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Abstract. In this paper, some predictors for prediction in a stationary
second order autoregressive process are introduced. The paper attempts to
find the best predictor for some cases such as circumstances there exist a fixed
number of observations near or far from desired time. Pitman’s measure of
closeness and mean square error of prediction are used in order to comparison
these predictors. The Gaussian and Gamma distributions have been used for
distribution of errors. Finally analysis of two real data sets has also been
presented for illustrative purposes.
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1 Introduction

Comparison between two linear predictors in a stationary autoregressive of
order one (AR(1)) model has been performed in Hamaz and Ibazizen (2009).
This work was done with respect to the well-known criterion of Pitman’s
Measure of Closeness (PMC). These predictors were based on previous ob-
servations and all observations, respectively. A more realistic case, when the
parameters are unknown has been considered by Saadatmand et al (2016) for
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this model with Exponential innovations. For corresponding works in spa-
tial domain, Saber and Nematollahi (2017) and Saber (2017) have studied on
a stationary first order multiplicative spatial autoregressive model. In this
work, we consider the stationary autoregressive of order two (AR(2)) model
which is in form of

Zy =01 241 +p2 Lo +ert=1,...,n, (1)

where ¢; s are uncorrelated random variables named as innovations. This
process is stationary for parameters @1 and o which are in following set

e stationary — {(9017902); ’¢2’ <1and |901| <1l- 902} . (2)

A direct computation demonstrate that the autocorrelation function of pro-
cess (1) is given by

e h=1
P+e,—03 =
p(h) =4 Th h=2 (3)

prp(h—=1)+p2p(h—2) h=34,...,n,

\

Because of simplicity in notations, whenever we use p, this means p (h).
The aim of paper is comparing predictors in two classes of predictors based
on PMC and Mean Square Error of Prediction (MSP). These two classes of
predictors are based on near observations and far observations to unsampled
time which we need to predict our variable, respectively. For distribution of
innovations we use from two well-known statistical distributions. The Gaus-
sian distribution as a very general and applicable distribution is a suitable
distribution for innovations which is our first choice. This distribution is ap-
plied for modeling symmetric data which their value can be in whole of real
data (R). Hamaz and Ibazizen (2009) had considered this distribution in their
work, too. Another distribution which recently has been frequently used for
distribution of errors in a time series is Gamma distribution whose a spe-
cial case is Exponential distribution (Aélliot (2006), Gourierouz and Jasiak
(2006), Saadatmand et al. (2016), Senoglu and Bayrak (2016)). Whenever
time series data are positive and skewed to right, an appropriate choice for
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distribution of innovations is Gamma distribution. Therefore, we have a mo-
tivation in order to use a Gamma distribution for distribution of innovations,
too. By using of these two distribution which one of them is symmetric and
in R and another is positive and skewed to right, a large class of data can be
contained in this study.

The paper is organized as follows. Comparing these predictors which use
from near observations is studied in Section 2. We peruse three classes of
predictors based on far observations in Section 3. A real data set is analyzed
for illustrative purposes in Section 4. Finally, a discussion and conclusion
about matter has been included in Section 5.

2 Prediction of Missing Values by Using Near Ob-
servations

In this section, we use observations which are near to time which prediction
must be done there. Notice that if all the past observations are used for pre-
diction, the predictor equals with Zfl =E(Z, |Z1, ... . Z1—1)=p1 Z1—1 +
(02))) Zt_Q +E(Et )

On the other hand, we are going to perform prediction by the near observa-
tions. Therefore, only 4 observations which are in distance 2 with unobserved
time are used. First we find 15 = (2*—1) linear predictors for Z; in model (1).
These predictors are different from using other observations point of view.
Our predictors Z;"! use observation Z%' = {Z, ;s € OF'} for k = 1,...,4

4
and [ =1,..., < ) ) . These sets have described in following.

Ot ={t—2}; 07 ={t—1}; 0} = {t+1}; O}* = {t+2}. O =
{t—2,t—1};07 ={t—2,t4+1};07° ={t — 2.t +2}; 07" = {t — 1,t + 1} ;
0P = {t—1,t4+2}; 0% = {t+1,t+2}. O}' = {t—2,t—1,t+1};
O ={t—2,t—1,t+2},00° ={t =2t + 1,6 +2}; O = {t —1,t + 1,t + 2}
and OF' = {t — 2.t —1,t+1,t +2}.

Since all indexes must be in set {1,...,n}, there are some exceptions which
Of s are not same as defined set in above and in fact these sets are reduced
for observations which are in borders. For instance, O%’l ={2,3} and O}* =
{n—1}.So Zf’ls have more than one part based on Of’l.

Before of any work notice that identifiability of two recommended models
must to be checked. Since this matter is not directly concerned to our study,
we show identifiability of these models in Appendix A.
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Although a comparison can be done between all predictors, this is not more
logical to compare two predictors which use of one and four observations,
respectively. One the other hand, interpretation of comparison among 15
predictors is very complicated and difficult. So, we focus on comparing Z o

4
for a fixed value of k = 1,...,3 and between [ = 1,..., ( ) ) . Because

of this fact that for k = 4, there exist only a predlctor We cannot have
any comparison in this case. Therefore, we compare Z ! Wwith the best
predictors Zf ! in cases k = 1,...,3. The introduced predictors are computed
by conditional expectation Z; on Zf’l, Zf’l =F (Zt ’ Zf’l> . Computation
of all predictors is accomplished by the well-known Projection Theorem, see
e.g. Brockwell and Davis (1991). In following theorem, we find mentioned
predictors.

Theorem 1. Let Z; comes from model (1) and Of’l are defined as above. If
E(Z;)=0 and Var (Z; ) < oo, then the best linear predictors for Z; based

on Zf’l w.r.t MSP, are given by

po Zry2  t=1,2

2 =
p2Zt_2 t:3,...,n
. p1 Zi+1 t=1
70* =
p1 Zi—1 t=2,...,n
p1 Ziy1 t=1,...,n—1
70 =
pQZt+2 t:17 '7n_2
~1.4
Z," =
Po Zi—g t=n—1,n
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01 Zit1 + oy Zip2 t=1,2

2
Yo Li—o2 +9; L1 t=3,...,n
Y1 Zi+1 + 99 Ziya t=1,2
23’2 = (Pz_”lf’s)zt*i;(;l_p2’33)Z”1 t=3,...,n—1
[ 2 Zio + 9y Zi t=n
P01 i1 9y Lipo t=1,2
7H = 2222 +Ziyz ) t=3,...,n—2
[ #2 Zio +¢p Zt1 t=n—1,n
©1 Zey1 T g Ly t=1
724 _ 1i1[)1(zt_1 + Zip1) t=2,...,n—1
(P2 Zi2 01 Zi1 t=n
01 Zig1r + 03 Zig2 t=1
720 = (01—pgps)ZHl:rp(gpg—plpg)Zt+2 t—9. . n—2
(P2 Zt—2 + 1 Zt—1 t=n—1,n
W1 Zi41 99 Ziya t=1,...,n—=2
726
Wy Lo +9; Z1—1 t=n—-1,n

J. Statist. Res. Iran 16 (2019): 409-446
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01 Zey1 + 0y Ziyo t=1

Yo (aZi—1 + b2y + ¢ Zpyo) t=2

7" -
Vo(cZio + b Zy 1 + aZypr) t=3,...,n—1
Py Zt—2 + 1 L t=n
b _ 1 _ 2., 2 _ _ 3
where 1y = a = py+ p1py + P1P3 — P1P2 — P2P3 — Pis

1—pi—p3—p3+2p, P03’ ) ) ) ;
b= p1+ p3p3+pips — 2p1Py — P1P3: C = Po+ Popi + prpaps — P1 — P1P3 — Pa-

©1 Lig1 + 9y Ziyo t=1
Yo(aZi—y + b Ziyr + ¢ Zpyg ) t=2
2P =420+ v Zi1 + 8 Ziso t=3,...,n—2

¢2(CZt_2 + b Ziq1 + aZt+1) t=n-—1

Oy Zi—2 +@1 Ly t=n

prps(Pa=1) 403 (pa=pa)tra(1=ps)  _ Pr(1=pa)+(Prpa=ps)stry(1-ps)
1—pi—p3—p3+201 P34 ’ 1-p7
and q = py — pys — piT-

where s =
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01 Ziv1 + 0y Ziyo t=1
Yo (aZi—1 + b2y + ¢ Zpyo) t=2
ZSBZ $Zi_9 + TZt+1 + th+2 t=3,...,n—2

'(ﬂg(CthQ + bZt—l + CLZt+1) t=n—1

(P2 Zt—2 + 1 Zp—1 t=n

01 Ziy1 + 0y Ziyo t=1
o (aZiy1 + bZy1 + ¢ Ziya) t=2,...,n—2

Yo (cZi—g + bZi 1 + aZyp1 ) t=n—1

Oy Lo + 1 Ly t=n
01 Zig1 + @y Ziga t=1
Yo (aZi—1 + b Ziy1 + ¢ Ziyo) t=2

27 =S (Zis + Zipa )+ B(Zia + Zipa)) t=3,...,n—2

TZJQ(CZt_Q + bZt_l + G,Zt+1) t=n—1

Oy Zi—2 + 1 Zi1 t=n
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where = L . a = 1+ _ 1), B =
wl (1+p2)(1+p4)7(p1+p3)2 P2 (2 p2)2 P1 (pl ] ,03) ] ﬁ
+ — —
pr(Ltps) = pa(pr+ps). pr = T25, py = T2 py = A2 and
py = o3 +o, 0 —pled—oh
4 1—@2 *

Proof. First consider these predictors are in the form of

Zf’l = Z Qi Z; . (4)

icor!

The coefficients oy, ;s are earned by minimizing MSP. By the projection the-
orem these coefficients for any k = 1,2, 3,4 are resulted by

corr(Zy — Zf’l, Z;)=0 v jeol. (5)
Therefore, by using of (4) in (5) we have Zz‘eOf ag; corr( Zy, Zj) =
corr(Zy , Zj )V j € Of’l, and then

S ariplli—j)=p(t—34) ¥ jeor (6)
€Ok

Depending on the number of members in Of ’l, (6) is a system of equations
with the same set of unknowns. Solving these systems of linear equations
and then using of Equation (3) for earning to p(h) h = 1,...,4, complete
the proof. O

The comparison between these predictors is the subject of continuity of this
section. PMC criterion for comparing two predictors Z and Z is given by

PMCyz (Z ’ Z) :P{’Z— Z‘ < )Z— Z‘} The predictor Z is said to be
Pitman-closer to variable Z than the predictor Z if PMCy (Z ‘ Z) > 0.5. In

order to have more details on the concept and characteristics of this criterion
see Keating et al. (1993). Various works on PMC is listed in a special issue
of Communications in Statistics, Theory and Methods ((1991), Vol. 20, No.
11).

The predictors Ztk s are too complicated to evaluate the MSP and PMC in
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the closed forms. Therefore, we will need to simulate the answer by

. 2
Z?:l (Zi - Zi)

MSP (z) = - : (7)
and . )

where U(t) is 1 for positive t and 0 otherwise.

For computing (7) and (8) a leave one out approach is applied. We simulate
n observations form (1) and then the following algorithm is applied.
Algorithm A.

1. Let t = 1. Remove Z; and define Z_; as the vector of remained
observations.

2. Compute Zfl by using Z_;.

N 2 N N N
3. Compute (Zf’l——Zt> ,U(‘Zf’l—Zt’—’Ztl ——Zt’)and U(’Zf—Zt‘—
‘Z}”——Zt‘).

4. Repeat steps a, band c fort =2,3,...,n.

In order to have a comparison between introduced predictors, we generate
5000 realizations from AR(2) model with Exponential innovations.

First of all, results demonstrate that predictors which use from symmetric ob-
servations around unsampled time ¢ have approximately same performance.
In the other words, using of Ztll or ZtlA, ZAt12 or Ztl’?’, thl or ZE’G, Ztm or
Zf o Zf’ 1 or Zf +and Zt?’ 2 or Zf’ 3 have a very neglible difference w.r.t to
PMC or MSP. (We indicate veracity of this claim by using of figures through
paper). Therefore, comparison with any predictor is accomplished only with
one of them.

In order to have a comparison between recommended predictors, we gener-
ate 1000 realizations from model (1) with Gaussian innovations. Figure 1
demonstrates some of these comparisons between Z,} L= 1,...,4 for some
values of ¢, and all values of ¢; which satisfy stationary condition. Fig-

ure 1 denotes that MSP (ZM) =~ MSP (21’4) and P/]W\C’ (ZAL1 ‘ 21’4) =

J. Statist. Res. Iran 16 (2019): 409-446
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PMC (Z 1,2 ’ Z 1’3) 2 (.5, so as we mentioned previously the performances

of Zb1 and Z12 are approximately same as Z14 and 213, respectively. From
Figure 1 this comes that M SP (Zl’l) < MSP (ZL?) and PMC (21’1 ’ 21’2)

> 0.5 whenever |@,| > |¢,|. Therefore, Z1! and Z'* are better than Z12
and Z%3 w.r.t both MSP and PMC for

elG,1|1,2 = {(901)902) € @stationary ) |<P2| > |301|} (9)

This is logical from a statistically point of view. The predictors Z1! and
714 use from Zi—o and Zyyo for prediction of Z; which their coefficients in
model (1) is ¢,, while Z12 and Z13 use from Zy—1 and Zy4q for prediction
of Z; which their coefficients in model (1) is ¢y, so whenever [p,] > ||, Z
is more dependent to Z;_s and Z;12 than Z;_; and Z;4; . This causes AL
and Z'* have better performance than Z12 and Z'3 in this case.

The results of comparison between Zf b= 1,...,6 are long since 6 predic-

6
tors have ( ) = 15 plots for comparison. Therefore, we first compare
2

th,l [=1,2,5,6 since Zf’l and ZE’G and also ZE’Q and 235 as we mentioned
previously have the same performance. Some of these results

have been represented in Figure 2. Both criteria MSP and PMC show
that the predictors Zf 1 and Zf 2 have the same performance With predictors
Z2% and Z " respectively. So, comparison between Z and Z s enough
for concludlng Our findings dernonstrate the predictors Z ! and Z2 6 a
approximately better than predictors Z % and Z25 w.r.t both MSP and
PMC for

@§1|2,2 = {(@17@2) € @stationary ;P2 € (_17 _02) and ’901’ <0.72 - 90(2} )
10

However, the amount and strength of this being better is various for val-
ues of parameter ¢, in (—1,—0.2). Although PMC (22’1 ) 2272> > 0.5 for

all values of parameters ¢, and ¢, in set o¢ this quantity is approxi-

2,1/2,2°

mately a decreasing function of ¢, whenever ¢, and ¢, are in set @2 .2

Notice that results show the predictors Zt’ and th2 S are approximately bet-
ter than predictors th’l and Zf’G w.r.t both MSP and PMC for ©

G
92,1|2,2'

stationary
However, difference between them is very inconsiderable for some
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Figure 1. Comparison between predictors Ztl "
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Figure 2. Comparison between predictors Zt” l=1,...,4 for p2 = 0.15, 0.4, 0.55.
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Figure 4. Comparison between predictors Zfl 1=1,2,5,6 for ps = —0.25, 0.35, 0.9.
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values of parameters ¢; and ¢, in © - @201‘22. Indeed the pre-

stationary
dictors Zf 2 and Zf S are approximately better significantly than predictors
72" and Z2° w.r.t both MSP and PMC for

@2G,2|2,1 = {(9017902) € @stationary ; P9 € (_1’ _02) and ’901| >0.72 — 90(2} )
11

: G _ G G
For other values of ¢ and ¢, in 051956 = O y0ti0nary — (@2,”2’2 U @2’2|271>

predictors Zf kg = 1,2,5,6 have approximately same performance. By sub-
stitution (10) and (11) in @2G71256, it can be represented in following simpler
form

G
05 1956 = {(#1,2) € Ogtationary ; P2 € [-0.2, 1)}, (12)
which shows this set has only determined by parameter ¢,.

By earned results about comparing predictors th s until now, we need to
compare predictors Zfl [ =1,3,4 in set 651‘272 and Zfl [ =2,3,4 in set
(C] stationary — @g:llm‘ In order to having simpler inference, these two works
are done for ¢, < —0.2 and ¢, > —0.2, respectively.

Our results denote that MSP(Z?A) is very bigger than MSP(ZE’I) 1=1,2,3
for

@gl:inadmissible = {(9017 902) € @stationary ; p1 € (@2 - 1’ P2 — 07)} . (13)

That causes the plots of MSP(Z} 1 =1,...,4 cannot show real dif-
ference between predictors. Since values of PMC(Z;C ’l) cannot exceed of 1,
comparison between th b= 1,...,4 is only done by criteria PMC.

Figure 3 shows comparison between predictors th b= 1,3,4 for ¢, < —0.2.
This figure shows PMC (22’1 ‘ 2273> > 0.5 and PMC <Z2’1 ‘ 22’4> > 0.5

approximately for
@2G,1|(2,3),(2,4) = {(p1,2) € Osstationary P2 < —0.2, 1 < Pa} - (14)

Therefore, in this set 221 is better than Z23 and Z24.

Also, PMC (ZQ’I ’ 22’4> < 0.5 and PMC (22’3 ‘ 22’4> < 0.5 approxi-

mately for

924\(2,1),(2,3) = {(p1,92) € Ostationary P2 < —0.2, o1 > —Pa} - (15)
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Figure 5. Comparison between predictors Zf’l l

=1,3,4 for p2 = —0.95,—-0.8,—-0.6, —0.3.

Therefore, in this set Z24 is better than Z2! and Z23. Finally, 223 is better
than Z%! and Z?4 in

G)2G,3|(2,1),(2,4) = {(p1,92) € Ostationary 3 P2 < —0.2, |y < —pa} -

(16)

Figure 4 shows comparison between predictors Zf b= 2,3,4 for p, > —0.2.
From this figure we can see Z22 is better than Z23 and Z%* for

@§2|(2,3),(2,4) = {(#1,92) € Ogrationary ;=02 < 9y <045, ¢y <0}, (17)

and Z24 is better than Z22 and Z23 for

@§4|(2,2),(2,3) = {(p1,92) € Ostationary 3 —0-2 < py < 0.45, ¢ > 0}. (18)
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Also, Z23 is better than Z22 and Z2* for
953\(2,2),(2,4) = {(9017 902) € @stationary 1P 2 045} : (19)

Consequently, from all results about comparison between predictors Zf .
I=1,...,6 (Equations (2.7)-(18)) we have following remarks.

1. The predictors Zf and Zf 0 are better than other predictors Zf b #1,6
for values of parameters ¢, and ¢, which are in set

@(Cé,l),(2,6) = {(90174102) € @stationary 12 < —0.2, w1 < 902} :

2. The predictors Zf Zand Zf > are better than other predictors th 1+£2,5
for values of parameters ¢, and ¢, which are in set

@(65,2),(2,5) = {((ph 902) € estationary ;_0'2 < py < 0457 Y < 0} :

3. The predictor th 3 is better than other predictors th 1143 for values
of parameters ¢, and ¢, which are in set

G
O3
= {((1017902) € Gstationary ;(902 < _0'2’ |901| < _902) or ((102 > 045)}

4. The predictor Zf 3 is better than other predictors Zf ! [#£3 for values
of parameters ¢, and ¢, which are in set

O

:{(9017902) € @stationary ;(_901 < P2 < _02)
or(—0.2 < p, < 045, ¢; > 0)}.

In continuation of this section, predictors Zf by = 1,...,4 are compared in
order to find the best predictor among predictors which use from 3 observa-
tions. The results of this comparison have been shown in Figure 5. As Figure
5 shows, predictors Zf’ 1 and Zf “ have the same performance w.r.t MSP and
PMC. This outcome holds for predictors Zf 2 and Zf 3 too. Comparison
between predictors ZE’ 1 and Zt3 ? demonstrates that predictor Zf’ 2 is better
. 53,1
than predictor Z;"~ for

© 2019, SRTC Iran



M. M. Saber

phi2=0.95

MsP

x
' &
s RER Fheog,

\

PMC

o,*‘“’"“’ SHde o~
s
T T T T T
2 Kl 0 1 2 ) T T J
2 Bl 0 1 2
phit
phit
phi2=-0.65
o |2 z3EZ32
o 731 < 7o 3134
2 732 X 7321233
x 733
+ 734
e
a A Q
5 =
= = T 34
< |
3
S A
aB By
s’ Kﬁﬁg‘&ﬁ EEY
poe® voe
peaed® T <
T T T T T T T ° T T T T T T T
45 10 05 00 05 10 15 45 40 05 00 05 10 15
phit phi1
phi2=-0.2
N o 731 o |2 B2
& 732 = = 7o Bz
x 733 x 732233
1 + 234 o
2
o
s
o
o &
= 1 & g ~
\ o]
o
R C
1 \ /
\ ﬂ& w4
Ehisgppesnthppaas °
P AL PPN -
‘ \ \ \ T s , : : ,
1.0 05 00 05 10 10 e 0 05 10
phit phit

Figure 7. Comparison between predictors Z?l l=1,...,4 for po = —0.95, —0.65, —0.2.

J. Statist. Res. Iran 16 (2019): 409-446



428

Best Linear Predictors in a Stationary Second Order Autoregressive ...

MSP

MSP

MSP

40

phi2=0.1
J& o 231
2732 &
x 733
4 + 234
7 & &
\ /
- &
2 /
1\ 2
By “/
4 AA FELL P
b thastetelty E'
& Gy
|eead ®as
T T T
05 00 05
phit
phi2=0.5
o | o 731
~ A 732
< 733
+ z34
o
2 -
&
\ x
w | &
&
= '“x/
B
2 s il B B
- - ‘““ B e aw o
g
ey
o
T T T T T
04 02 0.0 0.2 0.4
phi1
phi2=0.8
o 731
~ _| A z32
- x z33
+ z34 -
= . e
WM e LY A
o ©
= 1\ @/ & /
\/ & cﬁ o F\ L.
\ @ [ \FEEN\/
o Ban \ & RN
R N A Vi
P \‘ \ S
o 2 \/ Fanl
3 = pY
La- g |
S
T T T T T T T
-0.15 -0.05 0.05 0.15
phi1

PMC

PMC

PMC

08

06

05

04

0.60

0.55

050

045

A 731|232
2 - o z31|z34
x 732|733
@ |
S
< |
i A
\ a
~ A A/
s 7 LY N
a A
N Bpn A
\ a
N AAA
QA a x
2 o
B u"ﬁéﬂtﬁvwﬁéwx 73 X
=
S
T T T
-0.5 0.0 0.5
phi1
14 z311z32
° z31|z34
x 732|233
N
\ Ay
- aa /A
A
\ 'S
an
A ag 2
858, 0 x R X x
ST oY POoRARRRR x| ° ®ToR
T T T T T
04 02 0.0 02 0.4
phi1
A 731|232
| o z31jz34
x z32(z33
a X3
B ORECI 7,7, W)
=
\5)& N / ;\/x
XA/ W /\/ \ \/
A

Figure 8. Comparison between predictors Zf’ =

,4 for 2 = —0.95, —0.65,

T
0.05 0.15

—0.2.

© 2019, SRTC Iran



M. M. Saber 429

®?€2|3,1 = {(QOIHOQ) € Gstationary 3 Pg > 0.75 or |901| < 015} . (20)

Because of this fact that predictors Zf’ 2 and Zf 3 use from both Z,_5 and
Zy+2 which their coefficients in model (1) is ¢,, these predictors have their
best performance whenever ¢, is big or ¢, is near to 0.

Until now, we could find the best predictors among predictors Zf by =

4
1,..., ( L ) for any fixed value of £ = 1,2,3. Now, 14 comparisons are

done between ZA;L 1 and all other 14 introduced predictors. We omit figures
of these comparisons because of saving in space. However, these results have
been brought in following. As the previous results, @kG” 41 shows the set of

¢, and ¢y which Zf’l is better than Zf’l or difference between Zf’l and Zf’l
is negligible.

@%:IM,I = {(9017()02) € @stationary ; |<)02‘ < 0.05 and 0 < w1 < 01} ; l= 17 s 74

@§I\4,1 = {(9017()02) € @stationary ; |<)02‘ < 0.05 and 0 < w1 < 01} ; l= 17 27 576

@20,3|4,1 = {(9017902) € @stationa'ry ;((»02 <07 and |901| < 0'05)07'(902 > 07) } ;
@2G»4|4,1 = {(9017()02) € @stationary ; —0.05 < ¢, < 0.15 and |501| < 005} )

93G,l\4,1 = {((1017()02) € estationary ;‘WZ‘ S 005} ; l= 1’4
@3G,l\4,1 = {(@17902) € @stationary ;|302| < 0.05 and —0.05 < P < 0} ; 1=2,3

These results show that the only predictor among all 14 predictors which
can outpace predictor ZAt4 ! is predictor th 3 for big values of ©q. All other
predictors only for a small set of 4,0% and ¢, which these parameters are near
to 0, are better than predictor Zf .

2.1 Comparison in Case of Gamma Distributed Errors

Pace to pace similar to case of Gaussian innovation, the comparison has
been done for Gamma distributed errors (¢, ~ Gamma(a, \)). However,
Theorem 2.1 is related to mean zero variables Z; . So, for general case
we need to use the centered variables (Z; = Z; — E(Z; )). By Saber and
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Nematollahi (2017) two criteria MSP and PMC are invariant with respect to
location parameter which here is constant E(Z; ). By stationarity we have

E(Z:) = % so we convert Z; to
1 2

a
/\<1—<P1_<P2).

Zi =7y — (21)
Results for this case are very similar with Gaussian distributed errors, so
we do not present all of them in this study. For save of space, we bring
only one case for parameters (o= 4, A=1). Our computations for another
some parameters show approximately same results as mentioned parameters.
Some of these results for « = 4 and A\ = 1 have been randomly shown in
Figure 6. Although there is no more general explanation in this case than
Gaussian case, this has worth

to notice on values of criterion MSP in cases of Gaussian and Gamma dis-
tributed errors. For latter case, MSP is very small in comparison with Gaus-
sian case. For instance, for ¢, = 0.95 maximum of criterion MSP for pre-
dictor Zf’ 1 is 0.0043 while its corresponding value for case of Gaussian dis-
tributed errors is 1.0805. This shows that prediction for Gamma distributed
errors is very exact and exquisite.

Another little difference with Gaussian case is about similar performance for
the predictors which use from symmetric observations around time ¢t. As
we showed for Gaussian case these predictors have really same performance
w.r.t both MSP and PMC. However, for this case there is a bit difference
between predictors Zf 1 and Zf 4. In fact for values of ¢, and ¢, in set

Gamm
93,1|3,4

= {(901’ §02) € @stationary ’(03 S 2 <0.8 and P1 2 0.7— 902) or (08 S @2)} ;

Zf’l is better than ZA?A.

2.2 Prediction of Missing Values by Using of Far Observa-
tions

In this section, we find three linear predictors for Z; in model (1) based on
observations which are not near to non-sampled time. In fact, we consider
the circumstance that there are only two observation which are far from
unobserved time. The first predictor use observations in the past and future
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oy f ) while two other predictors use from observations which are only in
past (OF) and future (O{ 7y, respectively. All of the symbols and notations
are same as Section 2, so we only define

OF = {t—ut+0};0/" = {t+ut+v};0P = {t—vt—u}  (22)

where v > 3 and v > u. This is obvious that t —v > 1 and t + v < n.

As in previous section we have Zf = F (Zt ‘ Zf ), k = pf,pp, ff. The
following theorem gives the the best linear predictors for Z; based on OF
w.r.t MSP.

Theorem 2. Let Z; comes from model (1) and OF, k = pf, pp, f f are defined
as (22). If E(Zy ) =0 and Var (Zy ) < oo, then the best linear predictors
for Z; based on OF w.r.t MSP, k = pf,pp, ff are given by

N 1
zt! = T ((Pu = Popuss) Zimu + (Pu = Pubuso) Zivo ),
- pu+v
R 1
thf =7_ 2 ((pu - pvpv—u) Zptu + (pv n pupv—u) o )
1- Py—uy
and
pr =37 _ 2 ((pv - pupv—u) 2t + (pu o pvpv_u) Zt—u )
1- Py—uy
Proof. All parts of proof in Theorem 1 is remained same here. O

Throughout this section we compare three predictors Zf, k=npf,pp, ff for

(u,v) = (3,4), (5,8) and (50,80) . The results for (u,v) = (3,4) have been

represented in Figure 7. From this figure one can see that predictors Zf P

and th Thave the same performance. Also, comparison between predictors

ZP ! and th T illustrate that the first predictor is better than latter w.r.t both

MSP and PMC in set

@G, (u,v)=(3,4)
pfIff

= {(901? 902) € @stationary 7(015 <o < 0.6 ) or (06 < P2 and ’901’ > 0(1})
23

Here, we used of 6000 observation instead 5000 observation (in Section 2)

since number of observations which are in borders is much. In fact, for case of

J. Statist. Res. Iran 16 (2019): 409-446



434

Best Linear Predictors in a Stationary Second Order Autoregressive ...

MSP

MSP

MsP

001 002 003 004

000

0.002 0.003 0.004 0.005 0.008

0.001

0.0015 0.0020 0.0025

00010

phi2=-0.95
] S - & Zppizpf
2%51: ¥ o Zpplzff
x
1 A o | Zpfzt
o a R a
~
s /\ /\
1 PN AN
1 / \ / \ i\
= A
o x A
Y . L
4 o | ofoYo N8 O~ N8 LA 4 °
° N & o e
A \ JAEN
x x
34 % “x x
N x X
12 /n/x . / \ / \ x/ “\
n\g . /s 2 M *ox s
S N .
Bhanboonatosiaadd N
1 o
T T T T T T T T T
2 A 0 2 2 1 0 1 2
phit phit
phi2=-0.5
& ZpplZpf
o Zpp 8 w | Zpplzt
& 7ff S A x zpfizit
1 * zpf
a 8
o - a X
1 . .
\ i g ] \
IN x . Al x X
4 x \ g o j/e\;‘ N e WOV o
X 1N R AL AN (P o
, TR VR
x [ x A x
e | a N
a -1 /
\ ;/ S {4
1 LN / ° a
LY o s
o S
Bon A’a*‘ aB AR T T T T T T T
-15 -1.0 05 00 05 10 15
T T T T T T T
15 10 05 00 05 10 15 phit
phit
phi2=0.15
4 Zpp|zpf
o Zpp o 7
oplZff
oz o & 4 x Zonzf
x Zpf
i x
=g x
i RN /
x
\, e\ /
s = >(\
4 o XX o X o o
= 0 X /PN K 0w  BAOK S
- o 7 SN
5 A f VY A0\ /AL
\ \ na e
w0 A
a a. x = 4
s / o a
] x5 X A
PR \ 8/ o \A
2 P Sa / \
9\ /9/ A a
Bopl aot 2
a8
4 Py a/ T T T
T T T 05 00 05
05 00 05
phit
phi1
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Gaussian errors.
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(u,v) = (50, 80), prediction is not done for 160 observations. Our findings in
Figure 8 express that predictors Zf P and th T are similar w.r.t both criteria
MSP and PMC, similar with previous case. Also, applying predictor Zf Y
instead Zf / has better preponderance in following set.

o (24)
=Ostationary N 1(=0.1 <@y < 0.2 and [p;| > 0.5 — ) or (0.2 < ¢, < 0.85)}.

Finally, Figure 9 represent the achieved results in case (u,v) = (50,80).
Again, there is no difference in using of one of the predictors Z* and th !
Also, predictor ZF / has more reliable advantages in comparison with th I in
set.

G, (u,v)=(50,80)
pr\ff

- {(gol, ) € Oppationary 5 (—0425 < o, < —0.375 ) or ¢y > 0.875}.

(25)

Note 3.1. Figure 9 points out PMC (pr ‘ pr> - PMC (pr ‘ pr> =
0 for values of ¢, and ¢, which are in following set

G, (u,w)=(50,80
O, (26)

= {(9017902) € @stationary 7_0375 <y < 0.375 and |901‘ < |05 - 902| } :

In fact, the values of (p, = PuPutv)s (Po = PuPuts) s (Pu = PuPy—y) and (p, —
Pu Pu_y) are near to 0 for (u,v) = (50,80) in set (26). These values are
coefficients of observations Z;_y, Zity, Zi+y and Zyi,, in predictors Zf f ,
thf and ZP.

Comparison among predictors Z?” /) th I and Z" with Gamma innovations
has been accomplished, too. The results of this comparison are very similar
with case of Gaussian distributed errors. Therefore, we omit them of paper
in order miss of redundancy and saving space.

Remark 1. In application, parameters of model ¢; and ¢, and parame-
ters in distribution of innovations are unknown. The achieved results in this
study on the comparison among predictors are based on known parameters.
Therefore, these findings cannot be used in the case of unknown parame-
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Gaussian errors.
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Table 1. MSE and estimated parameters for AR(2) model with Normal and Gamma dis-
tributed errors.

Errors  Data set Number LSE p1 P2 o A n o?
Normal A 56 2.2732  1.0000 -0.2833 - - 4.3333  0.25
Gamma 6.5861 1.4833 -0.5833 8.5000 5.6667 - -
Normal B 600 16.4461 1.4892 -0.5697 - - 149931 1
Gamma 5.0287 0.5000 0.3500 4.2500 1.9000 - -

ters. However, if estimated parameters are close to real parameters, they
are approximately similar with previous case. As an instance, we compared
predictors Ztl o Ztl 2 ZAt1 Sand Ztl 4 for unknown values of ¢, and ¢, and
e ~ N(0, 1) but without estimation of ¢, and ¢,. We generated observa-
tions from model (1) with two fixed values of ¢, and ¢,. Then, we performed
prediction by predictor but with values ¢, 4+0.05 and ¢, + 0.05. The results

of comparison is approximately same as known parameters case.

3 Application to Real Data

In this section, we use two real data sets for illustrative and comparative
purposes. Our used data are annual barley yields per acre in England and
Wales (data set A) and monthly Lake Erie levels (data set B), respectively
(See https://datamarket.com/data for link of data). Fitting these data to
a AR(2) model have been done based on Least Square Error (LSE) in R
software. Our computations show that these two data sets satisfy AR(2)
model with Normal and Gamma distributed errors, respectively. The results
of fitted models have been brought in Table 1.

The plots of ACF and PACF have been shown in Figure 10, too.

For applying Theorem 2.1 and Theorem 3.1 for prediction we must covert
data to zero mean data. After converting to centered data, we can perform
some predictions. Our findings in previous section denoted that predictor
Zf 1 is better than all predictors Zf ! and only exception is predictor Zf 3
for big values of ¢,. Since values of parameter ¢, are not big here for both
data sets, we use of predictor Z;l 1 for prediction by near observations. By a
similar argument, using of predictor Zf ! has preference than predictors Zf f
and Z for prediction by far observation in these two data sets.
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Table 2. Comparison between prediction in Normal and Gamma fitted models based on MSP
and PMC criteria.

Data set Used model m(21’4) PMC (ZAIA’N|ZL4’G) @(pr) PMC (Zp’f’N\Zp’f’G>

A Normal 1.733119 0.7143 1.1408 0.5417
Gamma 2.042484 1.4877

B Normal 0.789951 0.4967 20.8240 0.1722
Gamma 0.227606 1.6513

In Table 2, the results of these predictions have been demonstrated. As this
table demonstrate both criteria MSP and PMC denote Gamma distributed
error AR(2) model is better than Normal distributed error AR(2) model in
prediction of data set B. Although W(ZA 14) show bitterness of Gamma
model with a high confidence, PMC (Z 14N \Z 1’4’G) has less confidence since

it is near to 0.5.

This matter is different for prediction by means of far observation. In
this case, both criteria absolutely show exacter prediction for Gamma model.
This finding is reversed for data set A where Normal model has better results
for prediction.

4 Discussion and Conclusion

Our results express that predictors ZAt1 Land Ztl 4 have similar performances
w.r.t both criteria MSP and PMC. This finding is remained same for other
predictors which use of observations with symmetric indices around un-
sampled time ¢t. These similar predictors are Ztl 2and Ztl A3 Zf Land Zf o
Zf’Qand Zf’g’, Zf”land ZEA and Zf’Qand Zf?’ In fact, for almost all val-
ues of ¢, and ¢, which satisfy stationary condition (2), we have 0.465 <

PMC <21,1 ‘ 2174) < 0.534, 0.468 < PMC (2172 ‘ 21,3> < 0.535, 0.463 <
PMC (le ‘ 2276) <0.531, 0.461 < PMC (2272 ‘ 2275> < 0.539, 0.467 <
PMC (2371 ‘ 2374) < 0.535 and 0.467 < PMC (2372 ‘ Z3v3> < 0.533.

After finding the best predictor in any cases between Zf ! for fixed k = 1,2,3,
we have compared the best predictors with Z,fl 1. Our results demonstrated
predictor Zf s approximately better than all predictors Ztk o except for
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values of ¢, and ¢, which are near to 0. The only predictor which can
compete with predictor Zf s predictor Zf 3 for big values of ¢,. This
result is logic since this predictor use from observations Z;_o and Z; 5 whose
coefficients in model (1) is ¢,.

Another work which has been done in this paper was comparison between
predictors which use of far observations. The goal of paper in this part is
comparing three classes of predictors. First two groups use from observations
which are in the past or in future and last group use from observations both
in past and future. Our findings have expressed that predictors which only
use from observations in the past have similar performance with predictors
which only use from observations in the future. Also, these two classes of
predictors are better than the predictors which use from observations both
in past and future approximately for only values of ¢, which are near to —1.
Therefore, using of third predictor is recommended in application.

This study is regarding to model AR(2) while in the most of previous works
model AR(1) had been studied. A corresponding perusal on Moving Average
(MA) models can be done, too. We are going to do this work for model
MA(1) in future work. A more general work which cover all previous works
is study on ARMA models which we left them for future.

As we mentioned in Remark 1, in application, parameters of model ¢; and
5 and parameters in distribution of innovations are unknown. Comparison
in this realistic case can be done although results may be not same as present
findings. By joint distribution of observations earned in Appendix A, MLEs
of parameters can be computed and then a plug-in estimate is replaced in
our introduced predictors. This is out of scope of this paper and needs to
large space for presenting results. A new article may be written for this end.
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Appendix A

Here we present proof of identifiability of model (1) for both Normal and
Gamma distributed errors. First of all model (1) is written in a matrix form
as following.

Z=AZ+BZy+e (A1)

where ZT = (Zy ,...,Z, ) is vector of observations, ZI = (Z_, ,Zy ) is
vector of initial values, e’ = (¢ ,...,e, ) and A and B are two n x n and
n X 2 matrices whose components are @1, o and 0. To see construction of
these matrices more clearly, they have been demonstrated for case of n = 4
in following.

0 0 0 Y2 Pl
0 0
A= P1 0 0 B= p2
w2 Pl 0
0 ¥ 1 0 0 0

From (A.1) we have (I — A )Z = B Zy+ € and then
Z=M+W e (A2)
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where M = W B Z, is an n—dimensianal deterministic vector and W =
(I-A)*

For case of Normal distributed errors which € ~ N,(0,I) we have Z ~
No(M,X) where & = WW7T. Let ¢ = (¢1,92) and 8 = (61,63) and
suppose fz|,(2) = fzjg(2) Vz € R". Therefore, we have M (p) =
M (0) V zp € R? and 2(p) = X(6) which results in A(¢) = A(0) and
so p =0.

Let ¢, ~ Gamma(a, \) for known values of parameters a and A. First,
distribution of € is computed by independent assumption, so

fe(e) = iljfgi (6i) = (1“?2))71 <f[ & )ale—/\Z?lai

i=1

_ (A" nelT[(a—l)ln(e) “xe
I'(a) '

Now, from (A.2) this is obviously seen that e = W1 (z — M) = (I — A) z2—
B zg. Therefore,

fz (z)=fc (I-A)(2—M)) |I-B|

_ )\OC ne]_T[(afl)ln((I*A)sz ZO) *)\((I*A)sz ZO)]
I'(e)

Again begin from this assumption that fz|, (2) = fzjg (2) V z€R" which
by some algebraic computation leads to ¢ = 6.
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