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Abstract. We propose two goodness of fit test statistics based on Cumu-
lative Kullback—Leibler (CKL) information and Cumulative residual Kull-
back-Leibler (CRKL) information for exponential distributions with un-
known parameter and randomly censored data. Koziol and Green introduced
the Cramér-von Mises statistic with randomly censored data for a simple hy-
pothesis based on the Kaplan—Meier product limit of the distribution func-
tion. We use their idea to obtain test statistics based on CKL and CRKL
for a randomly censored exponential distribution with estimated parameters.
The power of the proposed tests for testing exponentiality is compared with
the test statistic based on the empirical distribution function using the opin-
ion of Koziol and Green. A simulation study is performed under a special
censorship model introduced by Koziol and Green. Simulation studies show
a relatively high power of proposed test statistics in many alternatives.
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1 Introduction

In survival studies, one frequently wants to obtain inferences about an un-
known survivor function F(-). In the statistical analysis of lifetime data, the
goodness-of-fit (gof) test procedures are important to select the proper dis-
tribution of data. Classical gof tests are usually defined based on graphical
analysis, moments such as skewness or kurtosis, chi-squared type, the empiri-
cal distribution function (EDF), or regression and correlations. Many studies
are performed such that these analysis are expanded to censored data.

This censorship model was researched by Kaplan and Meier (1958), Efron
(1967), Breslow and Crowley (1974). Furthermore, the gof tests for randomly
censored data have been studied by many authors, for example, Shapiro and
Francia (1972), Koziol and Green (1976), Aalen and Hoem (1978), Hall and
Wellner (1980), Koziol (1980), Nair (1981), Chen et al. (1982, 1983), Akritas
(1988), Hollander and Pena (1992), Wang and Zheng (1997), Lu and Cheng
(2007), Koziol (2009).

Kim (2012) extended Kolmogorov—Smirnov statistic using the idea of
Koziol-Green for an exponential distribution with randomly censored data
and an unknown scale parameter. Kim (2017, 2019) researched the EDF
statistic for randomly censored Weibull and normal distribution, respectively,
when some parameters are unknown. In this paper, we first propose two new
statistics based on CKL information and CRKL information for a complete
sample. Then we apply them to test exponential distributions with estimated
parameters when data are randomly censored. The Kaplan—Meier estimator
and censoring distribution are applied as in Koziol and Green (1976).
Koziol (1980) tested exponential distribution using Kolmogorov-Smirnov,
Kuiper and Cramer-von Mises statistics with censored data. Similar to
Koziol (1980), we have tested exponentiality with censored data but we have
introduced two new test statistics for test exponentiality. In comparison with
Koziol, we have shown that the introduced test statistics perform better in
many of the considered alternative examples.

The article is structured as follows: In Section 2, we introduce two new test
statistics based on CKL information and CRKL information for a complete
sample and generalize them to randomly censored data. In Section 3, we pro-
vide a simulation study and make some power comparisons to illustrate the
performance of the proposed procedure. An example of randomly censored
data from Prostat research (Hollander and Proschan, 1979) is explained in
Section 4. The results are summarized in Section 5.
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2 Proposed Tests

This section is divided into two parts. In the first part, we review divergence
measures. In the second part, we introduce new divergence measures type
and use them to make test statistics.

2.1 Divergence Measures

The concept of the entropy was described by Shannon (1948) to measure the
uncertainty of a random variable. It is formally defined as

+oo

B == [ @) fa)da,
—00

where f is the probability density function (pdf) of a continuous random

variable X.

Using the survival function instead of the pdf, Rao et al. (2004) defined the

cumulative residual entropy (CRE) by

CRE(F) = — /OO F(z)In F(z)dz.
0

The Kullback-Leibler (KL) (1951) information is a nonsymmetric measure
of the discrepancy between two distributions F' and G with pdfs f and g,
respectively, which is defined as

+o0
KL(F: Q)= —/ f(z)In @dx.
oo 9(x)
Ebrahimi et al. (1992), Choi et al. (2004), and Gurevich and Davidson
(2008) have extended tests of fit based on KL information. Baratpour and
Habibirad (2012) introduced the CRKL information and applied it for gof
tests. This measure calculates the discrepancy between two continuous dis-
tributions based on CRE, which is described as

CRKL(F : G) = /OOOF(Q;) In =~ da — [E(X) - E(Y)],

where F(-) and G(-) are the survival functions of X and Y, respectively.
Another extension based on the cumulative distribution function (cdf) called
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CKL information was proposed by Park et al. (2012), which is introduced
as

CKL(F : Q)= /OO F(z)In
0

Clearly, using Inxz < x — 1 for > 0, we obtain that CKL(F : G) > 0, that
CRKL(F :G) > 0, and that the equalities hold if and only if F' = G.
These information criteria are used for tests of fit for different types of data
and distributions by Chamany and Baratpour (2014), Baratpour and Habibi-
rad (2016), Park et al. (2018), Zohrevand et al. (2020), and others.

2.2 Simple GOF Tests

In this section, we first introduce two new divergence criteria that are de-
fined based on CKL information and CRKL information. Then, using these
divergence criteria, we develop two test statistics when data are randomly
censored.
Definition 1. If X and Y are two continuous and nonnegative random
variables, respectively, with cdfs F'(-) and G(-), then the divergence criterion
between these distributions can be describe as follows:

TV(F,G) = / o) 2% G ). (1)

G(x)

Definition 2. If X and Y are two continuous and nonnegative random
variables, respectively, with cdfs F'(-) and G(-), then the divergence criterion
between these distributions can be introduced as follows:

_ F(x)
T>(F,G) = /F(x) In G(m)dG(x). (2)
We consider testing
HQ P = Fg, VS. H1 : F 75 Fg, (3)

where Fj is a specified continuous distribution. We introduce the test statis-
tics Tp,1 and Ty based on T1(F,G) and T(F,G), respectively, when there
is no censoring. These test statistics can be used for different types of data
such as complete data, randomly censored data, interval— censored data, and
SO on.

Let Xi,...,X, be an independently and identically distributed (iid) ran-
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dom sample from cdf Fy with the EDF F,,. We propose a test statistic using
introduced in (1) as follows

T = \/H/OT Fo(z)In ?Zg;

dFO (ZL‘), (4)

where Fo(z) =1 — Fy(z), Fr(z) =1 — F,(z), and 7 = sup{z; Fo(z) > 0}.
Let X1,..., X, be an iid random sample from cdf Fy with the EDF F,,. We
defined a test statistic using introduced in (2) as follows

F()((E)

Tho = \/E/OT F,(x)In dFy(z), (5)

where 7 = sup{z; Fo(z) > 0}.

Let Xi,...,X, be lifetimes with distribution function (df) F’; moreover,
let Cq,...,Cy, display censoring times with df GG, and the random vectors
X1,...,X, and C1,...,C, (non-informative censoring assumption) be in-
dependent for all n. In this paper, we assume that the randomly censored
sample is displayed by n iid random pairs O;=(Y;, 0;), i = 1,...,n, where

(6)

Ci, Xi>C;,’

) i > Gy

We consider that Y;’s are the ordered observations without loss of generality
for the observed random pairs (Y;, ;) in (6). We can obtain the probability
integral transformation for test statistics in (4) and (5) when Fj is fully
specified in the null hypothesis. Since the EDF is not fully clear for censored
data, we apply the nonparametric maximum likelihood estimator (NPMLE)
for the lifetime distribution F, that is, the Kaplan-Meier estimator Fj(t).
The Kaplan—Meier estimator was researched by Kaplan and Meier (1958),
Efron (1967), Breslow and Crowley (1974), and Meier (1975) can be defined

as )
-~ n—1 S
1-Et) = TT(——)e.
Yi<t

The Kaplan—Meier estimator is rewritten as

1_@:]‘[(7%)&. (7)

1<j
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As mentioned, when we encounter with a censored sample, the complete
sample X1,..., X, and F,, are not accessible. Hence, we replace F, by the
Kaplan—Meier estimator F,, in (4) and (5), and we obtain the test statistics
T,1 and T2 as

T = F x

where ? (z) =1 — Fy(x), and

e i [ R B, ®

In following theorems, we show that 7)1 in (8) and Ty in (9) asymptotically
have the Gaussian distribution.

Theorem 1. Consider randomly censored data (6) with a continuous df F
such that (1 — G) = (1 — F)? with 8 a positive constant, where 3 is called
the censoring parameter. Also, we suppose for 0 < x < 7 that

n'/2(Fy(x) = F(2)) = Oy(1),
where Op(1) means bounded in probability. Then, under Hy, we have

lim sup |P{Tn <x|O"} — P{V <z}| =0,

n—=0 <r<oo

in probability, where O™ ={ O;;i=1,...,n} and V(x) is a Gaussian process
with mean zero and

- _/ / B{T(2)T(y)}dF (2)dF (). (10)

Proof. Using the Taylor expansion of the logarithm function, we have

Tt = f/ Fule (x)dFo()

Fo(x)

=+/n /0 ?n(az)% (En(x) - Fo(x)> dFy(x)

Fo(x)

)
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where min{Fq(z ),?n( )} < ?n(a:) < max{Fy(z), Fp(z)} for 0 < z < 7.
Using Theorem (2.1) in Koziol and Green (1976), we can conclude that
Vit (Bale) = Fo()

mean zero and covariance function glven in (2.3) Koziol and Green (1976).

Since Tnl = fo x)dr and V = fo x)dx is a Gaussian random variable
with mean zero and variance

o _/ / B{T(2)T(y)}dF (2)dF (z). (11)

) converges weakly to a Gaussian process I'(z) with the

Thus, theorem is proved. O

Theorem 2. Consider randomly censored data (6) with a continuous df F
such that (1 — G) = (1 — F)? with B a positive constant, where (3 is called
the censoring parameter. Also, we suppose for 0 < x < 7 that

n!2(Fo(z) — F(z)) = Op(1),
Then, under Hy, we have

lim sup |P{Th <z|O"} — P{V <az}| =0,

n—=0 <r<oo

in probability, where V(x) is a Gaussian process with mean zero and
o —/ / E{T'(z)T(y)}dF(z)dF(x). (12)

Proof. The proof is similar to the proof of Theorem 1 and then it is omitted.
O

Now, let Xi,..., X, be from a uniform distribution on (0,1) and Fj is
the uniform distribution on (0,1). Using the opinion of Koziol and Green
(1976) for randomly censored data, we can obtain the test statistics in (8)
and (9) as follows

1
T = V1 /0 Fo(t)In "t(t)dt, (13)
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Fo(t)
t

Tha = v/ /0 1 F,(t)In dt. (14)

These test statistics measure the difference between F, and U(0,1). By
Koziol and Green (1976), the statistics in (13) and (14) can be defined as

n+1
T = VY (Yi = Yio1)(1 = Fo(Y) In(1 — Fu(Yi)
=1

(15)
n+1
— VY (1= Fy(¥))(YilnY; — Y; — Yiy In(Yio1) + Yioy),
=1
Toa = VY (Yi = Yio1)(Fu (V7)) In(F,(Y7))
=1 (16)

n+1
— VY F(Y)(Y;InY; - Y; — Yoy In(Yiy) + Vi),
=1

where Yg =0 and Y,4+1 = 1.
In this article, we intend to test if the lifetimes X7, ..., X, with df F" follow an
exponential distribution e(A) for some . Therefore, Fy in the null hypothesis
in (3) is

Fy(z) =1 — exp(—Az), x> 0.
We suppose that Y; = min(X;, C;) are the observed random variables. We
can consider

Ui = F()(Y;) = min(FQ(Xi), F()(CZ))
and use the test statistics (15) and (16) for the simple null hypothesis with
the parameter A\ given. Therefore, we can write

Hy: F(z) = Fy(xz,\) =1 — exp(—Ax), for some X > 0.

Obviously, the null hypothesis is composite and contains some unknown pa-
rameter. Thus, we require to estimate the unknown parameter A\. Kim (2012)
obtained MLEs A and £,

>)

I
—_
|

| =l

|| >
.
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If we replace A by its MLE, then we can take
U= Fy(Y,\) = Fy(Y).

If we suppose that F),(-) is the Kaplan-Meier estimator of U; = Fy(Y;), then
describe the similar test statistics 7,5, and 7%, as in (15) and (16)

n+1

Ty = vnY_ (Ui = Uim)(1 = Fo(U3)) In(1 — Fo(0;))
=1

(17)

n+1
— VS (1= F(T) (ﬁi n0; — U; — Uiy In(Ui_y) + Uz_l),
i1
n+1 R R o o
2 = \/ﬁz (Ui = Ui—1) (Fn(Us)) In(F (V7))

=1

n+1 R R R R N R N (18)

- \/ﬁz F,(Uy) (Ui InU; —U; — U1 In(Uj—1) + Ui—1)7
i1

where ﬁo =0 and ﬁn+1 =1.

We may choose the percentiles of V' as the critical value when the test statistic
T\,:l in (17) is used as the test statistic for testing (3). Specially, at a100%
significance level we

Reject Hy if |Tj| > Caya, (19)

where P(|V| > C,/3) = a. Therefore, we apply only one sample for the
decision (19) and call it NL1-test. R R o
Suppose we choose repeatedly M samples Ui, Us, from F,(U), j =

1,..., M, and compute T\:le for each of these samples, then frequent event
of |T\T’:1J| > Cqy/2 should lead to the rejection of Hp. Using this opinion, we
present another test as follows

M
V=M" ZIHT;U\ > Cqo2}t and  pn = Pu{[T51;] > Co )2}, (20)
=1

where ” P,,” shows the conditional probability given ﬁn. Obviously, MV has
a binomial distribution with parameters p,, and M, which is asymptotically
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normal for large M. If z, is the (1 — a)100th percentile of the standard
normal distribution N(0,1) and for some § such that 0 < f < a < 1 we
choose

— max pn(l - pn)(za—ﬁ - Zoc)2
=1, ER 2

then, for testing (3), at «100 % significance level we show NL-GOF as follows

a(l —a)

Reject Hy if V>a+z4-p — (22)

that is asymptotically consistent. We prove its consistency in Theorem 3.

Theorem 3. Under the assumptions of Theorem 1, for NL-GOF test (22)
we have
(i) under Hy,*

, - a(l —a)

(7i) under Hy: F = F| # Fy,

nli_>noloP{VZa~l—za_m/a(1]\/[_a)|H1}:1. (24)

Proof. The proof is similar to the proof of Theorem 3 in omidi et al. (2021)
and then it is omitted. O

We can conveniently show that (19) and Theorem 3 holds for 7, o in (18)
under the assumptions of Theorem 2.

3 Monte Carlo Study

A simulation study is performed to determine the null distribution and com-
pares the power of the test statistics 707, in (17) and T7%, in (18) with test
statistics based on EDF. In this section, following Koziol and Green (1976),
the competing test statistics are considered as follows:
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e Kolmogorov—Smirnov (1933)

D, = sup ]ﬁn(ﬁl) — U;| = max (D}, Dy)
O<u<1

Dt = max 5 — U, D= = max U, — Di_1
n 1<j<n+1,5j:1{pj J}7 n 1<j<n+1,5j:1{ J p] }

with Upi1 =1, po = 0, Puy1 = 1, and pj in (7).

e Cramer-von Mises

/Wg = Z ﬁn(ﬁi)(ﬁi+1 - ﬁi){ﬁn(ﬁi) - (ﬁiJrl + ﬁi)} —n/3.
i=1

e Anderson-Darling (1954)

~ ~ ~ ~
(2

A2 =0 Y (Fu(00)? (=01 = Tia) + n(Tiga) + (1 = T) = (X))

203 (Bu(09)” (~ 0L = Do) +1n(1 = 1)

i=1
—nin(1 = U,) —nln(U,) —n.

Here we estimate the unknown parameter A\ using the MLE method and use
the MLE X in (17) and (18). The upper percentage points of the statistics
are presented in Tables 1-2 for sample sizes n = 20, 30, 40, 50, 100, censored
proportion s v = 0.2,0.4,0.5,0.6, and the significance level s o =0.01, 0.025,
0.05, 0.10, 0.15, 0.25, 0.50. The values are computed based on the Monte
Carlo simulation with 10,000 iterations. We apply the random censorship
model suggested in Koziol and Green (1976) to control the censored propor-
tion. It is
1—G:(1—F)B, for some B >0,

where G and § are the df of the censoring time C' and a censoring parameter,
respectively. Using this model, we obtain

[e.e]

1
7:P(X>C):/ (1—F)dG:/O 5(1—x)5dx:5i1.

—00
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In Tables 1-2, ~ is the expected proportion of the censored data, and it is

equivalent to . We can see that the critical values decrease when the

B+1

censored proportion decreases and the significance level increases. Csorgo
and Horvath (1981), Chen et al. (1982), and Kim (2011, 2012) investigated
the properties of this model.
We study the asymptotic null distributions of f;l and fj{Q only when the
null hypothesis is fully determined with a known parameter. The introduced
test statistics are distribution-free under the simple null hypothesis. Thus,
the critical values do not depend on the unknown parameter A when the
parameter is estimated by the MLE. We calculate all the statistics when
A = 1 without loss of generality. Also, we can obtain the p-value of the gof
tests approximately using the points in Tables 1-2.

In this section, to study the performance of the introduced tests, we
consider eight alternative distributions with censoring distribution suggested
by Koziol and Green (1976) as follows:

e The exponential distribution with parameter 1.

e The Weibull distribution W (6), with scale parameter 1 and shape param-
eter 6.

e The Gamma distribution G(#), with scale parameter 1 and shape param-

eter 6.
e The log-normal distribution with pdf, ﬁ exp{—(log z)%/(262)}.
e The standard Uniform distribution.
e The half-normal distribution with pdf, \/g exp(—22/2).

The log-logistic distribution with pdf, .
1+ 22

The half-logistic distribution with pdf, 2exp(—z)/(1 4 exp(—z))?.

According to Ahrari et al. (2019), mentioned distributions have densities
f with decreasing hazard rates (DH R), increasing hazard rates (/HR) and
models with non-monotone hazard rates (NF'R). Since the power values of
the T, and f,;‘Q statistics depend on the a value, the maximum power of
these tests were assumed in terms of a particular value of a. Tables 3-8 dis-
play the power of the statistics at the significance level o = 0.05 for sample
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sizes n = 20, 30, 35, 40, 50, 100. Moreover, N = 10, 000 samples are generated
for each alternative. The power estimates are obtained by taking the ratio
of rejections.

The greatest powers are displayed in bold in each alternative. The power
results show the following. First, T\ﬁz displays the highest power for all alter-
natives except for Weibull (0.5) and Gamma (0.5) (with (DH R) function).
Thus, 7%, for distributions with (DH R) function has low power. It is obvious
that, A, is the best for Weibull (0.5) and f;fl is the best for Gamma (0.5).
Second, ﬁn has the lowest power for each alternative considered. Third, for
the half-logistic, half-normal, and log-normal alternatives, all of the statistics
except fﬁkz have relatively low power. Moreover, f;Q has high power for these
alternatives. All of the statistics have relatively low power for the log-logistic
alternative.

4 Illustrative Example

We analyze the provided data by Koziol and Green (1980). They reported
the data related to 211 state IV prostate cancer patients treated with es-
trogen in a Veterans Administration Cooperative Urological Research Group
study, listed in Table 5 obtained from Table 2 of Hollander and Proschan
(1979). Among this data, there are 90 died of prostate cancer, 105 died of
other diseases, and 16 still alive. Those observations corresponding to deaths
due to other causes and those corresponding to the 16 survivors are consid-
ered as censored observations (withdrawals). We review the hypothesis of
exponentiality for their survival distribution for deaths from cancer of the
prostate at a 5% significance level.

First, we need to estimate the unknown parameter. The MLE of the param-
eter is A = 0.0134. Then, we calculate similar to Table 1 for n = 211 and
~v = 0.6 the critical values of these data, the test statistics, and the p-values
of the proposed tests. The results are displayed in Table 6. Based on this
table, the data set is from an exponential distribution. Also, fj{z supports
more the hypothesis of exponentiality.

5 Conclusions

We proposed two new test statistics based on CKL information and CRKL
information for testing exponentiality with an unknown parameter when data

J. Statist. Res. Iran 16 (2019): 507-533
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Table 1. Upper tail percentage points of the test statistic T v with ~ the
proportion of censored data

Statistic n 0%

0.01 0.025 0.05 0.1 0.15 0.25 0.5
0.6 4.52 4.41 4.29 417 4.15 4.03 3.77

20 0.5 4.18 4.05 3.93 3.81 3.75 3.61 3.32

0.4 3.80 3.65 3.52 3.37 3.28 3.11 2.77

0.2 2.65 2.33 2.24 2.12 1.96 1.76 1.40

0.6 4.89 4.75 4.63 4.47 4.25 4.13 3.95

30 0.5 4.75 4.72 4.61 4.45 4.24 4.11 3.89

0.4 4.39 4.25 4.12 4.02 3.97 3.87 3.77

0.2 3.07 2.94 2.78 2.59 2.46 2.17 1.95

0.6 5.12 4.97 4.77 4.50 4.38 4.17 4.03

o 40 0.5 4.98 4.05 3.93 3.81 3.75 3.61 3.32
nl 0.4 4.80 3.65 3.52 3.37 3.28 3.11 2.77
0.2 3.45 3.33 3.24 3.12 2.96 2.56 2.10

0.6 5.35 5.25 5.16 5.07 4.98 4.83 4.77

50 0.5 5.18 5.05 4.93 4.81 4.75 4.61 4.32

0.4 4.82 4.56 4.48 4.29 4.01 3.75 3.17

0.2 3.65 3.43 3.34 3.26 3.05 2.81 2.60

0.6 6.19 6.08 5.99 5.87 5.81 5.68 5.46

100 0.5 5.61 5.47 5.34 5.20 5.12 4.97 4.76

0.4 4.84 4.67 4.51 4.40 4.29 4.13 3.87
0.2 3.75 3.53 3.46 3.35 3.21 3.07 2.95

Table 2. Upper tail percentage points of the test statistic T o with ~y the
proportion of censored data

[eY
0.01 0.025 0.05 0.1 0.15 0.25 0.5

0.6 0.082 0.005 -0.005 -0.025 -0.071 -0.115 -0.180

0.5 0.03 -0.02 -0.054 -0.095 -0.127 -0.177 -0.27

Statistic n %

20 0.4 -0.067 -0.107 -0.152 -0.195 -0.222 -0.27 -0.305

0.2 -0.238 -0.274 -0.303 -0.336 -0.354 -0.382 -0.42

0.6 -0.066 -0.017 -0.046 -0.083 -0.11 -0.156 -0.25

30 0.5 -0.077 -0.109 -0.142 -0.187 -0.216 -0.261 -0.351

0.4 -0.160 -0.19 -0.234 -0.275 -0.3 -0.34 -0.412

0.2 -0.303 -0.328 -0.349 -0.373 -0.387 -0.406 -0.435

0.6 -0.039 -0.07 -0.106 -0.144 -0.170 -0.215 -0.305

o 40 0.5 -0.135 -0.17 -0.205 -0.246 -0.274 0.317 -0.394
n2 0.4 -0.21 -0.24 -0.279 -0.317 -0.33 -0.372 -0.433
0.2 -0.329 -0.35 -0.36 -0.38 -0.39 -0.411 -0.435

0.6 -0.077 -0.11 -0.139 -0.179 -0.208 -0.255 -0.334

50 0.5 -0.170 -0.208 -0.23 -0.27 -0.30 -0.34 -0.416

0.4 -0.249 -0.280 -0.30 -0.33 -0.36 -0.389 -0.442

0.2 -0.34 -0.35 -037 -0.38 -0.39 -0.4 -0.429

0.6 -0.176 -0.205 -0.23 -0.269 -0.295 -0.336 -0.422

100 0.5 -0.257 -0.28 -0.303 -0.33 -0.35 -0.39 -0.453

0.4 -0.307 -0.327 -0.344 -0.368 -0.378 -0.41 -0.421

0.2 -0.349 -0.354 -0.359 -0.367 -0.371 -0.378 -0.392
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Table 3. Power comparison of the test statistics 77, 7%, Dy, W2 and A2 for
a=0.05and n =20

Distribution Censoring rate (v) Dn W,VZL ‘ng ’j’\;:l T;z
0.6 0.049 0.050 0.051 0.049 0.051
. 0.5 0.050 0.051 0.050 0.051 0.049
exponential(1l)
0.4 0.049  0.049  0.051  0.051 0.050
0.2 0.051 0.050 0.050 0.050 0.051
0.6 0.06 0.07 0.14 0.07 0.10
.5 ).0¢ 0.11 0.20 0.0 .15
W eibull(0.5) 0.5 0.09 0 0.08 0.13
0.4 0.12 0.15 0.23 0.11 0.15
0.2 0.14 0.16 0.35 0.13 0.20
0.6 0.08 0.21 0.19 0.22 0.09
0.5 0.09 0.25 0.20 0.28 0.13
Gamma(0.5) >
0.4 0.10 0.30 0.26 0.32 0.14
0.2 0.12 0.37 0.35 0.39 0.18
0.6 0.07 0.13 0.07 0.09 0.25
0.5 0.10 0.15 0.074 0.11 0.28
Weibull(2)
0.4 0.11 0.19 0.087 0.13 0.31
0.2 0.13 0.26 0.091 0.17 0.35
0.6 0.09 0.10 0.09 0.08 0.14
0.5 0.10 0.14 0.11 0.10 0.17
Gamma(2)
0.4 0.13 0.20 0.14 0.13 0.22
0.2 0.14 0.23 0.17 0.15 0.29
0.6 0.062 0.10 0.13 0.11 0.21
0.5 0.076 0.11 0.14 0.15 0.26
half — logistic ° °
0.4 0.089 0.12 0.15 0.17 0.31
0.2 0.11 0.14 0.16 0.20 0.34
0.6 0.089 0.083 0.11 0.085 0.12
0.5 0.095 0.14 0.14 0.09 0.19
log — norm(1)
0.4 0.11 0.16 0.19 0.12 0.22
0.2 0.12 0.17 0.20 0.16 0.29
0.6 0.062 0.106 0.17 0.19 0.22
0.5 0.089 0.25 0.22 0.23 0.31
U(0,1)
0.4 0.102 0.34 0.32 0.29 0.37
0.2 0.187 0.39 0.36 0.35 0.42
0.6 0.08 0.09 0.09 0.10 0.19
0.5 0.01 0.10 0.11 0.11 0.23
half — norm
0.4 0.13 0.14 0.13 0.12 0.29
0.2 0.14 0.15 0.14 0.17 0.32
0.6 0.04 0.06 0.08 0.07 0.06
o 0.5 0.06 0.07 0.09 0.07 0.07
log — logistic
0.4 0.07 0.08 0.11 0.08 0.08
0.2 0.08 0.09 0.12 0.09 0.09

For each alternative, the greatest powers are in bold.

J. Statist. Res. Iran 16 (2019): 507-533



522 Goodness of Fit Tests based on Information ...

Table 4. Power comparison of the test statistics ﬁ’fl,

a=0.05 and n = 30

T+

n

- =, ~
9y Dy, W7 and A7 for

Distribution Censoring rate (v) Dn W,VZL ‘ng ’j’\;:l T;z
0.6 0.050 0.051 0.050 0.051 0.051
. 0.5 0.049 0.049 0.050 0.048 0.050

exponential(1l)
0.4 0.049 0.05 0.051 0.049 0.049
0.2 0.051 0.048 0.049 0.050 0.051
0.6 0.09 0.11 0.18 0.08 0.12
.5 ).12 0.15 0.21 0.1 .15
Weibull(0.5) 05 ¢ 015 010015
0.4 0.15 0.18 0.26 0.14 0.16
0.2 0.17 0.19 0.38 0.19 0.22
0.6 0.09 0.28 0.21 0.29 0.10
0.5 0.11 0.42 0.28 0.45 0.15

Gamma(0.5) >
0.4 0.13 0.53 0.40 0.55 0.16
0.2 0.14 0.57 0.51 0.58 0.19
0.6 0.10 0.15 0.10 0.13 0.28
0.5 0.11 0.17 0.11 0.15 0.35
Weibull(2)
0.4 0.12 0.24 0.12 0.19 0.42
0.2 0.16 0.36 0.13 0.28 0.55
0.6 0.10 0.11 0.10 0.11 0.16
0.5 0.12 0.16 0.13 0.12 0.19
Gamma(2)
0.4 0.15 0.21 0.15 0.14 0.25
0.2 0.16 0.24 0.19 0.16 0.35
0.6 0.092 0.11 0.14 0.12 0.25
0.5 0.10 0.13 0.16 0.16 0.31
half — logistic °

0.4 0.11 0.15 0.18 0.18 0.39
0.2 0.15 0.17 0.20 0.21 0.44
0.6 0.10 0.11 0.14 0.12 0.15
0.5 0.11 0.16 0.20 0.14 0.22

log — norm(1)
0.4 0.12 0.17 0.21 0.15 0.25
0.2 0.13 0.19 0.23 0.19 0.31
0.6 0.12 0.25 0.22 0.26 0.27
0.5 0.14 0.34 0.28 0.38 0.39

U(0,1)

0.4 0.18 0.45 0.42 0.46 0.47
0.2 0.25 0.51 0.53 0.52 0.55
0.6 0.09 0.11 0.13 0.11 0.30
0.5 0.10 0.12 0.14 0.12 0.38

half — norm
0.4 0.11 0.15 0.15 0.14 0.41
0.2 0.13 0.17 0.16 0.19 0.53
0.6 0.09 0.09 0.10 0.09 0.10
P 0.5 0.10 0.10 0.11 0.10 0.11

log — logistic
0.4 0.11 0.13 0.12 0.11 0.13
0.2 0.12 0.15 0.13 0.12 0.14

For each alternative, the greatest powers are in bold.
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Table 5. Power comparison of the test statistics 77, 7%, Dy, W2 and A2 for
a=0.05 and n = 35

Distribution Censoring rate (v) Dn W,VZL ‘ng ’j’\;:l T;z
0.6 0.050 0.051 0.050 0.051 0.051
. 0.5 0.049 0.049 0.050 0.051 0.050
exponential(1l)
0.4 0.05 0.05 0.051 0.049 0.049
0.2 0.051 0.050 0.049 0.051 0.050
0.6 0.11 0.12 0.20 0.10 0.13
.5 ).15 0.1 0.28 0.11 .16
Weibull(0.5) 05 015 016 0 016
0.4 0.16 0.19 0.36 0.16 0.17
0.2 0.18 0.20 0.40 0.20 0.24
0.6 0.11 0.30 0.22 0.31 0.15
0.5 0.12 0.45 0.37 0.46 0.17
Gamma(0.5) >
0.4 0.13 0.57 0.42 0.58 0.21
0.2 0.17 0.60 0.59 0.62 0.29
0.6 0.11 0.18 0.15 0.14 0.29
0.5 0.12 0.20 0.16 0.17 0.38
Weibull(2)
0.4 0.15 0.25 0.17 0.20 0.55
0.2 0.18 0.38 0.18 0.29 0.61
0.6 0.11 0.12 0.11 0.12 0.17
0.5 0.13 0.17 0.14 0.14 0.20
Gamma(2)
0.4 0.16 0.23 0.18 0.16 0.27
0.2 0.17 0.26 0.21 0.18 0.38
0.6 0.10 0.12 0.16 0.17 0.39
0.5 0.11 0.14 0.17 0.18 0.48
half — logistic °
0.4 0.14 0.16 0.19 0.19 0.57
0.2 0.17 0.18 0.22 0.24 0.65
0.6 0.11 0.12 0.15 0.13 0.16
0.5 0.13 0.18 0.22 0.15 0.25
log — norm(1)
0.4 0.14 0.20 0.25 0.17 0.29
0.2 0.15 0.23 0.27 0.20 0.35
0.6 0.20 0.39 0.25 0.31 0.43
0.5 0.22 0.51 0.31 0.52 0.51
U(0,1) 2
0.4 0.25 0.65 0.48 0.61 0.61
0.2 0.28 0.76 0.59 0.74 0.78
0.6 0.10 0.12 0.14 0.12 0.35
0.5 0.11 0.15 0.15 0.13 0.42
half — norm
0.4 0.14 0.16 0.16 0.15 0.50
0.2 0.15 0.17 0.17 0.18 0.65
0.6 0.10 0.11 0.12 0.10 0.11
A 0.5 0.12 0.12 0.13 0.11 0.12
log — logistic
0.4 0.14 0.13 0.14 0.12 0.14
0.2 0.19 0.18 0.17 0.14 0.17

For each alternative, the greatest powers are in bold.

J. Statist. Res. Iran 16 (2019): 507-533



524 Goodness of Fit Tests based on Information ...

Table 6. Power comparison of the test statistics ﬁ’fl,

a=0.05 and n = 40

T+

n

- =, ~
9y Dy, W7 and A7 for

Distribution Censoring rate (v) Dn W,VZL ‘ng ’j’\;:l T;z
0.6 0.050 0.051 0.050 0.051 0.051
. 0.5 0.049 0.049 0.050 0.051 0.050
exponential(1l)
0.4 0.05 0.05 0.051 0.049 0.049
0.2 0.051 0.050 0.049 0.051 0.050
0.6 0.13 0.14 0.23 0.11 0.14
.5 ).15 0.1 0.30 0.12 1
Weibull(0.5) 05 015 0.7 0 0.17
0.4 0.18 0.20 0.39 0.17 0.18
0.2 0.20 0.22 0.51 0.21 0.26
0.6 0.12 0.32 0.25 0.33 0.16
0.5 0.13 0.49 0.39 0.48 0.18
Gamma(0.5) >
0.4 0.15 0.58 0.44 0.61 0.23
0.2 0.18 0.65 0.63 0.67 0.34
0.6 0.12 0.19 0.17 0.16 0.32
0.5 0.14 0.22 0.19 0.19 0.41
Weibull(2)
0.4 0.17 0.27 0.21 0.22 0.58
0.2 0.20 0.41 0.23 0.32 0.65
0.6 0.12 0.13 0.13 0.09 0.21
0.5 0.14 0.19 0.16 0.09 0.28
Gamma(2)
0.4 0.17 0.25 0.18 0.17 0.32
0.2 0.19 0.28 0.19 0.20 0.41
0.6 0.11 0.13 0.17 0.18 0.41
0.5 0.12 0.15 0.18 0.19 0.51
half — logistic ° °
0.4 0.16 0.17 0.20 0.20 0.69
0.2 0.18 0.21 0.25 0.26 0.80
0.6 0.12 0.13 0.17 0.14 0.19
0.5 0.13 0.14 0.24 0.16 0.26
log — norm(1)
0.4 0.14 0.16 0.26 0.18 0.31
0.2 0.15 0.18 0.29 0.22 0.38
0.6 0.21 0.41 0.27 0.32 0.46
0.5 0.23 0.56 0.35 0.55 0.59
U(0,1) ?
0.4 0.26 0.69 0.50 0.63 0.65
0.2 0.29 0.78 0.61 0.76 0.80
0.6 0.12 0.13 0.15 0.14 0.38
0.5 0.13 0.16 0.16 0.15 0.45
half — norm
0.4 0.16 0.17 0.18 0.16 0.52
0.2 0.18 0.19 0.19 0.20 0.68
0.6 0.12 0.13 0.14 0.12 0.12
P 0.5 0.14 0.15 0.15 0.13 0.13
log — logistic
0.4 0.16 0.17 0.16 0.14 0.15
0.2 0.20 0.21 0.18 0.16 0.18

For each alternative, the greatest powers are in bold.
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Table 7. Power comparison of the test statistics 7%, 7%, Dy, W2 and A2 for
a = 0.05 and n = 50

Distribution Jensoring rate () 571 Wﬁ ‘ng f;l ’IA";:Q
0.6 0.050 0.051 0.050 0.051 0.051
X 0.5 0.049 0.049 0.050 0.051 0.050
exponential(l)
0.4 0.05 0.05 0.051 0.049 0.049
0.2 0.051 0.050 0.049 0.051 0.050
0.6 0.14 0.16 0.30 0.12 0.15
.5 .16 .1 0.35 0.14 ). 1¢
Weibull(0.5) 05 016 018 ) 019
0.4 0.19 0.21 0.42 0.19 0.20
0.2 0.21 0.23 0.52 0.22 0.27
0.6 0.14 0.36 0.28 0.35 0.18
0.5 0.15 0.52 0.41 0.52 0.20
Gamma(0.5) > >
0.4 0.17 0.61 0.48 0.68 0.26
0.2 0.19 0.70 0.65 0.72 0.39
0.6 0.12 0.20 0.18 0.17 0.34
0.5 0.14 0.24 0.20 0.21 0.45
Weibull(2)
0.4 0.19 0.32 0.22 0.24 0.61
0.2 0.22 0.45 0.25 0.35 0.75
0.6 0.14 0.15 0.14 0.11 0.25
0.5 0.16 0.21 0.18 0.14 0.30
Gammal(2)
0.4 0.18 0.27 0.19 0.18 0.38
0.2 0.21 0.31 0.20 0.22 0.45
0.6 0.12 0.14 0.18 0.19 0.45
0.5 0.14 0.16 0.19 0.21 0.61
half — logistic N
0.4 0.17 0.19 0.22 0.24 0.73
0.2 0.20 0.23 0.27 0.28 0.85
0.6 0.13 0.14 0.18 0.15 0.23
0.5 0.14 0.16 0.25 0.18 0.30
log — norm(1)
0.4 0.18 0.19 0.29 0.20 0.41
0.2 0.19 0.20 0.33 0.24 0.49
0.6 0.23 0.42 0.29 0.35 0.49
0.5 0.24 0.45 0.38 0.48 0.61
U(0,1)
0.4 0.28 0.61 0.55 0.65 0.71
0.2 0.30 0.79 0.71 0.82 0.86
0.6 0.14 0.15 0.16 0.17 0.41
0.5 0.15 0.17 0.17 0.18 0.46
half — norm
0.4 0.17 0.18 0.19 0.19 0.58
0.2 0.19 0.21 0.21 0.22 0.73
0.6 0.13 0.16 0.17 0.13 0.14
P 0.5 0.16 0.17 0.18 0.14 0.17
log — logistic
0.4 0.18 0.18 0.19 0.16 0.18
0.2 0.22 0.23 0.20 0.18 0.20

For each alternative, the greatest powers are in bold.
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Table 8. Power comparison of the test statistics ﬁ’fl,

o = 0.05 and n = 100

T+

n

- =, ~
9y Dy, W7 and A7 for

Distribution Censoring rate () D, WTZL ‘Zi ’f;l T\;:Z
0.6 0.050 0.051 0.050 0.051 0.051
. 0.5 0.049 0.049 0.050 0.051 0.050
exponential(1l)
0.4 0.051 0.051 0.051 0.049  0.049
0.2 0.051 0.050 0.049 0.051 0.050
0.6 0.18 0.21 0.39 0.19 0.18
.5 0.2 ).45 0.55 .2 .22
Weibull(0.5) 05 028 045 028 0
0.4 0.42 0.53 0.67 0.35 0.35
0.2 0.56 0.65 0.72 0.41 0.42
0.6 0.18 0.52 0.47 0.55 0.19
0.5 0.21 0.65 0.51 0.67 0.22
Gamma(0.5) > >
0.4 0.25 0.81 0.58 0.83 0.28
0.2 0.29 0.85 0.70 0.87 0.42
0.6 0.14 0.28 0.21 0.19 0.52
0.5 0.16 0.31 0.23 0.25 0.75
W eibull(2) °
0.4 0.21 0.45 0.25 0.31 0.90
0.2 0.25 0.60 0.29 0.45 0.95
0.6 0.18 0.22 0.17 0.16 0.47
0.5 0.22 0.28 0.19 0.18 0.59
Gamma(2)
0.4 0.28 0.31 0.21 0.25 0.77
0.2 0.32 0.38 0.28 0.36 0.85
0.6 0.13 0.18 0.19 0.22 0.58
0.5 0.18 0.23 0.21 0.24 0.67
half — logistic ?
0.4 0.21 0.32 0.24 0.29 0.77
0.2 0.26 0.37 0.29 0.32 0.90
0.6 0.16 0.15 0.20 0.17 0.28
0.5 0.18 0.19 0.27 0.19 0.37
log — normal(1)
0.4 0.20 0.21 0.32 0.22 0.45
0.2 0.27 0.23 0.37 0.29 0.57
0.6 0.25 0.72 0.42 0.61 0.81
0.5 0.31 0.78 0.55 0.71 0.90
U(0,1) ; 2
0.4 0.45 0.85 0.62 0.82 0.97
0.2 0.55 0.94 0.7 0.88 1.00
0.6 0.16 0.17 0.19 0.18 0.51
0.5 0.17 0.18 0.21 0.22 0.74
half — normal
0.4 0.18 0.19 0.22 0.25 0.95
0.2 0.21 0.22 0.24 0.27 1.00
0.6 0.14 0.18 0.19 0.16 0.17
P 0.5 0.18 0.18 0.19 0.15 0.18
log — logistic
0.4 0.20 0.19 0.21 0.17 0.19
0.2 0.23 0.24 0.25 0.20 0.22

For each alternative, the greatest powers are in bold.
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Figure 1. Power values of the proposed tests with competing tests for alternative distribu-

tions, and censoring rates, 0.2, 0.4, 0.5, 0.6, and n = 30

Table 9. Survival times and Withdrawal times in months for 211 patients
(with number of ties given in parentheses)

Survivaltimes 0(3), 2, 3,4, 6,7(2), 8,9(2), 11(3), 12(3),

15(2), 16(3), 17(2), 18, 19(2), 20, 21, 22(2), 23, 24, 25(2), 26(3),
27(2), 28(2), 29(2), 30, 31, 32(3), 33(2), 34, 35, 36, 37(2), 38,
40, 41(2), 42(2), 43, 45(3), 46, 47(2), 48(2), 51, 53(2), 54(2),

57, 60, 61, 62(2), 67, 69, 87, 97(2), 100, 145, 158,
0(6), 1(5), 2(4), 3(3), 4, 6(5), 7(5), 8, 9(2), 10, 11,
12(3), 13(3), 14(2), 15(2), 16, 17(2), 18(2), 19(3), 21, 23, 25,
27, 28, 31, 32, 34, 35, 37, 38(4), 30(2), 44(3), 46,
47, 48, 49, 50, 53(2), 55, 56, 59, 61, 62, 65,
66(2), 72(2), 74, 78, 79, 81, 89, 93, 99, 102, 104(2),
106, 109, 119(2), 125, 127, 129, 131, 133(2), 135, 136(2), 138, 141,
142, 143, 144, 148, 160, 164(3).

Withdrawal times
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Figure 2. Power values of the proposed tests with competing tests for alternative distribu-
tions, and censoring rates, 0.2, 0.4, 0.5, 0.6, and n = 50

Table 10. Critical values, Test statistics and p-values of the proposed tests

Tests ﬁ’:l ﬁfg
Critical value | 9.47  -0.242
Test statistic 741  -0.516

p-value 0.345 0.751
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are randomly censored. We displayed that these tests are asymptotically
consistent. Using Monte Carlo simulations, we compare the power values
of our tests with the power values of the test statistics based on EDF. The
simulations study detected that the T\;Zz test performs well in competition
with the competitors for many alternatives and has higher power than the
other suggested tests.

Though this paper focused on the exponential distribution, we will extend
these tests to pdfs such as Weibull distribution, Normal distribution, and so
on.
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