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Abstract. The main aim of this paper is to investigate the identifiability of
Bayesian Gaussian regression model. The model is extensively implemented
in the various Bayesian modeling concepts such as model fitting and model
selection approaches. In accordance with the outcomes, the Bayesian Gaus-
sian model is identifiable when the model’s design matrix is full rank.

Keywords. Bayesian statistics; design matrix; Gaussian model; identifia-
bility; Posterior distribution.

MSC 2010: 62J05, 62J12.

1 Introduction

Identifiability is a well-known concept in the statistical modeling and infer-
ence. It is a basic precondition for inference. In the absence of identifiability,
statistical inference is practically meaningless(Tabrizi, et al. , 2020b). Martin
and Quintana (2002) proposed the identifiability property and proved that
the mathematical properties concerning the parameters estimators such as
consistency, are meaningless for unidentifiable models. Hence, it is required
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560 The Identifiability of Gaussian Models

to check the identifiability of the model before using any model fitting and
consequently model selection approach.

In the frequentist (non-Bayesian) statistics, the likelihood is applied to asses
the identifiability property. Several researchers concentrated on this con-
cept in their studies about different types of statistical models. For instance,
Christensen (2011) proved that the multiple linear regression is not identifi-
able when the rank of design matrix is less than the number of the available
covariates in the model. Bahrami Samani (2014) studied the identifiability
of the covariance components in a mixed model for the continuous and or-
dinal responses. Also, Miao et al. (2016) studied the effect of identifiability
in Gaussian, Gaussian mixture, and t mixture models under nonignorable
missing data. In addition, Yu and Dong (2020) proposed identifiability
conditions of the linear regression model for censored data. For more infor-
mation about the importance and usage of the identifiability in the studies
about statistical modeling in the various type of models, see Wang (2013),
De Leon and Chough (2013), Tabrizi, et al. (2020a) and their cited refer-
ences.

As mentioned, the likelihood of the statistical model is applied to asses the
identifiability in the frequentist statistics. In the Bayesian framework, prior
distributions are considered for the models parameters. Hence, they should
be considered and studied as random variables instead of the unknown con-
stant values. In this situation, there are various viewpoints. Lindley (1972)
stated that the posterior distribution is a suitable substitute for the likeli-
hood and it can be used to check the identifiability of model. Also, Gelfand
and Sahu (1999) believed that the priors on parameters can be ignored and
the likelihoods of the models are still working to check identifiability. Ad-
ditionally, Dawid (1979) practically stated an idea about when a model is
not identifiable based on conditional densities. In this paper, we follow the
idea of Lindley (1972) and consider the posterior distribution to asses the
identifiability of target model.

Bayesian Gaussian model for regression problems is the target model of this
paper. The model is widely applicable in many types of Bayesian modeling
approaches. For more information about the importance of Gaussian model
in the Bayesian framework, see Vehtari and Ojanen (2012), Piironen and
Vehtari (2017), Ghatari and Ganjali (2020) and their referred references. In
the Bayesian statistics, inference for the parameters is based on the posterior
distribution. Note that in any model selection method, a model is fitted for
each step. Hence, it is necessary to check the identifiability before using any
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method to fit or select models.

In this paper, to investigate the identifiability property for the Bayesian
Gaussian, we proceed to prove the property by considering suitable prior
distributions on the model parameters. In Section 2, the concept of identi-
fiability is reviewed. In Section 3, the formation of the Bayesian Gaussian
model is called as target model. In Section 4, the sufficient conditions for
identifiability of the target model and other obtained results are provided.

2 Identifiability

As was mentioned in Section 1, identifiability is about the model parameters
and it is not about the their estimators. Martin and Quintana (2002) defined
the model identifiability as follows:

Definition 1. Let a statistical model be defined by a family of distributions
for a random variable parameterized by the vector 6, Py , 8 € ©, where O is
the parameter space and Py denotes the distribution associated with 6. The
model is identifiable on © if Py, = Py, implies that 61 = 6, for all 61,60, € O.

Equivalently, a model is not identifiable if there is 6; # 60 such that
Py, = Pp,. It means there is no reliable way to have real values of pa-
rameters even if the number of observations tends to infinity. Also, Martin
and Quintana (2002) proposed that identifiability is a necessary condition
for the existence of an asymptotically unbiased and also consistent estima-
tors. Hence, statistical inference is pointless if the model is not identifiable
(Tabrizi, et al. , 2020a). According to the importance of identifiability in
inference, before fitting a statistical model in the statistics or any related
researches, it is required to check the presence of this property. As stated
in Section 1, we follow the stated idea of Lindley (1972) and consider the
posterior distributions to check the identifiability of target model. We de-
scribe the Bayesian form of Gaussian model as the target model of the study.

3 Bayesian Gaussian Model

In this section, we illustrate the details of the model containing the prior
distributions and hyper parameters.
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We consider Bayesian Gaussian model as following structure:
Y| X,B,0°~N (XB,0°I),
B o~ N(O,O’QI),

11
2
~Inv — G -2
o nv amma<2,2>,

(1)

where Y = (Y1, ...,Y,,) is a vector of independent and identically distributed
(7id) samples from the response variable, X, p is a matrix of observations
from P co-variates, Bpx1 is the regression coefficients vector and o2 is the
variance of Y; and ¢ = 1,...,n. This structure of Bayesian Gaussian model
studied detailed by Fahrmeir et al. (2009). Note that we consider the case
that the sample means of the columns of X and the vector of observed re-
sponse y are zero (and if not we can make it zero by a transformation). Hence,
the intercept is removed from 8 and it becomes 8 = (51,62, e ,ﬁp),. The
hyper-parameters for the prior distribution of o2 are suggested by Piironen
and Vehtari (2017).

As was mentioned is Section 1, we should consider the model parameters as
random variables. Now, let put only a prior distribution on 8 and do not
consider the randomness assumption about o2. Hence, there is no prior dis-
tribution for o2 in the structure of posterior density. But, ¢2 is an unknown
constant parameter and should be considered in the model. By using the
expressions, we can consider a special case of model (1) as

Y ’ X,B,O‘2 NN(X6702)7

2

ﬁ|02~N(O,U2I), @)
where ¢ is just an unknown parameter in the model and not considered as
a random variable.

4 Results

As mentioned in Section 1, the considered model is used in the Bayesian
model selection approaches. Actually, it has a certain usage in each step of
any selection method. In the concept of model selection, the main aim is
choosing the best model among all candidate models. Gaussian model is a
widely applicable procedure in the linear models context. It is necessary to
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check parameters identifiability, because the basic of most selection criteria
are based on the statistical inference. Therefore, if the model is unidenti-
fiable, the selection criteria become meaningless since the identifiability of
model is a necessary condition to fit or select model. Now, we prove the
identifiability of the Bayesian Gaussian model.

Theorem 1. Parameters of model (1) are identifiable if Rank(X) = P.

Proof. In model (1), assume that (Y — X3)"(Y — X3) = ||Y — XB||3 and
B8 = ||B]|3, hence the joint posterior density of (3,0?) becomes:

_n Y - X8B3 _E Bl3 -3 1
w51 x (08) F e (<5 ) (00 F e (<02 ) () Few (505

_n+tP43 Y — X312 241
 (7)~ 25 exp(_n P15 + 1913 + )

Now, if we put a = —M'TPH, then

In (r (8,02 Y,X)) < aln (62) — % (1Y —XBI3 + 1813 +1)

Therefore, for checking identifiability, we should consider
™ (6170'% |Y,X)=m (52705 |Y,X)=In(m (ﬂl,af |Y,X)) =In(m (52,05 |Y,X)), (3)

and show (ﬂl,a%) = (,BQ,U%). For this purpose, according to (3),

1 1
aln (of) — 507 (HY —XBil3 + 1813 + 1) =aln(03) — 507 (IIY —XB2|13 + 18213 + 1) Y

Since Y € R" is a random variable and X3; € R", therefore we can put
Y =X in (4). Hence,

1
aln (o) = 5z (1Bl +1) = aln (03) — 525 (IXBy = Xall3 + B3 +1) - (5)
Similarly, we can put Y = X52. Hence,
1 1
aln (o) = 5.5 (X8 = XBall3 + 18+ 1) = aln (03) - o5 (Bl +1) - (6)
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By subtracting (5) from (6),

< LI 1) IX5, — XBs|2 = 0.

2 2
207 205

Then,
IXB1 = XBal3 =0,

and thus we can conclude that,

XB1 = XpBs.

Therefore, X1 = Xf33. Since (X'X) is invertible, we obtain that 81 = [35.
Now, for o2, we use the knowledge about 51 = 2. We have:

In (7 (B1,01 | Y, X)) =In (7 (81,05 | Y,X)). (7)
Hence,

1 1
aln (03) = = (IY = X3 + 18113 +1) =aln (0F) — — (IY = XBiIZ + 18113 +1) . )
2 202

2
o7 g

Assuming b= ||[Y — X815 + |85 + 1 in (8),

b b
2 _ 2
aln (01)—Tt%—aln(02)—r‘%. (9)
By using a logarithmic transformation,
1 2 2
In n<0§) +In <";> —0. (10)
In (02) o5

Now, let 0 > 1, hence, there are three cases. 02 > 03, 0% < 03 or 0% = 03.

For the first case, if o3 > o5 > 1, then

n(of) | 1n<"%> >0

In (0’%) o3
Consequently,
n(of) . of
ln ln (0’%) +l 0_73 > 0
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and it is a contradiction.
Similarly, for the second one, if 02 > 02 > 1, then

2 2
ml“(";) <0,mZ <o
In (02) o5
Therefore,
n(of)  of
1 In —
") o3 T

and it is a contradiction too. Hence, we conclude that a% = a% > 1. On
the other hand, let 02 < 1, we obtain the same results for the three afore-

mentioned cases and we imply thT o} = o5 < 1. Therefore, we derive
that 0 = 03. Thus, the parameters identifiability of the Gaussian model is
shown. O

Theorem 1 proved the identifiability property for a general form of Bayesian
Gaussian model. If we consider model (2), then o2 is just an unknown con-
stant parameter in the model and we only have the assumption of randomness
and prior distribution for § in the Bayesian Gaussian model. In continue,
we prove that model (2) has the identifiability property as the special case
of model (1).

Corollary 1. Parameters of model (2) are identifiable if Rank(X) = P.

Proof. For model (2), the posterior density of 5 become as
-3 Y — X313 _r 2
rEvxe) (o) e (-ESRER) () e (-72)

. (_ 1Y - X3 + Hﬂll%) |

202

o (o)

To check identifiability we have
In (7r (51 | Y,X,o%)) =In (7T (,82 | Y,X,O’%)) .

Similar to the proof of Theorem 1, by putting Y = X1, Y = X3 and using
the fact that (X’X) is invertible, it is concluded that 81 = 3. Also, for o2,
we obtain (10). Hence, 0% = o3. O

Corollary 1 implies the Gaussian model still has identifiability property
even when there is no assumption about randomness of o2. Now, we want to
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illustrate that the identifiability of Gaussian model in frequentist viewpoint
can be concluded as a special case of model (1).

Kass and Raftery (1995) explained that if we consider flat priors on the
model parameters, the inference based on the posterior distribution is equiv-
alent with results via the likelihood. Now, if we put m(0?) = 7(8) = 1, the
posterior density of Gaussian model becomes:

P (.001¥.X) () Fesp (1Y XOIE),

202

and it means that the posterior is equivalent with the likelihood of the ob-
servation. Also, similar to Theorem 1 and Corollary 1, it can be easily shown
that the identifiability property is still established even if 7(c?) = 7(8) = 1.
Therefore, we can derive that the frequentist form of Gaussian model has
the identifiability property.

Conclusion

Identifiability is an essential prerequisite in statistical inference. Statistical
estimation and inference are very challenging in the lack of identifiability. In
this paper, some necessary conditions for identifiability in Bayesian Gaus-
sian model and its special cases have been proposed. In Theorem 4.1 and
Corollary 4.2, it is proved and elaborated that having full rank design matrix
is a vital condition for identifiability. We hope that the methods used here
to prove Theorem 4.1 and Corollary 4.2 will shed light on the identifiability
problem of the other Bayesian statistical models. For the future studies,
assessing the identifiability of the generalized linear models in a Bayesian
framework is suggested.
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