ag(Ψ∗)(Ψ− Ψ̂n) + op(1)

=
[√

n(Γ− Γ̂n)
√
n(Ψ− Ψ̂n)

] [−Af (Γ∗) 0

0 Ag(Ψ∗)

]

×

[√
n(Γ− Γ̂n)

√
n(Ψ− Ψ̂n)

]
+ op(1).

Then one can check that

W =

[
−Af (Γ∗) 0

0 Ag(Ψ∗)

]

×

[
A−1

f (Γ∗)Bf (Γ∗)A
−1
f (Γ∗) A−1

f (Γ∗)Bfg(Γ∗,Ψ∗)A
−1
g (Ψ∗)

A−1
g (Ψ∗)Bgf (Ψ∗,Γ∗)A

−1
f (Γ∗) A−1

g (Ψ∗)Bg(Ψ∗)A
−1
g (Ψ∗)

]
.

to prove (b) we note that
√
n(Γ− Γ̂n) and

√
n(Ψ− Ψ̂n) are Op(1). Thus (24)

we obtain;

n
−
1

2CLR(Γ̂n, Ψ̂n)− n

1

2Eh(log
f(X,Z∗f |Γ∗)

g(X,Z∗g|Ψ∗)
) = n

1

2 (CLR(Γ∗,Ψ∗)

−Eh(log
f(X,Z∗f |Γ∗)

g(X,X∗g|Ψ∗)
)) + op(1).

But from the multivariate Central Limit Theorem, the first term in the right-
hand side converges in distribution to N(0, ω∗). This variance is finite given
Voung’s Assumption 6 and the Cauchy-Schwartz inequality. Part (b) follows.
Proof of Lemma 3: We know that

ω̂2
n =

1

n

n∑
i=1

[log
f(xi, z̃if |Γ̂n)

g(xi, z̃ig|Ψ̂n)
]2 − [

1

n

n∑
i=1

log
f(xi, z̃if |Γ̂n)

g(xi, z̃ig|Ψ̂n)
]2
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and

ω2
∗ = V arh(log

f(X,Z∗f |Γ∗)

g(X,Z∗g|Ψ∗)
)

Given Voung’s Assumptions 1 to 3 and the strong low of large numbers
Theorem and Corollary 1

1

n

n∑
i=1

log f(xi, z̃if |Γ̂n)
a.s.−−→ Eh(log f(X,Z∗f |Γ∗)

and

1

n

n∑
i=1

log g(xi, z̃ig|Ψ̂n)
a.s.−−→ Eh(log g(X,Z∗g|Ψ∗)

Since

1

n

n∑
i=1

log
f(xi, z̃if |Γ̂n)

g(xi, z̃ig|Ψ̂n)

a.s.−−→ Eh(log
f(X,Z∗f |Γ∗)

g(X,Z∗g|Ψ∗)

Similarly

1

n

n∑
i=1

(log
f(xi, z̃if |Γ̂n)

g(xi, z̃ig|Ψ̂n)
)2

a.s.−−→ Eh(log
f(X,Z∗f |Γ∗)

g(X,Z∗g|Ψ∗)
)2

Proof of Theorem 2 and 3: Straightforward from Theorem 1 (a) and (b),
respectively.
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