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Abstract. In many practical situations, the quality of a product can be
measured based on some quality characteristics in terms of the sum of the
percentage of these characteristics utilities. In these cases, control charts
based on multivariate beta distribution can be used to monitor the pro-
cess. This study aims to introduce a new control chart for monitoring the
quality of products when two quality characteristics follow a bivariate Beta
distribution. The efficacy of the proposed control chart is evaluated using
the average run length criterion using a simulation study. In the case that
the parameters of this distribution are unknown, the maximum likelihood
method is applied. Then, using a simulation study, the performance of the
proposed charts, in two cases known and unknown parameters are compared.
Keywords. Bivariate beta distribution; maximum likelihood method; av-
erage run length.
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1 Introduction
Control charts are one of the essential techniques for ensuring the quality
of production. In many practical situations, researchers are interested in
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investigating the number of defects, or the proportions of defective compo-
nents in a product expressed in the interval [0, 1], both of which often come
from Bernoulli experiments. Examples are the number of defective parts
in a production lot (percentage) or the proportion of medicine components
of medicine in pharmaceutical industries (proportion). In this case, the np
and p control charts are applied to monitoring and improving the produc-
tion process. However, there are many situations in which the proportions
are not the results of Bernoulli’s experiments, although they fall within the
[0, 1]-interval. The famous probability distribution that applies to this type
of random variable is the beta distribution. There are some works performed
in the literature in the field of control charts for beta distribution Bayer et
al. (2018), Lee Ho and Bourguignon (2018) and Sant’Anna and Ten Caten
(2012).

Sometimes researchers are interested in the investigation of more than
one correlated quality characteristic simultaneously. redAdamski proposed
a control chart for multivariate beta distribution (Adamski et al. (2012)).
In this paper, we will propose a control chart that is different from the
proposed control chart by Adamski. This paper focuses on the investigation
of two correlated quality characteristics that follow the beta distribution.
red Some applications of this distribution were introduced in Nadarajah
(2007a), Sarabia et al. (2014) and Ghosh, I. (2019). Also, some bivariate
beta distributions were introduced in Nadarajah and Kotz (2005), Nadarajah
(2007a), Nadarajah (2007b), Nadarajah et al. (2017), Olkin and Liu (2003)
and Orozco-Castaneda et al. (2012). Nevertheless, the one introduced by
Libby and Novick Libby and Novick (1982) is used in the current work to
design a control chart for monitoring the proportion of defective components
in a product (the reason for this choice will be explained in Section 2).

The remainder of this paper is organized as follows:
In Section 2, the structure of a bivariate beta distribution (BB) introduced
by Libby and Novick Libby and Novick (1982) is first reviewed. Then, by
defining a new statistic and calculating its exact distribution, a control chart
for an important parameter of this distribution is proposed. In Section 3,
the efficacy of the proposed control chart will be investigated in terms of the
average run length (ARL) criterion. The way to estimate the parameters
of the bivariate beta distribution is explained in Section 4. In Section 5,
the performance of the proposed chart when the parameters are estimated
is compared with the one when the parameters are assumed known. Finally,
some conclusions are presented in Section 6.
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2 A Bivariate Beta Control Chart
Let Yj , j = 0, 1, 2, be random variables following a gamma distribution with
the shape parameter αj and the scale parameter β. Assume that Y0, Y1 and
Y2 are mutually independent. Defining X1 =

Y1
Y1 + Y0

and X2 =
Y2

Y2 + Y0
, the

vector X = (X1, X2) follows a bivariate beta distribution, since here each
Xj , j = 1, 2, follows a beta distribution marginally with the shape parameter
αj and the scale parameter α0. As such, their means and variances are
obtained by µj = E(Xj) =

αj

αj + α0
and V (Xj) =

αjα0

(αj + α0 + 1)(αj + α0)2
,

respectively.
The probability density function (pdf) of the above bivariate beta distri-

bution can be written as

fX1,X2(x1, x2) =
xα1−1
1 xα2−1

2 (1− x1)
(α0+α2−1)(1− x2)

(α0+α1−1)

β(α0, α1, α2)(1− x1x2)
∑2

i=0 αi
, (1)

where 0 < xj < 1, αj > 0, β(α0, α1, α2) =
Γ(α0)Γ(α1)Γ(α2)

Γ(α0 + α1 + α2)
. Interested

readers are referred to Nadarajah (2007a), Sarabia et al. (2014) and Wright
(1937) for different applications of this distribution.

Let the random variable Xj , j = 1, 2, be the percent of defective parts
in mass productions concerning a quality characteristic j. Also, assume that
X = (X1, X2) follows a bivariate beta distribution with the above-introduced
structure.. Define the statistic D as follows:

D = X1 +X2. (2)

The bivariate beta distribution structure and its application in the control
chart can be described with the bellow example: Hepatitis C is an infectious
disease caused by the blood-borne Hepatitis C virus. The disease is not sea-
sonal and the most common routes of transmission include unsafe hypodermic
needle injection practices, inadequate sterilization of medical equipment, and
unscreened blood and blood products World Health Organization (2002). In
monitoring Hepatitis C cases, the goal of health organizations is to quickly
trigger alarms once an upward trend outbreak occurs so that public health
events can be handled promptly. Assume that X1 be the percent of disease
in Victoria and X2 be the percent of disease in South Australia. These two
states share borders, which potentially gives rise to dependence on disease
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occurrences across those states. In this case, The statistic D, indicates the
sum of the percentage of disease.

In this paper, we use the structure proposed by Libby and Novick Libby
and Novick (1982), because, in this structure, each Xi can take value in the
interval [0, 1], separately. So, the value of the statistic D is in the interval
[0, 2] and there are not any limitations in the percent of defective parts.

In Theorem 1, the pdf of the statistic D is given.

Theorem 1. The pdf of D is given by

fD(d) =

{∫ d
0 f(D,T )(d, t)dt, 0 < d < 1,∫ 1
d−1 f(D,T )(d, t)dt, 1 < d < 2,

where

fD,T (d, t) =
tα1−1(1− t)α0+α2−1

2 (d− t)(α2−1)(1− d+ t)(α0+α1−1

β(α0, α1, α2)(1− t(d− t))
∑2

i=0 αi
,

and β(α0, α1, α2) defined in (1).

Proof. Let D = X1 + X2 and T = X1. Then X1 = T and X2 = D − T .
From 1 and using the change of variables technique, the joint probability
density function of D and T is obtained as the following form

fD,T (d, t) = fX1,X2(t, d− t)|J |

=
tα1−1(1− t)α0+α2−1(d− t)α2−1(1− d+ t)α0+α1−1

β(α0, α1, α2)(1− t(d− t))
∑2

i=0 αi
,

As a result, the proof is completed when the marginal distribution of D is
obtained by integrating the above joint probability density function with
respect to t.

To design the control chart, Type-I error is first fixed at α to design the
control chart. Then, the lower control limit (LCL) is determined by solving
the following equation

P (D < LCL) =

∫ LCL

0
fD(x)dx =

∫ LCL

0

∫ x

0
fD,T (x, t)dtdx =

α

2
.

If the value of LCL cannot be obtained from the above equation (i.e., when
LCL is between 1 and 2), then the lower control limit (LCL) is determined
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by solving the following equation

P (D < LCL) =

∫ LCL

0
fD(x)dx

=

∫ 1

0

∫ x

0
fD,T (x, t)dtdx+

∫ LCL

1

∫ 1

x−1
fD,T (x, t)dtdx =

α

2
.

Besides, one can obtain the upper control limit (UCL) by solving the follow-
ing equation

P (D > UCL) =

∫ 2

UCL
fD(x)dx =

∫ 2

UCL

∫ 1

x−1
fD,T (x, t)dtdx =

α

2
.

Again, when UCL cannot be obtained by the above equation (i.e., when UCL
is between 0 and 1), then it is determined by solving the following equation

P (D > UCL) =

∫ 2

UCL
fD(x)dx

=

∫ 1

UCL

∫ x

0
fD,T (x, t)dtdx+

∫ 2

1

∫ 1

x−1
fD,T (x, t)dtdx =

α

2
.

3 Performance Evaluation of the Control Chart
In this section, Types I and II errors of the proposed chart are first discussed.
Then, its performance is assessed using the average run length (ARL) crite-
rion.

3.1 Types I and II Errors

When the process is in control (i.e., µj = µj0 ), but the control chart plots
a sample out-of-control, then Type I error occurs. The probability of Type
I error can be obtained as follows

α = P (D > UCL|µ1 = µ10, µ2 = µ20) + P (D < LCL|µ1 = µ10, µ2 = µ20),

where µ10 and µ20 are average proportions when the process is in control.
On the other hand, when the parameters shift from the in-control values to
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any other undesirable values such as µj1, but the control chart plots a sample
inside the control limits, then Type II error occurs. The probability of the
Type II error can be obtained as follows

β = P (UCL < D < UCL|µ1 = µ11, µ2 = µ21),

where µ11 and µ21 are the average proportions when the process is out-of-
control.

3.2 Average Run Length

The performance of the control charts is usually evaluated by the ARL crite-
rion. There are two types of ARLs, i.e., in-control (ARL0) and out-of-control
(ARL1) [6]. When the process is in control, large values of ARL0 =

1

α
is

desirable whereas in a case of out-of-control, small values of ARL1 =
1

1− β
is

interested. In what follows, the performance of the control chart is assessed
using the above ARLs.

Consider two customary targets ARL0s 200 and 370 when α00 = 6 and
α00 = 9 and assume µ11 = µ10+ c and µ21 = µ20+ c, where c is a shift value.
Tables 1-4 present the performance of the control chart in terms of ARL1

when the average proportion shifts (Tables 1 and 2, for ARL0 = 200 and
Tables 3 and 4, for ARL0 = 370). In these tables, some different shift values
(c) are shown in the first column. We consider the correlation coefficients
0.1, 0.35, 0.4, 0.5, 0.7 and 0.8 to consider different dependence (small, moder-
ate, and strong dependence). So, for some values of α10, α20, proportional
to these correlation coefficients, calculated ARL1. For example, for α00 = 6
and ρ = 0.35 , α10 and α20 obtain 5 and 2.2, respectively. The ARL1s are
obtained using the MATEMATICA software.

Note that µ10, µ11, µ20 and µ21 must be between 0 and 1, based on some
values of c, µ11 and µ21 can be obtained negative or more than 1. For
example, in the last column of Table 4, for c = 0.5, µ11 is equal to 1.31,
or in the first column of Table 4, for c = −0.1, µ21 is equal to −0.037.
The conclusions made based on the results in Tables 1-4 are summarized as
follows:

(i) The ARL1 decreases as c increases for all cases.

(ii) With increasing ρ, the values of ARL1 increases, when 0 < ρ < 0.45.
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Table 1. The ARL1 of the proposed control chart, when α00 = 6 and ARL0 = 200.

ρ

0.1 0.35 0.4 0.5 0.71 0.81(
α10
α20

)
=

(
1
0.4

) (
α10
α20

)
=

(
5
2.2

) (
α10
α20

)
=

(
5
3.2

) (
α10
α20

)
=

(
5
8

) (
α10
α20

)
=

(
15
16.5

) (
α10
α20

)
=

(
25.5
30

)
c

(
µ10
µ20

)
=

(
0.14
0.16

) (
µ10
µ20

)
=

(
0.45
0.27

) (
µ10
µ20

)
=

(
0.45
0.35

) (
µ10
µ20

)
=

(
0.45
0.57

) (
µ10
µ20

)
=

(
0.71
0.73

) (
µ10
µ20

)
=

(
0.81
0.83

)
−0.1 ... 20.49 22.25 22.45 14.04 7.52

−0.09 ... 25.89 27.91 27.91 17.55 9.39

−0.08 ... 33.02 35.31 35.01 22.32 12.03

−0.06 ... 54.87 57.69 56.67 38.1 21.56

−0.04 ... 91.99 94.89 92.96 68.64 44.2

0.00 200.3 200.1 200.1 200.11 200.1 200.03

0.04 123.05 183.53 184.6 182.45 147.98 99.53

0.06 78.45 140.95 142.64 137.87 92.01 46.28

.08 51.83 104.08 105.66 99.54 54.84 20.13

0.09 42.72 89.1 90.48 84.07 41.96 12.97

0.1 35.52 76.25 77.43 70.91 31.94 8.24

0.15 15.69 35.59 35.84 30.11 7.64 ...

0.18 10.31 22.93 22.85 18.04 3.17 ...

0.2 7.99 17.23 17.03 12.84 1.84 ...

0.25 4.56 8.67 8.35 5.57 ... ...

0.3 2.86 4.58 4.27 2.56 ... ...

0.35 1.98 2.58 2.34 1.36 ... ...

0.4 1.49 1.6 1.44 1.06 ... ...

0.48 1.12 1.04 1.01 ... ... ...

0.5 1.08 1 1 ... ... ...
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Table 2. The ARL1 of the proposed control chart, when α00 = 9 and ARL0 = 200.

ρ

0.1 0.35 0.4 0.5 0.71 0.81(
α10
α20

)
=

(
1
1

) (
α10
α20

)
=

(
6
4

) (
α10
α20

)
=

(
6
6

) (
α10
α20

)
=

(
10
9

) (
α10
α20

)
=

(
22
24

) (
α10
α20

)
=

(
40
40

)
c

(
µ10
µ20

)
=

(
0.14
0.16

) (
µ10
µ20

)
=

(
0.45
0.27

) (
µ10
µ20

)
=

(
0.45
0.35

) (
µ10
µ20

)
=

(
0.45
0.57

) (
µ10
µ20

)
=

(
0.71
0.73

) (
µ10
µ20

)
=

(
0.81
0.83

)
−0.1 ... 15.18 16.55 16.82 9.94 5.26

−0.09 ... 19.55 21.14 21.29 12.6 6.61

−0.08 ... 25.5 27.35 27.33 16.3 8.54

−0.06 7.13 44.9 47.31 46.71 29.3 15.85

−0.04 23.76 81.18 83.9 82.6 57.84 34.38

0.00 200.2 200.01 200.2 200.3 200.06 200.3

0.04 109.21 158.16 158.68 153.5 114.77 70.11

0.06 64.48 110.12 110.63 103.68 62.13 27.66

.08 29.83 74.79 75 67.96 32.9 10.66

0.09 31.3 61.67 61.72 54.95 23.9 6.63

0.1 25.72 50.96 50.88 44.48 209.96 4.29

0.15 10.15 20.52 20.12 15.88 3.7 ...

0.18 6.39 12.37 11.94 8.84 1.71 ...

0.2 4.8 8.98 8.57 6.08 1.23 ...

0.25 2.74 4.33 4.01 2.63 ... ...

0.3 1.79 2.35 2.14 1.48 ... ...

0.35 1.34 1.48 1.35 1.04 ... ...

0.4 1.12 1.12 1.06 1 ... ...

0.48 1.01 1 1 ... ... ...

0.5 1 1 1 ... ... ...
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Table 3. The ARL1 of the proposed control chart, when α00 = 6 and ARL0 = 370.

ρ

0.1 0.35 0.4 0.5 0.71 0.81(
α10
α20

)
=

(
1
0.4

) (
α10
α20

)
=

(
5
2.2

) (
α10
α20

)
=

(
5
3.2

) (
α10
α20

)
=

(
5
8

) (
α10
α20

)
=

(
15
16.5

) (
α10
α20

)
=

(
25.5
30

)
c

(
µ10
µ20

)
=

(
0.14
0.16

) (
µ10
µ20

)
=

(
0.45
0.27

) (
µ10
µ20

)
=

(
0.45
0.35

) (
µ10
µ20

)
=

(
0.45
0.57

) (
µ10
µ20

)
=

(
0.71
0.73

) (
µ10
µ20

)
=

(
0.81
0.83

)
−0.1 ... 29.55 32.18 32.61 19.4 9.79

−0.09 ... 38.2 41.26 41.44 24.79 12.51

−0.08 ... 49.88 53.41 53.17 32.26 16.42

−0.06 ... 87.26 91.72 90.27 58 31.14

−0.04 ... 154.68 159.38 156.29 112.48 68.5

0.00 370.12 370.02 370.3 370.2 370.13 370.1

0.04 226.64 335.56 340.33 335.08 269.5 177.19

0.06 141.54 253.13 258.57 248.70 163.92 79.71

.08 91.76 184.15 188.71 176.8 95.5 33.21

0.09 74.93 156.58 160.51 148.21 72.18 20.79

0.1 61.69 133.17 136.44 124.14 54.21 12.77

0.15 25.94 60.09 61 50.68 11.78 ...

0.18 16.53 37.83 37.98 29.49 4.44 ...

0.2 12.53 27.96 27.8 20.53 2.35 ...

0.25 6.75 13.42 12.95 8.32 ... ...

0.3 3.99 6.68 6.22 3.47 ... ...

0.35 2.58 3.49 3.1 1.62 ... ...

0.4 1.81 1.98 1.75 1.09 ... ...

0.48 1.24 1.1 1.03 ... ... ...

0.5 1.16 1 1 ... ... ...
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Table 4. The ARL1 of the proposed control chart, when α00 = 6 and ARL0 = 370 .

ρ

0.1 0.35 0.4 0.5 0.71 0.81(
α10
α20

)
=

(
1
1

) (
α10
α20

)
=

(
6
4

) (
α10
α20

)
=

(
6
6

) (
α10
α20

)
=

(
10
9

) (
α10
α20

)
=

(
22
24

) (
α10
α20

)
=

(
40
40

)
c

(
µ10
µ20

)
=

(
0.14
0.16

)
,
(
µ10
µ20

)
=

(
0.45
0.27

) (
µ10
µ20

)
=

(
0.45
0.35

) (
µ10
µ20

)
=

(
0.45
0.57

) (
µ10
µ20

)
=

(
0.71
0.73

) (
µ10
µ20

)
=

(
0.81
0.83

)
−0.1 ... 21.41 23.4 23.74 13.45 6.71

−0.09 ... 28.24 30.6 30.73 17.45 8.64

−0.08 ... 37.78 40.55 40.35 23.16 11.48

−0.06 8.9 70.27 73.92 72.59 44.01 22.63

−0.04 33.49 134.96 139.04 135.95 92.79 53.8

0.00 370.16 370.1 370.1 370.2 370.04 370.3

0.04 196.42 285.91 288.65 280.3 203.44 119.2

0.06 112.91 194.54 196.77 158.09 106.72 44.84

.08 67.98 129.53 130.75 118.75 54.68 16.23

0.09 53.65 105.78 106.56 94.99 38.98 9.71

0.1 42.79 86.58 86.98 76.03 27.74 6.05

0.15 15.79 33.13 32.59 25.5 5.15 ...

0.18 9.54 19.28 18.64 13.55 2.1 ...

0.2 7.05 13.66 13.04 9.02 1.37 ...

0.25 3.69 6.13 5.66 3.52 ... ...

0.3 2.24 3.06 2.75 1.65 ... ...

0.35 1.55 1.76 1.57 1.08 ... ...

0.4 1.22 1.21 1.12 1 ... ...

0.48 1.03 1 1 ... ... ...

0.5 1 1 1 ... ... ...
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(iii) With increasing ρ, the values of ARL1 decreases, when 0.45 < ρ < 1.

(iv) iv. The results in Tables 1 and 2 (or Tables 3 and 4) show that with
increasing α00, the values of ARL1 decrease, for a constant correlation.
For example, if α00 = 6,ARL0 = 370, ρ = 0.35 and c = 0.1, then
ARL1 = 133.17; and if α00 = 9,ARL0 = 370, ρ = 0.35 and c = 0.1,
then ARL1 = 86.58.

4 Maximum Likelihood Estimation

The application of the proposed control chart involves two phases. In Phase
I, the parameters of the bivariate Beta distribution are first estimated for an
in-control process since they are unknown in many real-world applications.
Then, the control limits are obtained based on the estimates. These control
limits are used in Phase II to monitor the process. In what follows, the
maximum likelihood estimation (MLE) method is employed to estimate the
parameters of the BB distribution. The log-likelihood function is derived as
follows, having n observations from the bivariate density in Equation (1)

l(α0, α1, α2) =nlnΓ(α0 + α1 + α2)− nlnΓ(α0)− nlnΓ(α2)

+ (α1 − 1)
n∑

i=1

xi1) + (α2 − 1)
n∑

i=1

log(xi2)

+ (α0 + α2 − 1)
n∑

i=1

log(1− xi1)

+ (α0 + α1 − 1)

n∑
i=1

log(1− xi2)

− (α0 + α1 + α2)

n∑
i=1

log(1− xi1xi2). (3)
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Differentiating (3) with respect to α0, α1 and α2, we get

∂ℓ

∂α0
=nΨ(α0 + α1 + α2)− nΨ(α0) +

n∑
i=1

log(1− xi1)

+
n∑

i=1

log(1− xi2)−
n∑

i=1

log(1− xi1xi2),

∂ℓ

∂α1
=nΨ(α0 + α1 + α2)− nΨ(α1) +

n∑
i=1

log(xi1)

+

n∑
i=1

log(1− xi2)−
n∑

i=1

log(1− xi1xi2),

∂ℓ

∂α2
=nΨ(α0 + α1 + α2)− nΨ(α2) +

n∑
i=1

log(xi2)

+
n∑

i=1

log(1− xi1)−
n∑

i=1

log(1− xi1xi2), (4)

where Ψ(α) =
Γ

′
(α)

Γ(α)
is digamma function [3]. Setting Equations (4) to zero

and solving them simultaneously results in the MLE estimates of α0, α1 and
α2.

Monte Carlo simulation experiments are performed in the next section
to access the performance of the proposed control chart in various out-of-
control conditions when the parameters of the BB distribution are unknown
and have to be estimated based on some in-control samples of the process.

5 Simulation Experiments

In this section, the performance of the proposed control chart is evaluated
when the parameters are unknown. When the parameters are unknown, in-
control parameters have to be estimated, and then the control limits are
obtained. In this case, ARL0 is a random variable with mean AARL and
standard deviation SDARL (Salehet al. (2015)). Table 5 displays the in-
control AARL values for various values of n (number of samples) and five
different processes with five different correlations. These values were ob-
tained in 100, 000 replications of the process using the R software. Here, it
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Table 5. In-control AARL for different values of n, when desired ARL0 = 370.

n
ρ

0.1 0.35 0.4 0.5 0.7

60 371.7 375.81 376.4 380.18 381.17

65 370.4 375.21 376.35 376.17 380.78

100 367.44 370.3 370.28 372.39 374.00

110 366.87 369.6 370.12 370.7 373.06

140 366.42 368.8 369.00 370.3 371.29

180 365.46 367.7 366.95 368.17 370.20

200 365.11 367.61 366.93 367.51 369.81

is assumed that ARL0 is 370 when the in-control parameters are known (i.e
the desired ARL0 is equal to 370). Table 5 shows that with increasing the
correlation, the number of samples required to estimate the parameters until
achieving the desired ARL0, is increased. For example, if ρ = 0.1, then the
number of samples required to estimate of parameters until achieving the
desired ARL0 is 65, whereas, for ρ = 0.4, we have n as 110.

Similarly, out-of-control AARL, as well as out-of-control ARL, were ob-
tained for various shifts and different correlations (Table 6). Once again,
100,000 simulation experiments were performed for each out-of-control pro-
cess. Table 6 shows, in most cases the performance of the proposed chart
is better when the parameters are known rather than estimated (comparing
AARL and ARL1 in each cell). Except for c > 0.2, that the values of AARL
and ARL are close to each other.

Table 7 gives the values of out-of-control SDARL and SDRL for different
shifts and different correlations. The obtained results show that the perfor-
mance of the proposed chart in terms of the standard deviation criterion is
better when the parameters are estimated rather than they are known. In
other words, SDARL values are smaller than SDRL values.

Since the performance of the control chart was not the same using the
AARL and SDARL criteria, we applied the coefficient of the variations of
average run length ( CVARL). CVARL is defined as

CVARL =
SDARL

AARL
.

Finally, Table 8 shows the values of out-of-control CVARL and CVRL for
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Table 6. Comparing AARL and ARL1 for various shifts, when α00 = 6 and ARL0 = 370.

c

(ρ, n)

(0.1, 65) (0.35, 100) (0.4, 110) (0.5, 140) (0.7, 180)

ARL1 AARL ARL1 AARL ARL1 AARL ARL1 AARL ARL1 AARL

0.04 226.64 272.43 335.56 356.31 340.33 356.27 335.08 374.84 269.5 277.5

0.06 141.54 171.75 253.13 276.84 258.57 277.9 248.7 262.61 163.92 169.69

0.08 91.76 109.79 184.15 201.94 188.71 204.4 176.81 187.71 95.5 98.34

0.10 61.69 73.34 133.17 146.3 136.44 146.59 124.144 130.98 54.217 55.56
0.15 25.95 29.99 60.09 64.69 61 65.45 50.68 53.12 11.78 11.89
0.18 16.52 18.72 37.83 40.76 37.98 40.33 29.49 30.65 4.47 4.46

0.20 12.53 14.07 27.96 29.88 27.81 29.39 20.54 21.29 2.36 2.36

0.30 3.99 4.28 6.68 6.93 6.22 6.39 3.47 3.51 ... ...

0.40 1.81 1.88 1.98 2.02 1.75 1.76 1.09 1.05 ... ...

0.50 1.16 1.19 1 1.04 1 1.01 ... ... ... ...

different shifts and different correlations. The obtained results show that ex-
cept for small values of correlation and c < 0.1, in all cases, the performance
of the proposed chart is better when the parameters are estimated. For ex-
ample, if ρ = 0.7 and c = 0.04, then CVARL = 0.516 and CVRL = 0.998.
When parameters are unknown, for estimating them, a large number of sam-
ples are needed to achieve the desired ARL0 (Table 5). On the other hand,
taking more Phase I samples for the parameter estimation leads to better
detection performance.

6 Conclusions and Future Researches

In the present article, the structure of a bivariate beta distribution introduced
by Libby and Novick Libby and Novick (1982) was first reviewed. Then, by
defining a statistic and obtaining its exact distribution, a control chart was
proposed to monitor processes modelled by this distribution. The efficiency
of this chart was evaluated in terms of out-of-control ARL (when ARL0

remains constant), for different dependencies (small, moderate, and strong
dependence). The simulation studies showed that in terms of the AARL
criterion, in most cases, the performance of the proposed chart is better
when the parameters are known than when the parameters are estimated.
However, the opposite conclusion is made in terms of the SDARL criterion.
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Table 7. Comparing SDARL and SDRL for various shifts, when α00 = 6 and ARL0 = 370.

c

(ρ, n)

(0.1, 65) (0.35, 100) (0.4, 110) (0.5, 140) (0.7, 180)

SDRL SDARL SDRL SDARL SDRL SDARL SDRL SDARL SDRL SDARL

0.04 226.14 281.06 335.06 239.99 339.83 225.88 334.58 196.71 269 143.2
0.06 141.04 176.16 252.63 197.35 258.07 184.55 248.21 154.26 163.42 86.25
0.08 91.26 108.76 183.65 144 182.21 137.93 176.3 109.53 95 47.63
0.10 61.195 69.032 132.67 101.72 135.95 95.98 123.64 73.77 53.71 25.78
0.15 25.44 25.66 59.59 41.87 60.5 40.34 50.18 28.01 11.27 4.52
0.18 16.02 14.95 37.33 25.33 37.47 23.43 28.99 15.06 3.91 1.34
0.20 12.02 10.56 27.46 17.77 27.3 16.45 20.03 10.01 1.79 0.52
0.30 3.46 2.37 6.16 3.17 5.69 2.69 2.93 1.07 ... ...

0.40 1.22 0.64 1.39 0.538 1.14 0.39 0.362 0.04 ... ...

0.50 0.44 0.17 0.19 0.04 0.081 0.01 ... ... ... ...

Table 8. Comparing CVARL and CVRL for various shifts, when α00 = 6 and ARL0 = 370.

c

(ρ, n)

(0.1, 65) (0.35, 100) (0.4, 110) (0.5, 140) (0.7, 180)

CVRL CVARL CVRL CVARL CVRL CVARL CVRL CVARL CVRL CVARL

0.04 0.997 1.03 0.998 0.673 0.998 0.634 0.998 0.565 0.998 0.516

0.06 0.996 1.02 0.998 0.713 0.998 0.664 0.998 0.587 0.997 0.508
0.08 0.994 0.99 0.997 0.713 0.997 0.647 0.997 0.583 0.994 0.48
0.10 0.991 0.94 0.996 0.695 0.996 0.654 0.996 0.563 0.991 0.464
0.15 0.98 0.85 0.991 0.65 0.991 0.616 0.99 0.527 0.956 0.38
0.18 0.969 0.798 0.986 0.621 0.986 0.58 0.983 0.491 0.88 0.3
0.20 0.995 0.75 0.981 0.594 0.982 0.56 0.975 0.469 0.759 0.22
0.30 0.86 0.55 0.922 0.459 0.916 0.42 0.843 0.306 ... ...

0.40 0.67 0.34 0.704 0.267 0.654 0.22 0.297 0.04 ... ...

0.50 0.377 0.142 0.187 0.04 0.081 0.01 ... ... ... ...
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So, we applied CVARL criterion. The obtained results show that except
for small values of correlation and c < 0.1, in all cases the performance
of the proposed chart is better when the parameters are estimated. The
proposed chart can be used in the medical in monitoring the proportions of
diseases and also in the industry for monitoring the proportions of defective
components in a product. The proposed control chart can be extended for a
multivariate beta distribution for more than two quality characteristics using
other sampling schemes as future researches.
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