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Abstract. Population projections of small areas have attracted the atten-
tion of many researchers in applied demographics for many years. According
to the suggested population policies of Iran in recent years and considering
the need of different governmental agencies for having enough information
about population and individual characteristics in small areas, studying and
presenting an appropriate model of population projections for small areas
seems more necessary than ever. Given that today not only population pro-
jections include estimating the number of populations and identifying their
specific characteristics, but also more projections are likely to project differ-
ent required characteristics of organizations. The present study attempts to
introduce a model for population projections in small areas. In this study,
”city” is considered as a small area. For the purpose of surveying population
projection between two censuses in Iran, 2006 and 2011, Mahallat, a central
city in this country, has been selected among many cities since its geograph-
ical area has not been changed from 1996 to 2011. Hence, the present article
projects simulated synthetic population in 2011 with distinctive characteris-
tics of 2006 population by presenting an extended model and comparing it
with projected population from the existing model.
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1 Introduction
Population projections are mostly used in assessing national or regional
needs, e.g., in the field of new jobs and urban settlements. Therefore, popu-
lation projection gives a picture of what the future size and structure of the
population by sex and age might look like. Knowing the size of population
and its characteristics not recorded in any censuses (smoking by age groups
or Household fuel consumption) and its changes in years between two con-
secutive population and housing censuses, has led demographers to invent
and use new models for population projection. For example, knowing per
capita energy consumption of households in small areas, according to their
size and type considerably helps planners to provide the required funds to
establish the necessary infrastructures for using clean and optimal energy
consumption in the areas.

To access information on such populations with different characteristics
gathered in the census, the need to simulate synthetic population in the year
of the census implementation (the base year) and obtain multi-dimensional
distributions of households and individual characteristics not found in census
results, seems necessary. For example, no small area information can be
found showing the joint distribution of electricity consumption table in terms
of household sizes, while the distribution of electricity consumption and the
distribution of household size are marginally achievable from the census data.
At the moment, it seems necessary to simulate the population showing these
joint distributions.

There exist two main category of methods for simulating populations: the
synthetic reconstruction (SR) methods and the combinational optimization
(CO) methods.

While SR methods (Wilson and Pownall, 1976) generally use the itera-
tive proportional fitting (IPF) technique (Deming and Stephan, 1940) along
with a sample of the target population to obtain joint distribution variables
of interest, CO methods generate a synthetic population by small area using
marginal of the characteristics of interest and a sample of the target popula-
tion in each small area (Voas and Williamson, 2001; Huang and Williamson,
2002). To improve these methods, various methods have been proposed by
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Beckmanand et al. (1996), Huang and Williamson (2002), Guo and Bhat
(2007), and Arentze et al. (2007).

A sample-free synthetic reconstruction method developed by Barthelemy
and Cornelis (2012) and Gargiulo et al. (2010). A sample-based iterative
proportional updating (IPU) method developed by Ye et al. (2009) for gen-
erating a synthetic population. lenormand and Deffuant (2013) focus on the
iterative proportional updating developed by Ye et al. (2009) and compared
the sample-based method with the sample-free method on an example.

Recently, weaknesses of the sample-based method (for example zero-cell
and weights less than one) to simulate synthetically the population of selected
small area with different characteristics for the base year were modified by
Moeti and Navvabpour (2015). Navvabpour et al. (2015) by using sample-
based and sample-free methods simulated the population synthetically and
projected the population in four selected cities of Iran with some characteris-
tics between the two censuses, 2006 and 2011, through a demographic model.
In this article, the sample-based simulation method is used to reconstruct
the population of Mahallat city synthetically in the base year (2006). Ma-
hallat is chosen as a small area overlapping with the work of Navvabpour et
al. (2015) due to its lack of geographical changes in recent years. Moreover,
the population of this city is projected by applying an extended model in the
years between the two censuses of 2006 and 2011. The results are compared
to those presented by Navvabpour et al. (2015).

The rest of this paper is organized as follows: In Section 2 we presents
characteristics of the reference population and the method for construct-
ing synthetic population. In Section 3 we introduce the model used by
Navvabpour et al. (2015) for population projection. In Section 4 an ex-
tended model for population projection is presented. Section 5 of this work
is concerned with the criteria for the performance evaluation of both models,
and provides a comparison of the population projection through these models
based on the presented criteria. In Section 6, an application of the synthetic
population construction to the electricity industry is investigated accord-
ing to the recent characteristics. Discussion and conclusion are discussed in
Section 7.

2 Individual and Household Characteristics
Given the use of the following characteristics in Navvabpour et al. (2015), we
also considered these characteristics to compare results of using the proposed
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model and the demographic model.

• Age interval: [0-1), [1-2), …, [85-∞),

• Sex: male, female, and

• Settlement area: urban, rural.

2.1 Reference Population
In this article, Mahallat is considered as reference city. In the 2006 census,
the city had 14163 households and a population of 49246. To simulate and
project the population of this city along with individual and household joint
characteristics, frequency distribution of individual sex, distribution of in-
dividual ages within households and distribution of settlement area for the
population of Mahallat are needed. The frequency distributions are avail-
able from the data center of the Statistical Center of Iran. In the following
subsection, more explanation will be given concerning the simulation of the
synthetic population of Mahallat.

2.2 Synthetic Simulation of Population
There are several methods for simulating the population; sample-based and
sample-free methods are two of them. The sample-free method is less data
demanding but it requires more data pre-processing. Indeed, this approach
requires to extract the distributions for affecting individual into household
from data (for example distribution of individual by activity status according
to the age and Joint-distribution of household by type and size). The sample-
based method starts with a sample of population. The purpose is to define a
weight associated with each individual and each household of the sample in
order to match the total number of each type of individuals and households
to reconstruct population. In this article, the sample-based method is used
for simulation of the synthetic population of Mahallat.

The characteristics of individuals and households are listed as below:

• u1-u86: urban men from the first age interval [0-1) to the age interval
[85-∞),

• u87-u172: urban women from the first age interval [0-1) to the age
interval [85-∞),
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• u173-u258: rural men from the first age interval [0-1) to the age interval
[85-∞), and

• u259-u344: rural women from the first age interval [0-1) to the age
interval [85-∞).

where ui (i=1,2, ...,344) represents the characteristics of individuals and
households in an IPU table in sample-based method (lenormand and Def-
fuant, 2013; Moeti and Navvabpour, 2015).

3 Methods of Population Projections in Years Be-
tween Two Censuses

After simulating the population with desired characteristics synthetically,
the same population with new characteristics will be projected for the years
between two censuses (see figure 1). Information required for population
projection is derived from 2% of sample data file of the 2006 Iran population
and housing census. In addition to the available data from the 2006 census,
information about the vital events such as birth and death during the years
leading to the general population and housing census in 2011 is required. In
this regard, data related to the vital events registered by the Civil Register
Organization of Iran from 2006 to 2011 are used to project population in the
small area, Mahallat, in the years between 2006 and 2011 censuses in Iran.

3.1 A Population Projection Model
A demographic model is commonly used to project populations. This model
is based on the base year population. The population has decreased by death
and emigration, and increased by birth and immigration. Navvabpour et al.
(2015) used model I introduced in Equation 1. The model I is given as:

P Y
ai = β×P Y−1

ai−1
− β×P Y−1

ai−1
×DY

ai−1
(1)

+ β×P Y−1
ai−1

× IMY
ai−1

− β×P Y−1
ai−1

× EMY
ai−1

+ (1− β)×P Y−1
ai − (1− β)×P Y−1

ai ×DY
ai

+ (1− β)×P Y−1
ai × IMY

ai − (1− β)×P Y−1
ai ×EMY

ai
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ai−1

× (1−DY
ai−1
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Figure 1. The process of converting the base population to the projection population.

where ai: ith 5-year age interval, i = 1, 2, ..., 18,
P Y
ai : Population of age interval ”ith” in year Y ,
DY

ai : Mortality rate for age interval ”ith” in year Y ,
IMY

ai : immigration rate for age interval ”ith” in year Y ,
EMY

ai : emigration rate for age interval ”ith” in year Y , and
β : The percentage of people coming from one age interval to the next

age interval.
In model I, by considering β = 0.2, the terms of the model can be rewrit-

ten as follows:
0.2×P Y−1

ai−1
represents 20% of (i− 1)th age interval, 0.8×P Y−1

ai represents
80% of ith age interval in the previous year, and the expressions in parenthe-
ses indicate the effect of the rate of vital events. Navvabpour et al. (2015)
simulated the population of Mahallat by using the sample-based method syn-
thetically and used model I to project the population between two censuses
of 2006 and 2011.

Regarding the birth event, due to the rate distortion, the number of reg-
istered births was collected directly from the registration information of the
Civil Registration Organization. Distribution of immigration and emigration
to urban and rural areas can be extracted from the census using available
information. Ofcourse, regarding the distribution of immigration, the pat-
tern of immigration to rural areas has been modified (see Navvabpour et al.
(2015)).
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4 An Extended Model for Projecting Population
To project population of the coming years from the population of the base
year (usually the census year), birth, mortality and migration rates are es-
timated and population of the coming years from 5 to 10 age interval is
estimated through various models such as exponential, regression and time
series models. In this article, by introducing an extended model, the pop-
ulation simulation results of Mahallat in 2006 are projected for the years
between 2006 and 2011 Iran censuses. The final results are compared to
those reported by Navvabpour et al. (2015).

The proposed model II (introduced in Equation 2) consists of three parts;
the first part includes the first age interval (i = 0), the second part includes
the other age intervals (i = 1, 2, ..., 80a ) and the third part includes the last
age interval (i = 80

a + 1).

P Y+k
[ai,ai+a) =

a∑
j=1

[
P

Y+(k−j+1)I(j≤k)
[ai+j−k−1,ai+j−k)I(j−k∈{2,3,4})+[0,1)I(j−k/∈{2,3,4})× (2)

k∏
m=1

(
CY+m
[ai,ai+a)

)I(j+m>k+1)
]

i = 0

P Y+k
[ai,ai+a) =

a∑
j=1

[
P Y
[ai+j−k−1,ai+j−k)×

k∏
m=1

CY+m
[a(i−I(j+m≤k+1)),a(i−I(j+m≤k+1))+a)

]
i = 1, 2, ...

80

a

P Y+k
[ai,∞) =

∞∑
j=1

[
P Y
[ai+j−k−1,ai+j−k)×

k∏
m=1

CY+m
[a(i−I(j+m≤k+1)),a(i−I(j+m≤k+1))+a)

]
i =

80

a
+ 1

where:
ai = a× i,
Cj
[l,u) = 1−Dj

[l,u) + IM j
[l,u) − EM j

[l,u),
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Dj
[l,u)= Mortality rate of population in l to u age interval in jth year,

IM j
[l,u)= immigration rate in l to u age interval in jth year,

EM j
[l,u)= emigration rate in l to u age interval in jth year,

P j
[l,u) = Population of l to u age interval in jth year,
P j
[0,1) = Number of births in jth year for i = 0 and k = 1, 2, ..., and

I(x) =

{
1 x is True
0 otherwise

In addition, Y represents the base year, a(= 5 or 10) represents age in-
terval length, k(= 1, 2, ...) represents the number of years in which projection
will be done.

4.1 Model Features
We express two important features of Model II in Theorems 1 and 2.
Theorem 1. If in model II, in the base year (Y ) and in each age interval,
the ratios of one-year age in that age interval are equal, the population project
for next year by Model II (That is, year Y + 1 or k = 1) is equal to that of
Model I, where

β̂ =


0.2 a = 5,

0.1 a = 10.

Proof. See proof in Appendix 1.

Theorem 2. Suppose Model I is rewritten as follows:

P Y+k
[ai,ai+a) = β1×P Y+k−1

[ai−a,ai) × CY+k
[ai−a,ai) + (1− β2)×P Y+k−1

[ai,ai+a) × CY+k
[ai,ai+a)

in the base year (Y ) and in each age interval, the population project for next
year by Model II is equal to that of Model I, where

β̂ =

[
β̂1

β̂2

]
=


PY
[ai−1,ai)∑a

n=1 P
Y
[ai−a+n−1,ai−a+n)

PY
[ai+a−1,ai+a)∑a

n=1 P
Y
[ai+n−1,ai+n)

 =


PY
[ai−1,ai)

PY
[ai−a,ai)

PY
[ai+a−1,ai+a)

PY
[ai,ai+a)


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Proof. See proof in Appendix 2.

Given that the base year is the census year of 2006. Age intervals include
5 years, and population projection years are from 2007 to 2011. Therefore,
Y = 2006, k = 1, 2, ..., 5, a = 5, and model II can be rewritten as Equation
3:

P 2006+k
[5i,5i+5) =

5∑
j=1

[
P

2006+(k−j+1)I(j≤k)
[5i+j−k−1,5i+j−k)I(j−k∈{2,3,4})+[0,1)I(j−k/∈{2,3,4})× (3)

k∏
m=1

(
C2006+m
[5i,5i+5)

)I(j+m>k+1)
]

i = 0

P 2006+k
[5i,5i+5) =

5∑
j=1

[
P 2006
[5i+j−k−1,5i+j−k)×

k∏
m=1

C2006+m
[5(i−I(j+m≤k+1)),5(i−I(j+m≤k+1))+5)

]
i = 1, 2, ...16

P 2006+k
[5i,∞) =

∞∑
j=1

[
P 2006
[5i+j−k−1,5i+j−k)×

k∏
m=1

C2006+m
[5(i−I(j+m≤k+1)),5(i−I(j+m≤k+1))+5)

]
i = 17

5 Performance Evaluation Criteria
To test the performance of the model II, individuals and households along
with their characteristics in reference small area were reconstructed using
the sample-based algorithm method. The mentioned algorithm was run by
R software for the selected city. To use the sample-based algorithm we need
a sample of filled households and marginal variables. In order to obtain
these data, 2% of 2006 census households are selected and the dimensional
marginals (age interval, sex and settlement area distributions) are extracted.
Then, to obtain a weighted sample, we apply the sample-based algorithm
from Ye et al. (2009) and lenormand and Deffuant (2013). With this sample
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we generate the synthetic population of Mahallat. Then, the reconstructed
population (synthetic population) of the city is projected using the extended
model II covering vital events for the years between the two censuses, 2006
and 2011. Table 1 shows the projected population of 2011. To evaluate per-
formance of these models, we use the estimated proportion of good prediction
( ˆPGP ), proposed by lenormand and Deffuant (2013) as

ˆPGP = 1− 1

2
×
∑p

k=1 |Ok − Êk|∑p
k=1Ek

(4)

where Ok and Êk are the observed (census frequency) and estimated expected
frequency (the population projection frequency) of household or individuals
in kth age interval, respectively. ˆPGP criterion range from 0.5 to 1.

The second criterion used for comparing the results of these two models,
is the percentage of relative absolute deviation of observed and estimated
expected frequencies, given by

δ̂k =
|Ok − Êk|

Ek
× 100 k = 1, 2, ..., p (5)

where δ̂k represents the percentage of relative absolute deviation of observed
and estimated expected frequencies for the kth age interval. The third cri-
terion used for comparing performance of the proposed model and model I
is 95% nonparametric bootstrap confidence intervals for each age interval.
Resampling with replacement has been carried out with a sample size equal
to 2% of data file of the 2006 census. Synthetic population by the year 2006
is simulated using the sample-based method, and population from 2006 to
2011 is projected using model II. This process has been repeated 500 times.
In each bootstrap sample, age distribution of the target population is esti-
mated. Finally, sampling distribution estimator of the total population in
every age interval is estimated. A percentage of 95 confidence intervals of
nonparametric bootstrap for the estimator of the size of the population in
each age interval θ̂n is calculated by the Equation 6 (see Wassermann (2006)).

(θ̂n − z∗0.975ŝeboot, θ̂n − z∗0.025ŝeboot) (6)

where z∗α is the α quantile of z∗n,1, z∗n,2, ..., z∗n,b and z∗n,b =
θ∗n,b−θ̂n

ŝeboot
, θ̂n is

the estimator of size of the population in each age interval from the initial
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sample size, θ∗n,b is the bootstrap estimate of size of the population in each
age interval in the bth bootstrap sample, and ŝeboot is the estimated bootstrap
standard error of θ∗n,b calculated by Equation 7.

ŝeboot =

√√√√ 1

B − 1

B∑
b=1

(θ∗n,b − θ̄∗n)
2, where θ̄∗n =

1

B

B∑
b=1

θ∗n,b (7)

5.1 A Comparison Between the Existing and the Extended
Models

Tables 1 to 4 summarize final results by applying Equation 3. To compare
model I with model II, criteria 4, 5 and 6 are considered.

5.1.1 Comparing the δ̂k of Observed and Estimated Expected Fre-
quencies

To compare population projections using models I and II, we use the per-
centage of relative absolute deviation of observed and estimated expected
frequencies by applying Equation 5. Table 1 indicates that the population of
age intervals projected by model II has a lower average δ̂k. Table 2 indicates
that the projected population using model II has a lower δ̂k in term of the
type of characteristics related to the model I. This improvement in sum and
average estimation of Mahallat population is evident in both Tables 1 and
2.

5.1.2 A Comparison of the Two Models Using ˆPGP

Table 3 shows the values of ˆPGP criterion using Equation 4 for the popula-
tion projection of Mahallat. As we can see ˆPGP values using model II are
greater than those for model I, this means the model II performs better than
the model I in projecting the population of urban and rural for both men
and women.

5.1.3 Bootstrap 95% Confidence Intervals

As Table 4 and Figure 2 show the model II, 95% bootstrap confidence inter-
vals cover Mahallat population of all age intervals except for 0-4 and 80-84
age intervals. While the model I, 95% bootstrap confidence intervals cover
Mahallat population in all age intervals except for 0-4, 30-34, 60-64, 75-79,
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Table 1. Percentage of relative absolute deviation of observed and estimated expected fre-
quencies to compare the two models for each age interval in Mahallat

Age Population
of 2011

Population
projection

Population
projection

δ̂k for δ̂k for

interval Census using
model I

using
model II

model I model II

0-4 3691 3106 3127 15.85 15.28
5-9 3441 3421 3448 0.58 0.21
10-14 3545 3820 3652 7.76 3.02
15-19 4189 4681 4302 11.75 2.70
20-24 5823 6029 5640 3.54 3.14
25-29 5945 6026 6269 1.36 5.45
30-34 4588 5103 4645 11.22 1.23
35-39 3999 4211 4028 5.30 0.72
40-44 3758 3733 3679 0.67 2.10
45-49 3388 3307 3421 2.39 0.97
50-54 2840 2798 2835 1.48 0.16
55-59 2153 2113 2209 1.86 2.59
60-64 1406 1592 1368 13.23 2.67
65-69 1206 1323 1259 9.70 4.35
70-74 1161 1198 1109 3.19 4.46
75-79 1040 932 1075 10.38 3.35
80-84 626 600 570 4.15 8.87
85+ 554 483 608 12.82 9.75
sum 53353 54476 53245 2.10 0.20

Average δ̂k of age intervals 0-4 to 85+ 6.51 3.95
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Table 2. Percentage of relative absolute deviation of observed and estimated expected fre-
quencies to compare the two models for different characteristics of population in Mahallat

Age Population
of 2011

Population
projection

Population
projection

δ̂k for δ̂k for

interval Census using
model I

using
model II

model I model II

Urban males 23278 24022 23214 3.2 0.3
Urban females 23132 23398 23020 1.1 0.5
rural males 3779 3547 3800 6.1 0.6
rural females 3164 3509 3210 10.9 1.5
sum 53353 54476 53245 2.1 0.2

Table 3. ˆPGP statistic for model I and model II in Mahallat by gender
Urban Urban Rural Rural total
males females males females

ˆPGP for model I 0.961 0.970 0.927 0.934 0.971
ˆPGP for model II 0.981 0.980 0.968 0.971 0.983
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Figure 2. Bootstrap 95% confidence intervals for projected 2011 population by models I and
II.

and 85 years old and more. Thus, 95% bootstrap confidence intervals im-
prove the number of individuals of age interval in the model II, also the
average length of confidence intervals is 567 for model II and 593 for model
I.

6 An Application
Assume that there are two datasets in which the data are interconnected in
some ways. A new dataset is to be driven out of the two aforementioned
datasets whose data are not found in any other datasets. One of those initial
datasets includes household of information as identified through census, and
the other one consists information on electricity industry subscribers’ energy
consumption per capita. The purpose is to make a dataset of the character-
istics of both datasets. Moreover, suppose that this dataset is constructed
from a synthetic population based on characteristics per capita household en-
ergy consumption, size and type of household in Mahallat city. This dataset
considerably helps planners to provide the required the funds and the infras-
tructures for clean and optimum energy consumption in the city. Aiming
at this objective, 480 households in Mahallat are selected randomly. The
required household information for the year 2006 and the households’ elec-
tricity bill subscription code are then gathered. It should be noted that since
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Table 4. Age distribution in 2011 census and 95% bootstrap confidence interval for each age
interval in Mahallat

Model I Model II
Age
interval

population Lower
limit

Upper
limit

Population
projection
using
model I

Lower
limit

Upper
limit

Population
projection
using
model II

0-4 3691 2773 3439 3106 3022 3246 3127
5-9 3441 2915 3929 3422 3195 3798 3448
10-14 3545 3316 4326 3821 3295 4063 3652
15-19 4189 4125 5238 4682 4004 4952 4302
20-24 5823 5396 6661 6028 5056 6231 5640
25-29 5945 5454 6598 6026 5557 6467 6269
30-34 4588 4694 5511 5103 4141 4784 4645
35-39 3999 3909 4515 4212 3767 4294 4028
40-44 3758 3471 3996 3734 3298 3863 3679
45-49 3388 3064 3551 3307 3210 3768 3421
50-54 2840 2581 3016 2799 2664 3211 2835
55-59 2153 1919 2308 2113 1926 2299 2209
60-64 1406 1433 1750 1592 1046 1530 1368
65-69 1206 1184 1462 1323 917 1375 1259
70-74 1161 1078 1319 1199 705 1213 1109
75-79 1040 855 1010 933 786 1189 1075
80-84 626 551 649 600 305 585 570
85+ 554 429 540 484 481 661 608
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Table 5. IPU Table

Annual house-
hold electricity
consumption

Household
size

Type of household

Number
of house-
holds

Less
than
300
kWh

... More
than
2400
kWh

1 ... 6 and
more
than 6

Single ... Other
house-
holds

W1 ... W480 Wfinal

1
2
...
480
WS

E

δb

WS1

WS2

...
WS480

δa

the census data of each household characteristic is available for the year 2006,
the data related to the random sample are also collected for that same year.
Then, the electricity consumption of each customer within that year is ac-
cumulated separately via their electricity bill subscription codes provided by
Electricity Distribution Department. Characteristics of this new dataset are
summarized as follows:

• Annual household electricity consumption: less than 300 kilowatt hours
(kWh), 300-600, 600-900, 900-1200, 1200-1500, 1500-1800, 1800-2100,
2100-2400, and more than 2400 kilowatt hours,

• Household size: 1, 2, 3, 4, 5, 6 and more than 6, and

• Type of household: single, couples without children, couples with chil-
dren and other households.

Data collected for the 480 households of the sample is summarized in the
IPU table, Table 5, out of which a new dataset is created using R software;
characteristics of the new dataset are summarized in Tables 6, 7, and 8.
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Table 6. Population size by households electricity consumption and household size in Mahallat

Household
size

Less than
300 kWh

300-
600

600-
900

900-
1200

1200-
1500

1500-
1800

1800-
2100

2100-
2400

More than
2400 kWh

1 422 211 138 18 149 131 61 0 0
2 614 695 585 292 352 284 37 0 0
3 874 349 400 303 326 1243 0 0 0
4 504 906 723 309 501 415 98 0 0
5 101 100 85 136 382 777 51 154 116
6+ 38 52 65 33 173 345 160 61 131

Table 7. Population size by households electricity consumption and household type in Ma-
hallat

The type house-
hold

Less than
300 kWh

300-
600

600-
900

900-
1200

1200-
1500

1500-
1800

1800-
2100

2100-
2400

More than
2400 kWh

Single
households

422 211 138 18 149 131 61 0 0

Couple house-
holds without
children

528 559 490 234 329 246 0 0 0

Couple house-
holds with
children

1425 548 754 677 1135 3452 313 199 235

Other
households

179 246 248 291 171 412 106 16 12

Table 6 shows that in 2006, three-person households have had the high-
est electricity consumption among all households within the range 1500-1800
kWh. Moreover, households with two and four members, have had the high-
est consumption within the range 300-600 kWh. Also, the highest electricity
consumption in single households has been within a range of less than 300
kWh and the highest electricity consumption in five and more-person house-
holds have belonged to the range 1500-1800 kWh. In addition, Table 6 shows
that the electricity consumption has been proportionate across households
with one, two, four, and six-and-more-than-six members. Thus, the electric-
ity consumption of Mahallat can be improved upon having the electricity
consumption for households of three and five members well-managed.
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Table 8. Population size by households electricity consumption and household size and type
in Mahallat

The type and size household Less
than
300
kWh

300-
600

600-
900

900-
1200

1200-
1500

1500-
1800

1800-
2100

2100-
2400

More
than
2400
kWh

Single households 422 211 138 18 149 131 61 0 0
Couple households without chil-
dren

528 559 490 234 329 246 0 0 0

Two person households with
one parent

12 3 3 23 38 105 42 13 9

Three person households 27 49 61 11 135 240 119 49 123
Three person households with
one parent

7 32 14 41 40 64 13 3 3

Four person households 94 68 71 96 342 714 38 150 113
Four person households with one
parent

16 29 32 62 40 112 14 0 0

Five person households 488 127 325 376 362 1350 157 0 0
Five person households with one
parent

58 46 103 108 31 94 0 0 0

Six person and more than house-
holds and more

816 304 297 195 295 1148 0 0 0

Six person and more than house-
holds with one parent

86 136 95 58 23 37 37 0 0

Table 7 shows that couple households with children have had the high-
est electricity consumption among all households within the range 1500-1800
kWh. Also, among households without children, the highest electricity con-
sumption has been within the range 300-600 kWh and within the range 1500-
1800 kWh for other household types. In addition, Table 7 shows that the
electricity consumption for the single households, couple households without
children, and other-households type can be ignored due to their small num-
ber. Thus, the electricity consumption of Mahallat can be improved upon
having the electricity consumption for couple households with children well-
managed through investing on the existing consumption-reducing methods.

Table 8 shows that five-person households have had the highest elec-
tricity consumption among all households within the range 1500-1800 kWh.
Moreover, this table shows the electricity consumption more than 2100 kWh
have been only among two-person households with one parent, three-person
households, and four-person households. In addition, Table 8 shows that
a great deal of electricity consumption can be dealt with upon having the
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electricity consumption of four-person households, and six-person-and-more-
than-six households well-managed.

7 Discussion and Conclusion
As noted before, the small area of Mahallat which was selected for this re-
search overlaps with the work by Moeti and Navvabpour (2015) and Navvabpour
et al. (2015). The sample used for synthetic population simulation in the
sample-based method has been selected from 2% census data file dissemi-
nated by the Statistical Center of Iran in 2006. According to the compara-
tive results of the two models, it can be concluded that the performance of
the extended model II with correct results in point and distance estimation,
is better than the performance of model I. Furthermore, the application em-
ployed in this work can be taken by any organization to the simulation of any
new datasets constructed following the careful selection of various character-
istics and variables of interest; results from these new datasets will greatly
influence planning and development in the affiliated organizations. Finally,
as a novel idea, model II can be used to project any simulated new dataset
of various organization characteristics for the upcoming years.
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Appendix
In this section we prove theorems 1 and 2.

Appendix 1

Proof of theorem 1:
The theorem is proved in different cases.

• a = 5, i = 1, 2, ..., 16 (Part 2 Model II).
Suppose Model I is rewritten as follows:

P Y+k
[ai,ai+a) = β×P Y+k−1

[ai−a,ai) × CY+k
[ai−a,ai) + (1− β)×P Y+k−1

[ai,ai+a) × CY+k
[ai,ai+a)
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According to the problem hypotheses (a = 5, k = 1 and β = 0.2), we
have

P Y+1
[5i,5i+5) =0.2×P Y

[5i−5,5i) × CY+1
[5i−5,5i)

+ (1− 0.2)×P Y
[5i,5i+5) × CY+1

[5i,5i+5) (∗)

Now in this case we prove that part 2 model II is equal to (*).

According to the assumption, for [5i− 5, 5i) and [5i, 5i+ 5), we have

P Y
[5i−5,5i−4)

P Y
[5i−5,5i)

=
P Y
[5i−4,5i−3)

P Y
[5i−5,5i)

= ... =
P Y
[5i−1,5i)

P Y
[5i−5,5i)

and
5∑

n=1

P Y
[5i−5+n−1,5i+n−5) = P Y

[5i−5,5i)

So, we have it easily

P Y
[5i−1,5i) =

1

5
× P Y

[5i−5,5i) (1)

and

P Y
[5i,5i+1)

P Y
[5i,5i+5)

=
P Y
[5i+1,5i+2)

P Y
[5i,5i+5)

= ... =
P Y
[5i+4,5i+5)

P Y
[5i,5i+5)

and
5∑

n=1

P Y
[5i+n−1,5i+n) = P Y

[5i,5i+5)

So, we have it easily

4∑
n=1

P Y
[5i+n−1,5i+n) = P Y

[5i,5i+1) + P Y
[5i+1,5i+2) + ...+ P Y

[5i+3,5i+4)

=
4

5
× P Y

[5i,5i+5) (2)
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According to the assumption and part 2 model II

P Y+1
[5i,5i+5) =

5∑
j=1

[
P Y
[5i+j−2,5i+j−1) × CY+1

[5(i−I(j+1≤2)),5(i−I(j+1≤2))+5)

]
=P Y

[5i−1,5i) × CY+1
[5i−5,5i)

+ P Y
[5i,5i+1) × CY+1

[5i,5i+5)

+ P Y
[5i+1,5i+2) × CY+1

[5i,5i+5)

+ P Y
[5i+2,5i+3) × CY+1

[5i,5i+5)

+ P Y
[5i+3,5i+4) × CY+1

[5i,5i+5)

=P Y
[5i−1,5i) × CY+1

[5i−5,5i) +

4∑
n=1

P Y
[5i+n−1,5i+n) × CY+1

[5i,5i+5)

According to (1) and (2):

P Y+1
[5i,5i+5) =

1

5
× P Y

[5i−5,5i) × CY+1
[5i−5,5i) +

4

5
× P Y

[5i,5i+5) × CY+1
[5i,5i+5)

which is the same as (*) and the proof is completed.

• a = 5, i = 17 (part 3 model II).
Suppose Model I is rewritten as follows:
It is clear CY

[85,90) = CY
[85,∞), we have

P Y+1
[85,∞) = 0.2×P Y

[80,85) × CY+1
[80,85) + P Y

[85,∞) × CY+1
[85,∞) (∗∗)

Now in this case we prove that part 3 model II is equal to (**).
According to the assumption and for [80, 85), we have

P Y
[80,81)

P Y
[80,85)

=
P Y
[81,82)

P Y
[80,85)

= ... =
P Y
[84,85)

P Y
[80,85)

and
5∑

n=1

P Y
[80+n−1,80+n) = P Y

[80,85)
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So, we have it easily

P Y
[84,85) =

1

5
× P Y

[80,85) (3)

and

P Y
[85,86) + P Y

[86,87) + ... = P Y
[85,∞) (4)

According to the assumption and part 3 model II

P Y+1
[85,∞) =

∞∑
j=1

[
P Y
[85+j−2,85+j−1) × CY+1

[5(17−I(j+1≤2)),5(17−I(j+1≤2))+5)

]
= P Y

[84,85) × CY+1
[80,85) + P Y

[85,86) × CY+1
[85,90) + P Y

[86,87) × CY+1
[85,90) + ...

= P Y
[84,85) × CY+1

[80,85) + P Y
[85,∞) × CY+1

[85,∞)

According to (3) and (4):

P Y+1
[5i,5i+5) =

1

5
× P Y

[80,85) × CY+1
[80,85) + P Y

[85,∞) × CY+1
[85,∞)

Which is the same as (**) and the proof is completed.

• a = 5, i = 0 (part 1 model II ).

Suppose Model I is rewritten as follows:

we know P Y
[0,1) number of births in Y year, so

P Y+1
[0,5) = P Y+1

[0,1) + (1− 0.2)×P Y
[0,5) × CY+1

[0,5) (∗ ∗ ∗)

Now in this case we prove that part 1 model II is equal to (***).

According to the assumption, for [0, 5) we have

P Y
[0,1)

P Y
[0,5)

=
P Y
[1,2)

P Y
[0,5)

= ... =
P Y
[4,5)

P Y
[0,5)
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and
5∑

n=1

P Y
[n−1,n) = P Y

[0,5)

So, we have it easily

4∑
n=1

P Y
[n−1,n) = P Y

[0,1) + P Y
[1,2) + ...+ P Y

[3,4) =
4

5
× P Y

[0,5) (5)

According to the assumption and part 1 model II

P Y+1
[0,5) =

5∑
j=1

[
P

Y+(2−j)I(j≤1)
[j−2,j−1)I(j−1∈{2,3,4})+[0,1)I(j−1/∈{2,3,4}) ×

(
CY+1
[0,5)

)I(j+1>2)
]

=P Y+1
[0,1) + P Y

[0,1) × CY+1
[0,5) + P Y

[1,2) × CY+1
[0,5)

+ P Y
[2,3) × CY+1

[0,5) + P Y
[3,4) × CY+1

[0,5)

=P Y+1
[0,1) +

4∑
n=1

P Y
[n−1,n) × CY+1

[0,5)

According to (5):

P Y+1
[0,5) = P Y+1

[0,1) +
4

5
× P Y

[0,5) × CY+1
[0,5)

which is the same as (***) and the proof is completed.

For the case a = 10, it is proved in a similar way.

Appendix 2

Proof of theorem 2:
The theorem is proved in following case:
a = 5, i = 1, 2, ..., 16 (part 2 model II).
By substituting values β in model I, we have
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P Y+1
[ai,ai+a) =

P Y
[ai−1,ai)

P Y
[ai−a,ai)

×P Y
[ai−a,ai) × CY

[ai−a,ai)

+ (1−
P Y
[ai+a−1,ai+a)

P Y
[ai,ai+a)

)×P Y
[ai,ai+a) × CY

[ai,ai+a)

=P Y
[ai−1,ai) × CY

[ai−a,ai) + (P Y
[ai,ai+a) − P Y

[ai+a−1,ai+a))× CY
[ai,ai+a)

=P Y
[ai−1,ai) × CY

[ai−a,ai) + P[ai,ai+a−1) × CY
[ai,ai+a) (∗)

Now in this case we prove that part 2 model II is equal to (*).

P Y+1
[ai,ai+a) =

a∑
j=1

[
P Y
[ai+j−2,ai+j−1) × CY+1

[a(i−I(j+1≤2)),a(i−I(j+1≤2))+5)

]
=P Y

[ai−1,ai) × CY+1
[ai−a,ai)

+ P Y
[ai,ai+1) × CY+1

[ai,ai+a)

+ P Y
[ai+1,ai+2) × CY+1

[ai,ai+a)

+ ...

+ P Y
[ai+a−2,ai+a−1) × CY+1

[ai,ai+a)

=P Y
[ai−1,ai) × CY+1

[ai−a,ai) +

a−1∑
n=1

P Y
[ai+n−1,ai+n) × CY+1

[ai,ai+a)

=P Y
[ai−1,ai) × CY+1

[ai−a,ai) + P Y
[ai,ai+a−1) × CY+1

[ai,ai+a)

which is the same as (*) and the proof is completed.

For the other cases, it is proved in a similar way.
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