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Abstract. In this paper, we introduce the first-order non-negative integer-
valued autoregressive (INAR(1)) process with Poisson-Lindley innovations
based on a new thinning operator called power series thinning operator.
Some statistical properties of process are given. The unknown parameters
of the model are estimated by three methods; the conditional least squares,
Yule-Walker and conditional maximum likelihood. Then, the performance of
these estimators are evaluated using simulation study. Three special cases of
model are investigated in some detail. Finally, the model is applied to four
real data sets, such as the annual number of earthquakes, the monthly num-
ber of measles cases, the numbers of sudden death series and weekly counts of
the incidence of acute febrile muco-cutaneous lymph node syndrome. Then
we show the potentiality of the model.
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1 Introduction

Sometimes, time series in practice have a discrete nature, such as the number
of daily accident on the roads, the number of reserved rooms at a hotel for
several days, the number of accidents on a freeway every day, the number
of chromosomes interchanges in cells, the number foggy days, the number
of bases of DNA sequences, and so on. Count time series are the common
type of discrete-valued time series, therefore, the study and analysis of count
time series is important and motivates a novel research branch with many
practical applications.

One important characteristic of the count time series is the overdisper-
sion property. Until now, for modeling this type of time series, many models
have been proposed by various researchers.  Risti¢ et al. (2009) intro-
duced an INAR(1) process based on the negative binomial thinning operator.
Aghababaei Jazi et al. (2012) proposed the INAR(1) process with geometric
innovations based on the binomial thinning operator. The INAR(1) process
with compound-Poisson innovations based on the binomial thinning operator
is introduced by Schweer and Weifl (2014). Bourguignon and Vasconcellos
(2015) proposed an INAR(1) process with power series innovations based on
the binomial thinning operator. Mohammadpour et al. (2018) discussed
an INAR(1) process with Poisson-Lindley marginals based on the binomial
thinning operator.Livio et al. (2018) considered the INAR(1) model with
Poisson-Lindley innovations based on the binomial thinning operator.

Count data with overdispersion are very frequent in biological, medical
sciences, ecology and genetics. For example, the annual number of mothers of
the rural area having at least one live birth and one neonatal death, the daily
number of hospitalized patients in a hospital, the monthly number of polio
cases. Given that, the Poisson-Lindley distribution has many applications
in these sciences, therefore, the main idea of this paper is to introduce a
INAR(1) process based on this distribution for modeling this type of data.

In this paper, we propose a stationary INAR(1) process with Poisson-
Lindley innovations based on the power series thinning operator. In this
model, we use the power series thinning operator, which contains, as par-
ticular cases, several important and public operators, such as the binomial,
negative binomial, Poisson thinning operators. Advantages of the new pro-
cess are these: (i) this process is appropriate for modeling overdispersed
count time series and contains the INARPL(1) model Livio et al. (2018) as
a particular case, (ii) in this process, we use of innovations that come from

© 2019, SRTC Iran



E. Mahmoudi, A. Rostami and R. Roozegar 289

the Poisson-Lindley distribution that is unimodality, overdispersion, infinite
divisibility.

The paper is outlined as follows. In Section 2, we define the power series
thinning operator and its properties. In Section 3, we introduce a new sta-
tionary first-order integer-valued autoregressive process with Poisson-Lindley
innovations based on the power series thinning operator. Some statistical
properties of the new process are outlined in this section. Estimation meth-
ods for the model parameters are proposed in Section 4. In Section 5, three
special cases of the proposed model are studied. Monte Carlo simulation
studies is presented to compare the behaviors of the estimators in Section 6.
In Section 7, we provide applications to four real data sets and discuss the
obtained results. Finally, Section 8 concludes the paper.

2 The Power Series Thinning Operator

In this section, we introduce the power series (PS) thinning operator. There-
fore, we first review the PS family of distributions and focus on some prop-
erties of this family. The random variable Y with probability mass function

PY =y) = aéy()ﬁﬁ)y

has PS distribution with range T, where T is a subset of the non-negative
integer numbers and C(8) = Y, a(y)BY is finite for all 5 € (0,t), a(y) > 0.
This family of distributions includes some well-known distributions, such as
Bernoulli, binomial, Poisson, geometric, negative binomial and logarithmic
distribution.

The expectation, variance and probability generating function (pgf) of Y
are given, respectively, by

yeT, (1)

E(Y) = BG(B),
Var(Y) = BG (B)+52G"(B),
ot = S,

where G(8) = log C(8), G'(8) = {5G(8) and G" () = {5 G(8).

In the next Proposition, we prove the PS family of distribution are closed
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relative to sums of independent variables.

Proposition 1. Suppose that Y7, Ys, ..., Y, is a sequence of independent and
identically distributed (i.i.d) PS random variables, relative to the function
C and with parameter value g € (0,t). Then Y; + Y2 + ... + Y}, has the PS
distribution relative to the function C™ and with parameter 5.

Proof. For proof, we use of pgf of the sums of independent variables.

PYi+Yat.+Ya (8) = 01 (8)py ()., ()
C(sB) C(sB) C(sp)

= ¢ ) o)

C(s6)., ¢
C(ﬁ))’ 5< —.

Definition 1. (PS thinning operator)
Let X be a non-negative integer-valued random variable and o > 0. The
PS thinning operator, denoted by aops, is defined by

X

aops X = Z Y, (2)

=1

where counting series {Y;} is a sequence of independent and identically dis-
tributed PS random variables with the mean « and the variance §, mutually
independent of X. Note that for X = 0, the empty sum is defined as 0.

Table 1 presents the parameter 3, ¢ and functions C(sf8) and a(y) cor-
responding to some special cases of the PS family of distribution with mean
a. Note that, the logarithmic series distribution is not considered in the
paper, because the parameter § in this distribution does not have an explicit
expression.

Remark 1. Special cases of the PS thinning operator are:

(i) If 8 = 2 and C(B) = 2= then the PS thinning operator becomes the

—Q

binomial thinning operator proposed by Steutel and van Harn (1979).

(i) If 8 = 25 and C(B) = 1+« then the PS thinning operator becomes the
negative binomial thinning operator proposed by Ristié¢ et al. (2009).
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Table 1. Some special cases of the PS family.

Distribution B8 0 c(B) C(sB) a(y) T t
Bernoulli = a(l—a) ﬁ % 1 {0,1} 00
— = T—oyos
Binomial ﬁ na(l — &) (ﬁ)" ( 1"_%” " (Z) {0,1,2,...,n} oo
Poisson @ @ e e ES {0,1,...} 00
Y-
Geometric H% o(l+a) 1+« 1+1(jf‘as 1 {0,1,...} 1
X K . a(r+a) + + I(rty)
Negative Binomial ~ -2~ — (=) (Fasss)" N G) {0,1,...} 1

(iii) If 8 = a and C(5) = e“ then the PS thinning operator becomes the
Poisson thinning operator proposed by Ferland et al. (2006).

From Proposition 1 and Definition 1, we have that, for a given random
variable X, aopsX in (2) has a PS distribution relative to the function CX
and with parameter . This implies that the pgf of ao,s X|X is given as

C(sp t
Canix(s) = (GIDS s<
Remark 2. (i) If 8 = {2 and C(B8) = X, then a0, X|X has a bi-

nomial distribution with parameters X and «, its probability mass
function (pmf) is P(aops X = m|X) = (fi)am(l —a)X—m,

(i) If 8 = %5 and C(B) = 1 + «, then aops X|X has a negative bino-
1

mial distribution with parameters X and 1,
X m
_ (X4+m-1\(_1
mlX) = (N () (w85)
(iii) If 8 = aand C(B) = e, then cops X| X has a Poisson distribution with

efozX (aX)m
m!

its pmf is P(aops X =

parameters oX, its pmf is P(aops X = m|X) =
(iv) If B8 = 2z and C(B) = (L), then aopX|X has a binomial dis-
tribution with parameters nX and «, its pmf is P(aops X = m|X) =

("X)am(1 — q)nX-m.

(v) If B = =2 and C(B) = (“£2)", then ao,sX|X has a negative bino-

r+o r
mial distribution with parameters rX and 14%1

miX) = (%0 ()™ ()™
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Proposition 1. The PS thinning operator has the following properties:

(i) E(aopsX|X)=aX
(ii) Var(aopsX|X)=06X
(ili) E(aopsX) = aE(X)
(iv) Var(aopsX) = a?Var(X) + 0E(X)
Proof. (i)
E(aops X|X) :‘P;opsmx(s)’s:l
:i(C(Sﬂ))X| = XBCI(SB)(C(S,B))X,” _
ds'C(B)’ "=~ cpE) ol T
_XBC'(B) (CO) x-1 _ XBC'(B)
cB) ~CB) C(B)
=XBG (B) = XE(Y) = Xa
(i)

Var(aops X|X) =F((aops X)?|X) — E*(ops X|X)
=Paoy.x|x (o=t + B0y X|X) = (a0, X[ X)

D xR
_ (XX —DBC2(sB) O(sB)\x
C2(B) c(B)
X52CN(55) C(sB)\x_1 2 12
_X(X - 1)B*C7(sp) + XB*C(B)C (sB)
C2(B)

+XE®Y) - X2E*(Y)
_X2BC(B) ar(y) — BCBICB)
I A R e I

+XE(Y) - X2E*(Y)
=X’E*(Y) 4+ XVar(Y) — X?E*(Y) = XVar(Y) = X6.
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(iii)
E(aops X) = E(E(00ps X|X)) = E(aX) = aB(X).

Var(aopsX) =Var(E(aops X|X)) + E(Var(aop X|X))
=Var(aX)+ E(6X) = o*Var(X) + §B(X).

3 Construction of the Model

In this section, we introduce a stationary INAR(1) process generated by the
PS thinning operator with Poisson-Lindley (PL) innovations (PSINARPL(1)).
First, we give a brief peruse of the PL distribution.

A random variable W is said to have a PL distribution with parameter
0 if its pmf is of the form

0% (w + 60 + 2
P(W_w)_((@—i—l)w“’)’

w=0,1,2,... 0>0,
which was introduced firstly by Sankaran Sankaran (1970). The mean and
variance of W are given by

0+ 2 0% +46% + 660 + 2

E(W) = TGRSk Var(W) = 2O+ 1)?

The dispersion index is given by

_0°+467 + 60 + 2
Y03 +302 426

> 1,

that is, the PL distribution is overdispersion. The pgf and moment generat-
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Figure 1. Probability mass function of PL distribution for different values 6.

ing function (mgf) are

owls) = =il

1460 |[(1+60—5)2 (1+6—23)
0* 1 1
Muw(s) = 1446 [(1—!—9—65)2—'_(1—1-9—63)]

Figure 1 shows the pmf of the PL distribution for different values 6.

Definition 2. (PSINARPL(1) process) The PSINARPL(1) model is defined
as
Xt == OéOstt_1 + Wt, t 2 1, (3)

where o € [0, 1) and W’s are independent and identically distributed random
variables from PL distribution that are independent from Y;’s and X;_; for
[ >1.
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3.1 Statistical Properties of the Model

The mean, variance and index of dispersion of X; are given, respectively, by

0+2
EX) = sgrna—a)
B 5(6+2) 03 + 462 + 66 + 2
VarX) = g4 na-a)i-od " 20+ 120 a2
e 0(0 4+ 1)(0 +2)6 + (1 — a) (6 + 462 + 66 + 2)
e T (0 +1)(6 +2)(1 — a2) '

Since Iy, > 1, thus, the PSINARPL(1) process is overdispersion. The con-
ditional pgf of X; given X;_; becomes

C(sﬁ))xt_l( 62 1 1

Pxix- (8) = (g 10l aro—s2  aro—9

The autocovariance and autocorrelation functions for model (2) are, re-
spectively

k
Ve = Cov(Xi—p, Xy) = oy, P = Te _ L0 _ ok,

Yo Y0

According to Al-Osh and Alzaid (1987) and Theorem 2.1 from Du and Li
(1991), the process X satisfying (3) is second-order stationary if 0 < o < 1.
In the case of @ = 1 the process is non-stationary, because in this case the
mean and variance of X; are not defined.

The conditional mean and conditional variance of the proposed model
are obtained as follows

E(Xt—&-l‘Xt) = aXy + fhy, VCL?“(XH_l‘Xt) =0X; + 01207
where E(W;) = i,y and Var(W;) = o2,

Theorem 1. The k-step ahead conditional mean and variance the PSI-
NARPL(1) model are given by

k

B(Xi k] Xt) = o* Xi + puuy Z a7t (4)
i=1
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296 A New Integer-Valued AR(1) Process

k 2k—1
Var(Xex| X)) = o®* X2 + (02 + 12) Z ®72 4 (200t + 0) (X Z ot
=1 i=k
k—1 2j
RO
=0 i=j
k: .
- (akXt+uwZal_1)2, k> 2.
=1

(5)

respectively.

Proof. For the first part since

E(Xt11|Xy) = E(aops Xt + Wi Xy) = E(aops Xi| Xi) + E(Wii1)
- CMXt + Huw,

and

E(Xi2|Xt) = E(00ps X1 + Wiga| Xy) = E(E(opsXit1|Xe41)| Xe) + flw
= E(aXi|Xe) + pu
= aB(Xi|Xe) + pw
= X+ (14 @)ptu,

hence by induction, we have

k

E(XerlX1) = of Xyt pw ) o'l
=1

For the proof of the second part, we use the definition of the conditional
variance

Var(Xenl Xe) = B(X2 11 X1) — B*( X1k Xe), (6)
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. . 2 .
now we obtain an expression for F (X7, ,|X;), since

E(XP|X) = E((aopsXy)?|Xy) + E(Wh,) 4+ 2E(Wi 1) E(00ps X¢| Xy)
0X; + o’ X2+ 02 + 12 + 2001, X1,

and

E(X{0o|Xi) = E((00psXi11)*[Xe) + E(W5) + 2E(Wipa) E(a0ps Xy 111 X1)
= EB(B(aopsX41)*Xe41)| X)) + 0f, +
+  2uuw E(E(aops Xer1]| Xi41)| Xt)
= E(0Xen1 + X7 X0) + o, + i, + 2p0 B(a X Xo)
= *X7+ (02 + 121+ a?) + 2oy + 6)((a+ a?) Xt + ).

hence
k ' 2k—1 '
B(XP 4 Xe) = X7 + (00, + p2) > 0”72 4 (20 + 6)(X; Y o'
i=1 i=k 7
k-1 2 (7)
+ (Y )al), k> 2.

§=0 i=j

Thus, the k-step ahead conditional variance is achieved with replacing (4)

and (7) in Equation (6). O
Note that
lim E(XeilXy) = 2
k—o00 1—a’
on + iy | (pwe+)p e
lim Var(Xe|Xy) = Zetu w w e
Jm Var(Xeir X2) 1~ " I—ad)(i-a) (1-a7
8ty s,

(1—04)(1—@2)+1—a2

which are the unconditional mean and variance of the process.
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The transition probabilities of the model are given by

.Plk = P(Xt = k|Xt_1 = l) = P(OéOstt_l + Wt = ]{?|Xt_1 = l)
= Y P(aopsXi 1 =m|X;, 1 =)P(Wy =k —m).

If 7 =1{0,1,---,1} for fixed | € Z* then 0 < m <[ and k —m > 0 implies
0 < m < min(l, k), so we have

min(l,k) 2
0°((k—m)+60+2
Py, = Z P(aops Xi—1 =m|Xy1 =1) [ (((9 i 1)3@—m+3 )1{071,-~~}(k - m)] :
m=0

If7T=40,1,2,---}thenm >0and k —m>0= 0<m <k, so

k
2(k—m+60+2

P = Z P(aops Xi—1 = m|X;—1 =1) [ ((9 F1)Emts )—7{0,1,...}(79 - m)]

m=0

2
<I(1#0) + [‘quymw)} (0 =0).

Where P(aops Xi—1 = m|X;—1 =1) is given in Remark 2.

4 Estimation of the Unknown Parameters

In this section, we derive the estimators of the unknown parameters using the
Yule-Walker, conditional least squares and conditional maximum likelihood
methods. Note that, for obtain the estimator of 0, we use the auxiliary
parameter u. Let X1,..., X7,T € N be a random sample of size T from the
PSINARPL(1) process.

4.1 The Conditional Least Squares (CLS) Method

The CLS estimators of the parameters « and p for the PSINARPL(1) model
is obtained by minimizing the following function:

T T

Snla, p) =Y (Xi — B(Xi|X;1))? =) (Xi —aXiq — (1—a)p)?,
=2 =2
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where p = E(X;). Thus, the conditional least squares estimator of o and p
are given as follow,

(T - 1) 23:2 X X1 — 25:2 Xi 23:2 X1
T T 2
(T - 1) Zt:Q Xt2—1 - (Zt:Q Xt—l)
S, Xy — dors Yo Xio1
(1 —aops) (T — 1)

Also, the estimator for 6 is obtained by solving the equation

acrs =

ficLs =

0+ 2
9—{—1)(1 _@CLS)'

HCLS = 9(

So, é(;LS is given by

(1— (1= acrs)icrs) + /(1 — acrs)icrs —1)? +8(1 — ders)ficLs
2(1 — &ers)pcLs

Ocrs =

Theorem 2. The estimators &cors and éCLS are strongly consistent for
estimating o and 0, respectively, and satisfy the asymptotic normality

acrs — o d
R —4 N 2 8
V(5T e) < (0.2a). (s)
where
A 11 12 7
o1 T22
and

c = 0%(0+1)%[(p2— )07 + 40 +2)] 7",

(92 + 46 + 2)2 2 2
ryg = W[@MS + p20iy) — 1 (Sp2 + proyy)

1 (pn (Spa + o) — (Spz + paoiy))],
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(6% 4460 + 2)
02(0 +1)2

+pipe(Bpr + ofy) — pi(Spe + pogy)],

T2 = T91 = (1 (O3 + Ul%vﬂz) — pa(dps + MIUI2/V)

roe = pi(Sus + ofype) — 2p1pa(Spe + paoiy) + ps (S + ofy),
B(XI)=p,, r=123

Proof. The proof is similar to proof of Theorem 3.1 of Livio et al. (2018),
using this fact that in the proof we will consider fy;_y = 0.X; + o%,. So the
proof is omitted. ]

4.2 The Yule-Walker (YW) Method

Since p = E(X;) and o = %, then in model refdefn2.2, the YW estimators

of o and p are obtained as follows
1 T
pyw = Xp = T;Xt’

F ) _ S (X — X)) (X1 — Xy)
A0 S (X — Xy)?

The YW estimator of @ is given by

by — (1= (1= éayw)ivw) + /(1 = ayw)iyw — 1)2 4+ 8(1 — dyw ) fiyw
2(1 — ayw)fyw ‘

4.3 The Conditional Maximum Likelihood (CML) Method

The ML estimators of a and 6 are obtained by maximizing the likelihood
function

L0, alx) = f(z1,....zp) = f(@1) f(z2]z1)...f(zn|Tn-1).

In general case, obtaining the marginal distribution of X is hard, therefore,

a simple method is to condition on X;7. Thus, we use the CML method.
The CML estimators of a and 6 in the model are obtained by maximizes

the conditional log-likelihood function. The CML estimators no closed form,
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so, in practice, these estimators are obtained using numerical methods.

5 Special Sases of the PSINARPL(1) Process

In this section, we consider three special cases of the PSINARPL(1) process
and studied some properties of the models.

5.1 INARPL(1) Process Based on the Binomial Thinning
Operator

If 8= 12 and C(B) = 1=, X; is the stationary INARPL(1) process based

on the binomial thinning operator introduced by Livio et al. (2018).

The mean and the variance of X; are given by

0+ 2
E(X;) =
(Xt) 060 +1)(1—a)
3 2
Var(X) — a(f +2) 0% + 46 + 60 + 2

0+ 1)(1—a?) "0+ 12(1—a?)

The conditional expectation and variance of X; are

0+2
E(X; 1| X) = aXe+ ———
( t+1\ t) e} t+0(9+1),
03 + 462 + 60 + 2
Var(Xi11Xy) = a(l— o)Xy +

62(6 + 1)2
The transition probabilities of the BINARPL(1) model are given by
min(l,k)

2((k—m
o O L e e R

m=0

5.2 INARPL(1) Based on the Negative Binomial Thinning
Operator

If 8 = 15 and C(B) = 1+a, X; is the stationary INARPL(1) process based
on the negative binomial thinning operator.

J. Statist. Res. Iran 16 (2019): 287-317
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The mean and the variance of X; are given by

0+ 2
FE(X =
(%) 90 +1)(1—a)’
3 2
Var(X) — a0 +2) 0% + 462 4 660 + 2

00 +1)(1— )2  62(0+1)%2(1 —a?)

The conditional expectation and variance of X; are

0+ 2
E(Xi1]X)) = aXi+ —— vt
(Xe+1]Xt) a t+0(9+1),

03 + 462 + 66 + 2

Var(X1|X) = a(l+a)X, + 20 100+

62(0 + 1)2

The transition probabilities of the NBINARPL(1) model are given by

k ! m 2
B l+m—1 1 o 02(k —m+ 0+ 2)
Pi=) ( m > <1+a> <1+a> [ (6 + 1)k—m+3 Loy (k= m)

m=0
2
x I(1 £ 0) + [WI{O,LW}(M] (0 =0).

5.3 INARPL(1) Based on the Poisson Thinning Operator

If 6 =aand C(8) = e%, X; is the stationary INARPL(1) process based on
the Poisson thinning operator.

The mean and variance of X; are

0+ 2
E(Xy) =
(Xt) 60 +1)(1— )’
3 2
Var(X) a0 +2) 0% + 462 + 60 + 2

000+ 1)(1 —a)(l—a?) ' 02(0+ 1)2(1 — a2)’

The conditional expectation and variance § = « are given by

0+2
E(Xi1|Xy) = aXi+———
( t+1| t) « t+9(0+1)’
03 + 462 + 66 + 2
VCLT(XtJrl’Xt) == OéXt + 92(9 T 1)2
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Also, the transition probabilities of the PINARPL(1) model are given by

e~ al)™ [6%(k —m + 0+ 2)
Py = - [ (@5 1)Fmi3 Lo,y (k= m)]

m=0

2
«rlt 20+ | “ S D00 =0

6 Some Numerical Results

In this section, for each three models, BINARPL(1), NBINARPL(1) and
PINARPL(1), we produce 1000 samples of size T = 100, 200 and 300 and
obtain the estimates of the parameters using three methods presented in sec-
tion 4, then, we compare the performance of the estimators.

Tables 2, 3 and 4 present the empirical mean (EM), bias and root mean
square error (RMSE) of the estimates of the parameters in each three pro-
posed models. As we can see from those tables, the estimators converge to
the true value and the RMSE decrease as the size of the sample increases.
In two models, BINARPL(1) and NBINARPL(1), the RMSE of the CML
estimators are less than the others. In the PINARPL(1) model, RMSE of
the CLS and YW estimators of « are less than the CML estimator while the
CML estimator of # have the smallest RMSE than the others.

7 Real Data Examples

In this section, we fit PSINARPL(1) model to four real data sets and show
the usefulness of the model. For this purpose, we compare the BINARPL(1),
NBINARPL(1), PINARPL(1) models with the INARP(1) (INAR(1) with
Poisson innovations based on the binomial thinning operator) proposed by
Al-Osh and Alzaid (1987) and INARG(1) (INAR(1) with geometric inno-
vations based on the binomial thinning operator) proposed by Aghababaei
Jazi et al. (2012) models.

7.1 The Number of Earthquakes Magnitude 7.0 or Greater

The first example assumes the number of earthquakes magnitude 7.0 or
greater, annually from 1900-1998 in the world. The sample path, autocor-
relation and partial autocorrelation functions of series are shown in Figure
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Table 2. Empirical means, bias and root mean squared errors of the estimates of o and 6 for
BINARPL(1).

Sample size apcrs  Opcrs  dmyw  Opyw  apcmr  Opomr
True value « = 0.2 and 6 = 0.6
T=100
EM 0.1704 0.5826 0.1687 0.5877 0.2040 0.6099
Bias -0.0295 -0.0174  -0.0313  -0.0122 0.0040 0.0099
RMSE 0.1017 0.0802 0.1013 0.0799 0.0582 0.0692
T=200
EM 0.1853 0.5888 0.1845 0.5915 0.1994 0.6026
Bias -0.0146 -0.0111  -0.0155  -0.0085 -0.0006 0.0026
RMSE 0.0739 0.0591 0.0738 0.0590 0.0415 0.0474
T=300
EM 0.1831 0.5867 0.1825 0.5884 0.2011 0.6047
Bias -0.0169 -0.0133  -0.0175  -0.0116 0.0011 0.0047
RMSE 0.0596 0.0473 0.0596 0.0470 0.0361 0.0403
True value « = 0.5 and 6 = 1
T=100
EM 0.4483 0.9227 0.4435 0.9308 0.4980 1.0077
Bias -0.0517 -0.0772  -0.0565  -0.0692 -0.0020 0.0077
RMSE 0.1089 0.1732 0.1106 0.1713 0.0542 0.1349
T=200
EM 0.4591 0.9270 0.4570 0.9312 0.4999 1.0138
Bias -0.0409 -0.0730  -0.0430  -0.0687 -0.0001 0.0138
RMSE 0.0779 0.1315 0.0789 0.1300 0.0395 0.0949
T=300
EM 0.4629 0.9259 0.4612 0.9284 0.5010 1.0077
Bias -0.0371 -0.0741  -0.0388  -0.0716 0.0010 0.0077
RMSE 0.0674 0.1178 0.0683 0.1165 0.0313 0.0799
True value a = 0.9 and 6 = 2
T=100
EM 0.8603 1.7063 0.8504 1.7235 0.8974 2.0404
Bias -0.0397 -0.2937  -0.0495  -0.2764 -0.0026 0.0404
RMSE 0.0664 0.6176 0.0728 0.6245 0.0174 0.3322
T=200
EM 0.8793 1.8186 0.8743 1.8230 0.8992 2.0273
Bias -0.0207 -0.1814  -0.0257  -0.1770 -0.0008 0.0273
RMSE 0.0421 0.5074 0.0450 0.5118 0.0113 0.2319
T=300
EM 0.8853 1.8613 0.8821 1.8657 0.8995 2.0232
Bias -0.0147 -0.1387  -0.0178  -0.1342 -0.0005 0.0232
RMSE 0.0314 0.4179 0.0330 0.4143 0.0095 0.1902
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Table 3. Empirical means, bias and root mean squared errors of the estimates of o and 6 for

NBINARPL(1).
Sample size anpers Onpors  anpyw  Onpyw  anpemr  Onsowmr
True value « = 0.2 and 6 = 0.6
T=100
EM 0.1718 0.5839 0.1702 0.5892 0.1993 0.6084
Bias -0.0282 -0.0160 -0.0298 -0.0108 -0.0007 0.0084
RMSE 0.1072 0.0831 0.1065 0.0829 0.0761 0.0778
T=200
EM 0.1840 0.5875 0.1832 0.5902 0.2019 0.6056
Bias -0.0160 -0.0124 -0.0168 -0.0098 0.0019 0.0056
RMSE 0.07567 0.0610 0.0757 0.0609 0.0535 0.0546
T=300
EM 0.1832 0.5847 0.1826 0.5864 0.2017 0.6051
Bias -0.0168 -0.0153 -0.0174 -0.0135 0.0017 0.0051
RMSE 0.0620 0.0482 0.0620 0.0478 0.0446 0.0427
True value «=0.5 and 0 = 1
T=100
EM 0.4359 0.8859 0.4314 0.8936 0.4793 1.0103
Bias -0.0641 -0.1141 -0.0686 -0.1064 -0.0207 0.0103
RMSE 0.1216 0.1823 0.1234 0.1785 0.0944 0.1765
T=200
EM 0.4504 0.9022 0.4480 0.9059 0.4953 1.0077
Bias -0.0496 -0.0978 -0.0520 -0.0941 -0.0047 0.0077
RMSE 0.0899 0.1485 0.0910 0.1464 0.0641 0.1203
T=300
EM 0.4584 0.9072 0.4567 0.9096 0.4922 1.0026
Bias -0.0416 -0.0927 -0.0433 -0.0904 -0.0078 0.0026
RMSE 0.0749 0.1312 0.0757 0.1297 0.0541 0.1021
True value « = 0.9 and 6 = 2
T=100
EM 0.8047 1.3007 0.7935 1.2959 0.8520 1.9061
Bias -0.0953 -0.6993 -0.1065 -0.7041 -0.0480 -0.0939
RMSE 0.1343 0.8027 0.1418 0.7972 0.0912 0.5500
T=200
EM 0.8481 1.4356 0.8422 1.4312 0.8803 1.9568
Bias -0.0519 -0.5644 -0.0578 -0.5687 -0.0197 -0.0432
RMSE 0.0788 0.6743 0.0824 0.6719 0.0488 0.3871
T=300
EM 0.8604 1.4857 0.8571 1.4904 0.8832 1.9543
Bias -0.0396 -0.5143 -0.0430 -0.5096 -0.0168 -0.0457
RMSE 0.0620 0.6030 0.0646 0.6039 0.0391 0.3173
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Table 4. Empirical means, bias and root mean squared errors of the estimates of o and 6 for
PINARPL(1).

apomr  YpomL

0.1312 0.6324
-0.0688 0.0324
0.0962 0.0774

0.1271 0.6239
-0.0729 0.0239
0.0863 0.0551

0.1267 0.6227
-0.0733 0.0227
0.0819 0.0456

0.4424 1.0785
-0.0576 0.0785
0.1012 0.1887

0.4498 1.0761
-0.0502 0.0761
0.0783 0.1387

0.4504 1.0726
-0.0496 0.0726
0.0700 0.1193

Sample size &pcrs
True value o = 0.2 and 6 = 0.6
T=100
EM 0.1725
Bias -0.0275
RMSE 0.1044
T=200
EM 0.1821
Bias -0.0179
RMSE 0.0756
T=300
EM 0.1867
Bias -0.0132
RMSE 0.0607
True value « = 0.5 and 6 =1
T=100
EM 0.4426
Bias -0.0573
RMSE 0.1175
T=200
EM 0.4588
Bias -0.0412
RMSE 0.0844
T=300
EM 0.4595
Bias -0.0405
RMSE 0.0729
True value a = 0.9 and 6 = 2
T=100
EM 0.8289
Bias -0.0711
RMSE 0.1050
T=200
EM 0.8572
Bias -0.0428
RMSE 0.0659
T=300
EM 0.8683
Bias -0.0317
RMSE 0.0505

0.6528 2.4360
-0.2472 0.4360
0.9387 1.3185

0.7295 2.4420
-0.1705 0.4420
0.2041 0.5434

0.7427 2.4417
-0.1573 0.4417
0.1818 0.5047
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2. Due to the Figure 2, one can realize that an INAR(1) process may be
appropriate for modeling this data set because exists a cut-off after lag 1 in
the sample partial autocorrelation. The sample mean, variance and disper-
sion index are respectively, 20.02, 52.75 and 2.63. The value of dispersion
index shows that the data series is overdispersed. For the earthquakes se-

xt
515 30
Lirinn

ACF
02 04 10
H

PACH
-02 02

Figure 2. The sample path, ACF and PACF plots of the number of earthquakes magnitude
7.0 or greater, annually from 1900-1998 in the world.

ries under the BINARPL(1), PINARPL(1), NBINARPL(1), INARP(1) and
INARG(1) models, we calculate the CML, CLS and YW estimates of the
parameters, the Akaike information criterion (AIC) and Bayesian informa-
tion criterion (BIC). Results are presented in 5. As we can see from 5, the
PINARPL(1) model have the smallest the AIC and BIC than the others.
Thus, the PINARPL(1) model with W; ~ PL(0.2878) innovations that gives
by
X =0.6940 X1 + Wy,

is more appropriate for fit to this data. Where © indicates the Poisson
thinning operator. The predicted values of the earthquakes series are given
by

2
X, = - = 20187,

. 2 N
X, = aX;1+ # =0.694X,_1 +6.173, 1=2,3,...,99.
i+ 1)
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Table 5. Estimated parameters, AIC and BIC for the earthquakes series.

Model CLS YW CML AIC BIC

NBINARPL(1) & =0.5434 & =0.5417 & =0.7398 637.9338 643.1241
#=0.1969 6 =0.1998 6 =0.3330

BINARPL(1) & =0.5434 & =0.5417 & =0.6099 642.9801 648.1704
9=0.1969 6=0.1998 6 =0.2304

PINARPL(1) & =0.5434 & =0.5417 & =0.6942 636.1583 641.3485
9 =0.1969 6 =0.1998 6 =0.2878

INARG(1) &=05434 6 =0.5417 &=0.657 654.097  659.287
P=0097 P=0098 P=0.126

INARP(1) &=05434 6 =0.5417 & =0.3822 674.5856 679.7758
A=0.323 A=09.1746 )\ =12.42

Figure 3 shows

quakes series.

15 20 25 30 35 40
1 Il 1

10
1

— time series
- predicted values

Figure 3. Predicted values of the earthquakes series.

Time

the predicted values to the sample paths of the earth-
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7.2 The Number of Measles Cases

The second example assumes the number of measles cases, monthly from
Aug 2013-Dec 2016 in Sweden. The sample path, autocorrelation and partial
autocorrelation functions are shown in Figure 4. Due to exists a cut-off after
lag 1 in the sample partial autocorrelation in Figure 4, we conclude that an
INAR(1) process may be appropriate for modeling the measles series, because
of the clear cut-off after lag 1 in the partial autocorrelations. The sample
mean, variance and dispersion index are respectively, 1.244, 3.489 and 2.805.
The value of dispersion index shows that the data series is overdispersed.

xt
0246
IEEREREE

ACF
-02 04 10
Ll

PACF
-03 00 03
Ll

Figure 4. The sample path, ACF and PACF plots of the number of measles cases, monthly
from Aug 2013-Dec 2016 in Sweden.

For the BINARPL(1), PINARPL(1), NBINARPL(1), INARP(1) and
INARG(1) models, we obtain the CML, CLS and YW estimates of the pa-
rameters, the AIC and BIC. The results are shown in Table 6. According to
Table 6, since the values of the AIC and BIC are smaller for the NBINA-
RPL(1) model, this model with W; ~ PL(2.349) innovations that is given
by

Xt = 0.56 * Xt—l + Wt,
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Table 6. Estimated parameters, AIC and BIC for the measles series.
Model CLS YW MLE AIC BIC
NBINARPL(1) & = 0.355 & = 0.351 & = 0.5631 122.764 126.191
6=1671 6=1698 §=2.3490

BINARPL(1) &=0.355 &=0351 &=0.2506 1257234 129.1505
6=1671 6=1.698 O =1.4874

PINARPL(1) &=0.355 &=0.351 &=0.3307 1248738 128.3010
6=1671 6=1698 6=1.6368

INARG(1) &=0355 &=0.351 @&=0.248 124623  128.050
P=0549 P=0553 P =0510

INARP(1) &=0355 &=0.351 &=0204 143.801  147.228
A=0822 A=0.807 A=0.899

being better. The predicted values of the measles series are given by

) 0+2
X1 = — + = 1.256,
00+ 1)(1—a)
. P 042 ; .
X, = aX,_1+-——=0.56X;_1+ 0.55, 1=2,3,...,41.
B0+ 1)

Figure 5 shows the predicted values to the sample paths of the measles series.

7.3 The Numbers of Sudden Death Series

This example assumes the numbers of submissions to animal health labora-
tories, monthly from 2003-2009, from a region in New Zealand. The submis-
sions can be categorized in various ways. Data set is sudden death series and
this data is used by Aghababaei Jazi et al. (2012).

The sample path, autocorrelation and partial autocorrelation functions of
series are shown in Figure 6. According to Figure 6, an INAR(1) process
may be appropriate for modeling this data set because exists a cut-off af-
ter lag 1 in the sample partial autocorrelation. The sample mean, variance
and dispersion index are respectively, 2.0238, 6.529 and 3.23. The value of
dispersion index shows that the data series is overdispersed.
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— time series
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Figure 6. The sample path, ACF and PACF plots of the sudden death series.

in the Table 7, we present the CML, CLS and YW estimates of the param-
eters, the AIC and BIC for the BINARPL(1), PINARPL(1), NBINARPL(1),
INARP(1) and INARG(1) models. According to Table 7, since the values
of the AIC and BIC are smaller for the NBINARPL(1) model compared
with those values of the other model, this model with W; ~ PL(1.6850)
innovations that is given by

X; =059« X;_1 + Wy,

is redan appropriate model for fit to this data series. The predicted values

J. Statist. Res. Iran 16 (2019): 287-317



312 A New Integer-Valued AR(1) Process

Table 7. Estimated parameters, AIC and BIC for the sudden death series.
Model CLS YW CML AIC BIC
NBINARPL(1) & =0.5521 & =0.5478 & =0.5888 297.5909  302.4525
1

BINARPL(1) & =0.5521 &=0.5478 &=0.3191 308.3543 313.2159
1 1 1

PINARPL(1) & =0.5521 & =0.5478 & =0.4732 303.1880  308.0497
§=15221 6H=15255 6 =1.3599

INARG(1) &=0.5521 @& =0.5478 & =0.317 306.0826  310.9443
P=05215 P=05221 P =0421

INARP(1) & =0.5521 & =0.5478 & =0.3828 347.4463  352.308
0 0 1

A 0+ 2
X = —’F — 1.986,
006 +1)(1 - a)
R . )+ 2 . .
Xi = O[Xi_l + = 059X1_1 + 0814, 1 = 2, 3, ceey 84.
00 +1)

Figure 7 shows the predicted values to the sample paths of the sudden
death series.

7.4 The Incidence of Acute Febrile Muco-Cutaneous Lymph
Node Syndrome Series

The last example assumes weekly counts of the incidence of acute febrile
mucocutaneous lymph node syndrome (MCLS) in Totori-prefecture, Japan,
during 1982.

The sample path, autocorrelation and partial autocorrelation functions
of series are shown in Figure 8. According to Figure 8, Due to exists a cut-off
after lag 1 in the sample partial autocorrelation in Figure 8, we conclude that
an INAR(1) process may be appropriate for modeling this series, because of

© 2019, SRTC Iran



E. Mahmoudi, A. Rostami and R. Roozegar 313

14
1

— time series
- predicted values

12
L

10

xt

Time
Figure 7. Predicted values of the sudden death series.
the clear cut-off after lag 1 in the partial autocorrelations. The sample mean,

variance and dispersion index are respectively, 1.711, 3.111 and 1.818. The
value of dispersion index shows that the data series is overdispersed.
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Figure 8. The time series, ACF and PACF plots of the weekly counts of the incidence
of acute febrile muco-cutaneous lymph node syndrome (MCLS) in Totori-prefecture, Japan,
during 1982.

Table 8 gives the CML, CLS and YW estimates of the parameters, the
AIC and BIC for the BINARPL(1), PINARPL(1), NBINARPL(1), INARP(1)
and INARG(1) models. According to this table, the NBINARPL(1) model
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Table 8. Estimated parameters, AIC and BIC for the incidence of acute febrile MCLS series.
Model CLS YW CML AIC BIC
NBINARPL(1) & = 0.524 a=0.522 & =0.5209 170.6369 174.5394
1 1.680 6 = 1.6908

BINARPL(1) &=0524 &=0522 &=0.3832 1722558 176.1583
§=1640 6=1.680 6 =1.3607

PINARPL(1) &=0524 &=0522 @&=0.4804 171.0987 175.0012
§=1640 6=1.680 6=15773

INARG(1) a&=0524 &=0522 &=0.3905 172.5549 176.4574
P=0543 P=0550 P =0.492

INARP(1) &=0524 &=0522 &=0.372 1764462 180.3487
A=0841 A=0817 A=1.063

with Wy ~ PL(1.691) innovations that is given by
X, = 0.521 % X;_1 + Wi,

is more appropriate for fit to this data because the smallest values of the AIC
and BIC are obtained for this model. The predicted values of the incidence
of acute febrile MCLS series are given by

. 042
X, = — + = 1.693,
0(0+1)(1 — @)
. R 0+ 2 N
X, = aX;_1+ orz 0.521X;_1 + 0.811, i=2,3,..,52.
66 +1)

Figure 9 shows the predicted values to the sample paths of the incidence of
acute febrile MCLS series.
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Figure 9. Predicted values of the incidence of acute febrile MCLS series.

8 Conclusion

Integer-valued time series models are very applicable in many fields such
as medicine, reliability theory, precipitation, transportation, hotel accom-
modation and queuing theory. So far, many integer-valued autoregressive
processes have been introduced by researchers.

In this paper, we introduce a new stationary first-order integer-valued
AR(1) process with Poisson-Lindley innovations based on the power series
thinning operator. The main properties of the proposed model are derived.
The parameters of the model are estimated using YW, CLS and CML meth-
ods. Performance of the estimators are evaluated via simulation. Three
special cases of the proposed model (INARPL(1) based on the binomial op-
erator, INARPL(1) based on the Poisson operator and INARPL(1) based on
the negative binomial operator) are studied in some detail. Finally, we fitted
some submodels of the PSINARPL(1) model to four real data sets to show
the potentially of the new proposed model.
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