


2 Optimal Design of X Control Chart for Correlated Data

els under non-uniform and uniform sampling scheme were compared. The
results revealed that the model under multiple assignable causes with cor-
related samples with non-uniform sampling has a lower cost than that with
uniform sampling.
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1 Introduction

The need for perfection and elimination of products that do not conform to
specification was the main reason and motivation behind coming up with
control charts. The method of SPC firstly started from Shewhart (1924)
control charts. Control charts can be used for monitoring the production pro-
cess and eliminating the effect of one or several assignable causes. Various
control chart techniques have been developed and widely applied in indus-
tries. Saniga and Shirland (1977) showed that the averages control chart
(or the X chart) dominates the use of any other control chart techniques
if the quality is measured on a continuous scale. In designing any control
chart, three fundamental questions need to be answered about so-called tu-
nic design parameters. First, what should be the sample size? Second, how
often the samples should be taken? Third, what should be the control limits
coefficient? The optimal choice of chart parameters has a huge impact on
the performance of a control chart.

In the existing literature, different methods have been developed for op-
timizing the design parameters. The first method was the heuristic methods
in which some of the quality control Gurus suggested different values for
the parameters. Then statistical methods were used to calculate the optimal
values of the design parameters. The sample size and control limits can be
determined based on the Type I error probability and pre-specified power
of the test at the desired levels in statistical design. Girshick and Rubin
(1952) presented the concept of economic design for the first time and their
study became a basis for subsequent research. Duncan (1956) in his paper
adopted the economic design of X control charts under exponential shock
model. Although the economic consequences are considered in the economic
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design, but this design is very poor in terms of statistical criteria (Woodall,
1986). To remove the weaknesses of the economic model, Saniga (1989)
proposed a new model to combine the benefits of both pure statistical and
economic designs while minimizing their weaknesses. This leads to propose
the economic statistical design, where statistical constraints are incorporated
into the economic design. The economic statistical design can be viewed as
a cost improvement approach to statistical designs, and as a statistical per-
formance improvement approach to economic designs. Thus, it is one of the
most versatile approaches in control chart designs, as it considers both cost
and statistical performance of the control charts.

In Duncan’s paper (1956), only single assignable cause made a shift
in process mean. In industry, there are some situations when multiple
assignable causes affected the model. Therefore, many researchers are inter-
ested in presenting a model in these situations (Gibra, 1981; Chung, 1991;
Yang et al., 2010; Nenes et al., 2015; Ghanaatiyan et al., 2016; Tasias and
Nenes, 2016; Salmasnia et al., 2017).

Duncan (1971) extended his model from single assignable cause to mul-
tiple assignable causes where the assignable causes occurred independently.
Based on Duncan’s model, Yu et al. (2010) presented an economic statis-
tical design for control chart with multiple assignable causes and imposed
constraints on Type I and Type II errors.

Economic and economic statistical design of control charts need to have a
probability distribution for a process failure mechanism to put process costs
in one model. Transition in the process from the state of control to out
of control called process failure mechanism (PFM) or shock model. Many
distributions such as Exponential, Weibull, Generalized exponential, Burr
XII, Gamma, Pareto and . . . , are used as a failure mechanism (Duncan,
1956; Banerjee and Rahim, 1988; Moghadam et al., 2016; Heydari, et al.,
2016; Al-Oraini and Rahim, 2002; Kraleti and Kambagowni, 2010). Since
using the distributions with increasing failure rate corresponds to reality
in the industry, Banerjee and Rahim (1988) used the Weibull distribution
instead of exponential distribution to generalize Duncan (1956) model under
non-uniform sampling scheme. Weibull distribution can be used to simulate
various situations by varying its scale and shape parameters. Based on the
cost model of Banerjee and Rahim (1988) and Duncan (1971) model, Chen
and Yang (2002) presented the economic design of control charts under
Weibull shock model with multiple assignable causes and variable sampling
intervals.
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4 Optimal Design of X Control Chart for Correlated Data

The measurements within the samples in the above-mentioned models are
totally assumed to be independently distributed in the design procedure of
a control chart. Leavenworth and Grant (2000) stated that this assumption
may not be defendable in some specific processes; for example, the collected
measurements within a sample from the production process, which comprises
multiple but similar characteristics in a single part. Other specific examples
include several cavities on a single casting, multiple pins on an integrated cir-
cuit chip, or multiple contact pads on a single machine mount, which may be
correlated. Neuhardt (1987) investigated the effects of correlation existing
within a subgroup in a control chart. Yang and Hancock (1990) extended
Neuhardt’s work to determine the effect of correlated data on X, R, S and
S2 charts by Monte Carlo Simulation studies. Based on the results of their
studies, they proposed that if a positive correlation exists but is not recog-
nized, a significantly larger Type I error probability than the assumed one
will be generated in an control chart. Chou et al. (2001) combined the Yang
and Hancock’s (1990) model with the economic design approach to deter-
mine the parameters of average control charts under correlated samples. Liu
et al. (2002) employed Yang and Hancock’s correlation model and the fixed-
sampling-interval (FSI) policy to develop a minimum-loss design of charts
for correlated data. Chen and Yeh (2010) combined Banerjee and Rahim’s
(1988) cost model with Yang and Hancock’s (1990) correlation model to de-
velop an economic statistical design model of X charts for processes with
correlated data and the Gamma failure mechanism.

The use of control charts implies that quality loss is considered as the
cost when the quality characteristics are outside the specification limits. All
products falling within the control limits are considered as having the same
quality regardless of the deviation of their quality characteristic from its tar-
get value. However, this is not the case when it comes to real life examples in
which any deviation from the target value will incur a cost to the customers.
Taguchi et al. (1989) defined quality loss as “the loss to society caused by
the product after it is shipped out”. His quadratic loss function is well known
and has been widely used in all fields. It is used to estimate the quality loss
of a product when its quality characteristic deviates from its target value.
Until now, a lot of economic and economic-statistical design developed for
control chart by the combination of classic models like Duncan and Lorenzen
Vance model by Taguchi loss function (Safaei et al., 2012; Al-Ghazi et al.,
2007; Yang, 1998; Koo and Lin, 1992). In economic and economic- statistical
design, loss cost under control and out of control is calculated with Taguchi
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loss function in many research works (Serel and Moskowitz, 2008; Elsayed
and Chen 1994). Yu and Chen (2009) presented the economic-statistical de-
sign of X control chart with Taguchi loss function under multiple assignable
causes.

The economic statistical design of X control chart under Weibull shock
model for correlated data with multiple assignable causes and Taguchi loss
function is not presented yet and we in this paper present economic statistical
design ofX control chart under Weibull shock model with multiple assignable
causes and Taguchi loss function for correlated data by using the concepts of
AATS (Average time between occurrence shifts in the process mean owing
to assignable causes and receiving the right alarm from control chart) and
ANF (Average numbers of false alarm in the quality cycle). In our paper, by
considering fixed sampling interval (uniform sampling scheme), we calculate
the average cost for the cycle and compare our findings with the average
cost in the case of non-uniform sampling. To calculate cost functions for
uniform and non-uniform sampling schemes, we presented and proved the
formulas of based on multiple assignable causes and in the case of uniform and
non-uniform sampling schemes. To construct economic statistical design we
used penalty approach and both the statistical properties and optimization
of loss cost have been considered simultaneously. According to literature
review, Table 1 summarizes the characteristics of the existing researches in
the literature and shows the position of our paper.

The structure of this paper is as follows. In Section 2, a correlated model
overview is given. In Section 3, a cost model offered with multiple assignable
causes with non-uniform and uniform sampling schemes. In this section in-
tegrated cost model with modified Taguchi loss function also was presented.
Section 4 includes the economic statistical design. Section 5 includes a real
industrial example and the way of determining input parameters and opti-
mizing cost model based on this input parameters by considering economic
and economic statistical designs. The comparison between cost model un-
der multiple assignable causes with uniform and non-uniform schemes also
presented in Section 5. Section 6 includes of sensitivity analysis and inves-
tigation of the amount of change in loss cost and design parameters by the
variation of input parameters. Finally, the conclusion is presented in Section
7.
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2 Correlated Model Overview

Suppose that the output of manufacturing process has one quality character-
istic (X) and X has a normal distribution. In this paper, it is assumed that
the time of being under control until ith assignable cause occurs follows a
Weibull distribution with below probability density function and increasing
hazard rate:

fi(t) = λikt
k−1 exp(−λitk), t > 0, k ⩾ 1, λi > 0, i = 1, 2, . . . , s. (1)

ri(t) = λikt
k−1, (2)

where k is shape parameter and λi is scale parameter. Note that when
k = 1, fi(t) becomes exponential distribution with ri(t) = λi.

The process is monitored by taking samples of size n from X at time
intervals h1, h1 + h2, h1 + h2 + h3 and so on. In this case is jth sampling
interval and we have h1 ⩾ h2 ⩾ h3, . . . (The proof of above inequality is
given in Appendix B).

Yang and Hancock (1990) assume that each subgroup (samples of size
n from X in sampling intervals) is a realization of the random vector, X =
X1, X2, X3, . . . , Xn, which has the multivariate normal distribution N(µ, V ),
where µ is the vector of mean values and V = Vij , i, j = 1, 2, . . . , n, is the
covariance matrix. In addition, ρ, is the correlation matrix and σ is the
process standard deviation. Based on these assumptions, the sample mean
can be shown to be normally distributed with mean and variance as follows:

E(X) = µ (3)

V (X) =
σ2

n
[1 + (n− 1)ρ] (4)

where
ρ =

∑
i̸=j rij

n(n− 1)
. (5)

The proof of Equation 4 is given in Appendix C.
Sampling intervals are determined in a way that the probability of shift

from a control state is fixed for all intervals when it is in control at the
beginning of the interval. In other words, integrated hazard over each interval

J. Statist. Res. Iran 15 (2018): 1–44



8 Optimal Design of X Control Chart for Correlated Data

should be equal.∫ ωj+1

ωj

ri(t) dt =

∫ h1

0
ri(t) dt, j = 1, 2, . . . . (6)

Accordingly hj (for more detail see Appendix D) obtained as follows

hj = [j
1
k − (j − 1)

1
k ]h1, j = 1, 2, . . . (7)

ωj = Σj
i=1hi. (8)

We need to define the following terms to calculate the average cost per unit
of time.
1. pij is the conditional probability that ith assignable cause (i = 1, 2, . . . , s)
will occur during jth sampling interval (j = 1, 2, . . . ), given that ith assignable
cause not occur at time ωj−1.

pij =

∫ ωj

ωj−1
fi(t) dt∫∞

ωj−1
fi(t) dt

=
exp(−λiωk

j−1)− exp(−λiωk
j )

exp(−λiωk
j−1)

= 1− exp(−λi(ωk
j − ωk

j−1)). (9)

In Appendix D we show that

ωj = j
1
kh1

hence

pij = 1− exp(−λi(jhk1 − (j − 1)hk1))

= 1− exp(−λi(hk1).

Let pij = pi, for (i = 1, 2, . . . , s), (j = 1, 2, . . . ).
2. We consider qij as the unconditional probability that ith assignable cause
will occur during jth sampling interval and the process is going to out of
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control, so,

qij =

∫ ωj

ωj−1

fi(t) dt = e−λiω
k
j−1 − e−λiω

k
j

= e−λi(j−1)hk
1 − e−λijh

k
1

= (1− pi)
j−1 − (1− pi)

j

= (1− pi)
j−1pi (10)

qi1 = 1− e−λiω
k
1 = 1− e−λih

k
1

= pi1 = pi

3. Suppose that τij be the expected time of the in control period within
sampling interval hj , given that ith assignable cause has occurred during
this period.

τij = E(T − ωj−1 | ωj−1 < T < ωj)

=

∫ ωj

ωj−1
(t− ωj−1)fi(t) dt

qij
. (11)

So The expected (the time that process be under control) during any one
sampling interval is as follows:

τi =

∞∑
j=1

τijqij =

∞∑
j=1

∫ ωj

ωj−1

(t− ωj−1)fi(t) dt

= (
1

λi
)

1

kΓ(1 +
1

k
)− h1pi(1− pi)A(1− pi), (12)

where for |x| < 1

A(x) =

∞∑
j=0

(j + 1)
1
kxj . (13)

Like all statistical assumptions, it is possible that both Type I and Type
II errors occur in control chart. In X control chart with correlated data the

J. Statist. Res. Iran 15 (2018): 1–44



10 Optimal Design of X Control Chart for Correlated Data

probability of Type I error is calculated as fallows:

α = 2

∫ ∞

L√
1+(n−1)p

1√
2π

exp(−1

2
x2)dx. (14)

When the ith assignable cause occurs, the process mean shifts. In X con-
trol chart with correlated data the probability of Type II error is calculated
as follows:

βi =

∫ L−δi
√

n√
1+(n−1)p

0

1√
2π

exp(−1

2
x2)dx−

∫ −L−δi
√

n√
1+(n−1)p

0

1√
2π

exp(−1

2
x2)dx.

(15)

We can see the proof of formulas (14) and (15) in Yang and Hancock (1990).
Let AATSi be the average time between occurrence shifts in the process

mean owing to the ith assignable cause and receiving the right alarm from
control chart. Therefore,

AATSi = h1piA(1− pi) +
βih1pi[piA(1− pi)− (1− βi)A(βi)]

1− pi − βi

− (
1

λi
)
1
kΓ(1 +

1

k
). (16)

The concept of AATSi is presented well in Figure 1. The proof of above
formula is presented in Appendix E.

3 Development of Cost Model
3.1 Model Assumptions
To create a cost model we should consider the following assumptions:

1. The output of the process has a normal distribution with constant
mean and variance.

2. When the process is under the control, µ = µ0.

3. It is assumed that assignable causes occur based on the Weibull distri-
bution. By assuming that the process begins with the state of control,
the time which process be under control has a Weibull distribution.
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4. Assignable causes occur independently.

5. Multiple assignable causes produce “step changes” in the process mean
from µ = µ0 to a µ = µi.

6. In this article, the shift occurred in the process mean is noted by δi.
Three distributions, uniform, negative exponential and half-normal are
considered as a prior for δi. Considering these distributions as the prior
would cover all values of δi in a real industry.

7. The process is not self-correcting. That is, once a transition to an out-
of-control state has occurred, the process can be returned to the in-
control condition only by management intervention upon appropriate
corrective actions.

8. The quality cycle starts with the in-control state and continues until
the process is repaired after an out-of-control signal. It is assumed that
quality cycle follows a Renewal Reward Process.

9. During the search for an assignable cause, the process is shut down.

10. Each subgroup (samples of size n from X in each sampling interval) is
a realization of the random vector, X = {X1, X2, . . . , Xn}, which has
the multivariate normal distribution N(µ, V ), where µ is the vector of
mean values and V = {Vij}, i, j = 1, 2, . . . , n, is the covariance matrix.

3.2 Cost Function in the Case of Non-uniform Sampling
We assumed that S assignable causes affected the process and the occurrence
time of any assignable cause follows Weibull distribution. It is also assumed
that after the occurrence of the ith assignable cause, until the discovery of
the ith assignable cause, the process will not disturb by any other assignable
causes. Thus, if the time until occurrence of assignable causes noted by
T

′
1, T

′
2, . . . , T

′
S then the probability of being in control at time t is:

P (T
′
> t) = P (min(T

′
1, T

′
2, . . . , T

′
S) > t) = exp−λ0tk , (17)

where λ0 =
∑
λi, i = 1, 2, . . . , s.

Therefore, the time of being in control until the occurrence of multiple
assignable causes follows the Weibull distribution.

f0(t) = λ0kt
k−1 exp(−λ0tk) t > 0, λ0 > 0, k ⩾ 1. (18)

J. Statist. Res. Iran 15 (2018): 1–44



12 Optimal Design of X Control Chart for Correlated Data

Figure 1. The quality cycle under control and out of control.

We consider P0j as the conditional probability that multiple assignable
causes (i = 1, 2, . . . , s) will occur during jth sampling interval (j = 1, 2, . . . )
given that multiple assignable causes not occur at time ωj−1. We obtain
p0j = 1− e−λ0hk

1 . Here it is assumed p0j = p0.

The average time that the process is in control is:

(
1

λ0
)

1

kΓ(1 +
1

k
) + Z0ANF. (19)

In the above formula ANF is the average numbers of false alarm in the
quality cycle and is equal to the production of average sample numbers before
shift and probability of Type I error (α). First part of the formula (19) is the
mean of Weibull distribution. We add second part because of assumption
(9) in Section 3 (During the search for an assignable cause, the process is
shut down). Therefore we add the total time of finding average numbers of
false alarm.

If A is the event of the occurrence of single assignable cause, then average
numbers of false alarm calculated as follows:

E (Number of samples are taken before shift)

© 2018, SRTC Iran



M. H. Naderi, A. Seif and M. Bameni Moghadam 13

=
∞∑
j=0

jP (A ∈ (jh, (j + 1)h) (20)

=

∞∑
j=0

j(e−λ0jhk
1 − e−λ0(j+1)hk

1 )

=
e−λ0hk

1

1− e−λ0hk
1

.

Therefore, ANF is equal to:

ANF = α
1− p0
p0

. (21)

The average time of cycle is:

E(T ) = (
1

λ0
)

1

kΓ(1 +
1

k
) + Z0ANF +AATS + Z1 +Σ(

λi
λ0

)Z2i, (22)

where

AATS =

s∑
i=1

λi
λ0
AATSi. (23)

For a better understanding of E(T ) one can see Figure 1.
The average cost of cycle is:

E(C) = D0(
1

λ0
)

1

kΓ(1 +
1

k
) + Y ANF +

s∑
i=1

λi
λ0
D1iAATSi +

s∑
i=1

λi
λ0
wi

+ (a+ bn)

s∑
i=1

λi
λ0

(
βi

1− βi
+

1

p0
). (24)

For better understanding of E(C) one can see Figure 1. The way of
obtaining λi

λ0
in above formula is presented in Appendix F.

In practice, each process starts from in control state. Then because of
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14 Optimal Design of X Control Chart for Correlated Data

occurrence of one assignable cause, it goes to out of control state. It is clear
that after repairing and fixing the assignable cause, the process returns to the
initial state. This cycle is called quality cycle and its model follows the form
of a Renewal Reward Process where the average cost per unit time for the
cycle E(A) is calculated by the average cost per cycle E(C) divided by the
average time per cycle E(T ). In economic design, the purpose is optimizing
E(A) without any constraint and finding optimal values for sampling interval,
sample size and control limits coefficient.

3.3 Cost Function in the Case of Uniform Sampling

To evaluate the relative benefits of non-uniform sampling plan in comparison
with uniform sampling plan under multiple assignable causes cost model,
and by considering fixed sampling interval, we calculate average time and
the average cost for the cycle and analyze them. If h is a fixed sampling
interval, then we can obtain E(T ) as follows:

E(T ) = (
1

λ0
)

1

kΓ(1 +
1

k
) + Z0ANF +AATS + Z1 +Σ(

λi
λ0

)Z2i, (25)

where
AATS =

s∑
i=1

λi
λ0
AATSi

AATSi =
h

1− βi
− τi

τi = (
1

λ0
)

1

kΓ(1 +
1

k
)− hQi

Qi =

∞∑
j=1

eλi(jh)
k

ANF = αQ,Q =
∞∑
j=1

e−λ0(jh)k .

We also obtain E(C) as fallows:
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E(C) = D0(
1

λ0
)

1

kΓ(1 +
1

k
) + Y ANF +

s∑
i=1

λi
λ0
D1iAATSi +

s∑
i=1

λi
λ0
wi

+ (a+ bn)

s∑
i=1

λi
λ0

(
1

1− βi
) + (a+ bn)Q. (26)

3.4 Improvement of Cost Function by Using Loss Function
To consider the intangible costs, Taguchi loss function is used. In this model,
E(A) is used as an economic criterion to assess the measurable costs. To
estimate D0 and D1 Taguchi loss function is used. Taguchi and et al. (2005)
characterized product quality as the loss a product bestows to society from
the time the product is delivered and presented the quality loss function as
a quality measure. They showed that a quadratic loss function adequately
represents economic loss due to the deviation of a quality characteristic from
the target value. The Taguchi loss function is presented bellow:

L(X) = C(X − t)2. (27)

In the above formula L(X), is the loss connected with the value of quality
characteristic X, the target value of the quality characteristic is denoted by t,
and C is a constant value depending on the width of the specification and the
cost at the specification limits. The customer’s desire to have products with
high quality are satisfied with above loss function. Ben-Daya and Duffuaa
(2003) modified above formula and came up with a nice approximated cost
function for the in-control and the out-of-control production assuming the
following:

1) The process is monitored using X control charts, and it’s producing
products with symmetric nominal type and bilateral tolerance equal to
∆.

2) During in-control the process is centered at µ = µ0 which is the target
value, however, during out-of-control, the process mean shifts from µ
to µ+ δiσ.

3) The process is capable; thus the tail of the normal distribution of sam-
ple means outside the specification limits can be neglected.
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16 Optimal Design of X Control Chart for Correlated Data

Figure 2. Modified Taguchi loss model.

The in-control and out-of-control costs can be approximately found after
examining the Figure 2.

From Figure 2, the approximated in-control cost is given by:

LCL = µ− Lσ√
n
, UCL = µ+

Lσ√
n

(28)

Lin(n,L) =
A

∆2

∫ µ+ Lσ√
n

µ− Lσ√
n

(y − µ)2f(y)dy, (29)

where y is a random variable denoting sample means of the quality charac-
teristic and f(y) is the normal density function with mean µ and standard
deviation σ√

n
.

In the same fashion, the approximated out-of-control cost is given by:

Lout,i(n,L) =
A

∆2

∫ µ− Lσ√
n

µ−∆
(y

′ − µ)2f(y
′
)dy

′
+

A

∆2

∫ µ+∆

µ+ Lσ√
n

(y
′ − µ)2f(y

′
)dy

′
,

(30)
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where y′ is a random variable denoting sample means of the quality char-
acteristic, and f(y

′
) is the normal density function with mean µ ∓ δσ and

standard deviation σ√
n
.

Using the assumption of neglecting the tails of the normal distribution
outside the specification limits, the approximated out-of-control cost can be
alternatively expressed as:

Lout,i(n,L) =
A

∆2

∫ ∞

−∞
(y

′ −µ)2f(y′
)dy

′ − A

∆2

∫ µ+ Lσ√
n

µ− Lσ√
n

(y
′ −µ)2f(y′

)dy
′
. (31)

By doing some algebraic manipulations, both approximated costs can be
expressed as:

Lin(L) =
Aσ2

n∆2

[
1− 2L√

2π
e−

L2

2 − α

]
(32)

Lout,i(L) =
Aσ2

n∆2
[(1+δ2i n)(1−βi)+

L+ δi
√
n√

2π
e−

(L+δi
√

n)

2 +
L− δi

√
n√

2π
e−

(L+δi
√

n)

2 .

(33)
We improve Eq (21) and (23) by using PLin instead of D0 and PLout,i

instead of D1i. Where P is the production rate.

4 Economic-Statistical Design
In statistical design and economic design of control charts, optimal perfor-
mance of design parameters obtained in terms of statistical and economic
criteria, but in economic statistical design, statistical and economic criteria
considered jointly. In this paper economic statistical design is derived based
on minimizing average cost per time and by considering maximum values for
the adjusted average time to signal (AATS) and average numbers of false
alarm in the quality cycle (ANF ). If we note the average cost of the cycle
per time by E(A) and the set of economic design parameters of X control
charts by F , we can show the economic statistical design of X control charts
as follows:

Minimize EF (A) subject to AATS ⩽ AATSU and ANF ⩽ ANFU

where AATSu and ANFu are the corresponding bounds of values of AATS
and ANF .
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5 Real Example and Solution Procedure
Here, an example is presented to illustrate the solution procedure of the
economic statistical design of the charts for correlated data (Chou and et
al., 2001). A plant, located in central Taiwan, produces grape juice, which
is contained in glass bottles. The target quantity of grape juice’ is 200 cm3

for each bottle. In the production process, the grape juice is inserted into
twelve bottles at a time, and the twelve bottles of juice will be packed in a
box later. Before the twelve bottles of grape juice are packed, the inspector
samples the first four bottles to check whether the quantity of grape juice
for each bottle is 200 cm3 and X chart is applied to monitor the process
of insertion. The subgroups, that is, the first four bottles from the recent
100 successive boxes, are viewed as a random sample from a multivariate
distribution. Moreover, the vector of mean values is, the average correlation
factor is estimated to be 0.1.

Some of the fixed parameters including cost parameters (Y, a, b) and time
parameters (Z0, Z1) and Taguchi loss function parameters (A, σ, P,∆) have
been determined based on past experience. We also have ρ here as a fixed
parameter. In the model wi is non-fixed cost parameters and Z2i is non-fixed
time parameter. Weibull distribution parameters (λi, k), shift parameter δi
and design parameters (n, h1, L) are also presented in the model. In the
numerical example, we assume: Y = 1500, a = 25, b = 25, Z0 = 1.35, Z1 =
1.35, ρ = 0.1, A = 5, σ = 2, P = 50, ∆ = 0.5. The above parameters
are not affected by the occurrence of different assignable causes and the shift
created in the mean process. In this paper, we need some assumptions to
estimate other parameters.

a) D0, D1i is approximately computed based on modified Taguchi loss
function.

b) Suppose that δi = 1.75 is a base case. In this case, assume that Z2i =
2.5, wi = 750. Banerjee and Rahim (1988) single assignable cause
model is compared with our multiple assignable causes model. Base
case parameters are also considered for single assignable cause model
(w = 750, Z2 = 2.5, λ = 0.02, δ = 1.75, ρ = 0.1).

c) We assume that process is disturbed by ten assignable causes which
produce ten shifts amount in the process mean vector that is from 0.75
to 3 with increments 0.25.
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In this article, we noted the prior distribution for δi by PDi. As mentioned
earlier three distribution uniform, negative-exponential and half-normal are
considered as a prior for δi. Based case are considered for δi = 1.75. PD5 is
the notation for base case prior distribution. The amount of Weibull scale
parameter are calculated by the use of prior distributions. Other parameter
formulas are

Wi = (
PDi

PD5
)× 750 (34)

Z2i = (
PDi

PD5
)× 2.5 (35)

λi = (
PDi

PD5
)× λ5. (36)

Input parameters values are listed in Table 2. Determination of the opti-
mal model parameters is performed by minimizing loss cost under constraint
through the R software package Optim. By using this package general-
purpose optimization based on Nelder and Mead (1965), quasi-Newton and
conjugate-gradient algorithms is done.

Table 2. Model input parameters

PDi Z2i wi λi

Ai δi NE Un HN NE Un HN NE Un HN NE Un HN

1 0.75 0.344 0.100 0.372 4.122 2.5 3.417 1237 750 1025 0.003 0.001 0.002
2 1 0.303 0.100 0.352 3.637 2.5 3.235 1091 750 971 0.002 0.001 0.002
3 1.25 0.268 0.100 0.328 3.210 2.5 3.016 963 750 905 0.002 0.001 0.002
4 1.5 0.236 0.100 0.301 2.833 2.5 2.767 850 750 830 0.002 0.001 0.002
5 1.75 0.208 0.100 0.272 2.500 2.5 2.500 750 750 750 0.002 0.001 0.002
6 2 0.184 0.100 0.242 2.206 2.5 2.224 662 750 667 0.001 0.001 0.001
7 2.25 0.162 0.100 0.212 1.947 2.5 1.947 584 750 584 0.001 0.001 0.001
8 2.5 0.143 0.100 0.183 1.718 2.5 1.678 515 750 504 0.001 0.001 0.001
9 2.75 0.126 0.100 0.155 1.516 2.5 1.424 455 750 427 0.001 0.001 0.001
10 3 0.112 0.100 0.130 1.338 2.5 1.190 401 750 357 0.001 0.001 0.001

Comparison between optimal values (n, h1, L) and loss cost based on the
economic statistical design for our multiplicity-cause model and single-cause
model of Banerjee and Rahim (1988) are presented in Table 3 for different
values ��of the shape parameter of the Weibull distribution. Table 3 shows
that to achieve the desired statistical properties we need to pay a price for it.
in many situations, may be a relatively small price to pay in order to achieve
the improved statistical performance of the control. It should be noted that
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20 Optimal Design of X Control Chart for Correlated Data

according to the values ��obtained in economic design, the upper limit of
AATS was considered 1 and the upper limit of ANF were considered 0.5.

Table 3. Optimal parameters obtained under multiple assignable causes by
considering economic-statistical design

Economic Statistical design
k PD n h1 L α 1-β AATS ANF E(A)

BR 6 1.44 3.003 0.014 0.84 1 0.47 169.28
1 NE 10 1.26 2.45 0.009 0.84 1 0.48 245.09

Un 9 1.36 2.6 0.006 0.88 1 0.5 215.93
HN 9 1.27 2.49 0.009 0.84 1 0.5 228.43
BR 3 3.13 2.23 0.041 0.77 1 0.34 210.63

1.5 NE 7 5.26 1.96 0.039 0.85 1 0.18 165.43
Un 4 5.3 2.08 0.032 0.81 1 0.25 149.4
HN 6 5.51 1.91 0.045 0.85 1 0.21 158.82
BR 5 3.88 2.62 0.026 0.85 1 0.1 219

1.8 NE 6 5.6 2.02 0.035 0.8 1 0.08 170.72
Un 5 6.09 2.27 0.019 0.81 0.88 0.066 161.15
HN 5 5.8 2.13 0.028 0.8 0.98 0.065 166.9
BR 5 3.7 2.61 0.026 0.84 0.89 0.081 227.56

2 NE 5 5.45 2.02 0.036 0.79 0.89 0.059 177.3
Un 5 5.66 2.23 0.019 0.81 0.72 0.052 169.42
HN 5 5.4 2.08 0.031 0.8 0.8 0.057 173.76
BR 4 3.2 2.6 0.027 0.83 0.69 0.06 237.35

2.5 NE 5 4.58 1.89 0.049 0.8 0.6 0.047 187.75
Un 4 4.71 2.12 0.028 0.82 0.46 0.046 182.23
HN 5 4.53 1.96 0.042 0.81 0.53 0.045 184.07
BR 4 2.85 2.52 0.029 0.83 0.56 0.048 239.2

3 NE 5 3.93 1.74 0.07 0.81 0.44 0.042 192.73
Un 4 4.01 2.03 0.036 0.82 0.33 0.04 188.57
HN 5 3.89 1.83 0.058 0.19 0.38 0.045 188.93
BR 4 2.38 2.43 0.033 0.83 0.42 0.037 235.92

4 NE 4 3.13 1.42 0.13 0.83 0.3 0.036 195.93
Un 4 3.16 1.85 0.05 0.83 0.22 0.032 193.18
HN 4 3.09 1.57 0.1 0.83 0.27 0.034 192.04

In Table 4, the comparison between optimal values and loss cost for eco-
nomic statistical design by considering the non-uniform sampling and uni-
form sampling scheme for different values ��of the Weibull distribution shape
parameter is given. As it is seen in Table 4 when we use economic statistical
design, the loss cost becomes greater when uniform sampling scheme is used
instead of non-uniform sampling scheme.
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22 Optimal Design of X Control Chart for Correlated Data

6 The Effect of Changing Model Parameters

We explore the effect of input parameters on the calculations of design param-
eters and loss cost by using response surface methodology (RSM). Response
surface method (RSM) designs help us quantify the relationships between
one or more measured responses and the vital input parameters. In this
method, the relations between parameters, considered totally. Fixed input
parameters are given in Table 5.

Table 5. Fixed model parameters range

Name Units Type Low Actual High Actual Low Coded High Coded Mean Std. Dev.
K Numeric 1 4 -1 1 2.489 1.406
Z0 Hour Numeric 0.25 1.35 -1 1 0.79 0.515
Z1 Hour Numeric 0.25 1.35 -1 1 0.822 0.516
a Dollar Numeric 20 100 -1 1 57.762 37.704
b Dollar Numeric 1 30 -1 1 15.705 13.754
A Dollar Numeric 1 5 -1 1 3.134 1.872
y Dollar Numeric 300 1500 -1 1 901.01 559.127
r Numeric 0 1 -1 1 0.483 0.473

sigma Numeric 1 5 -1 1 2.931 1.893
p Numeric 10 100 -1 1 53.946 42.567

delta Numeric 0.1 1 -1 1 0.539 0.423

In Table 6, the tests (runs) for various combinations of fixed model input
parameters of a planned experiment using D-optimal outline is given. The
optimal values ��for design parameters and loss cost connected with them are
presented in Table 6. In this section, only negative exponential distribution
is used as a prior for δi. The related package give us Analysis of variance
(ANOVA) results to analyze the chosen model. We compare p-values in the
anova results with significant level and then judge about the relations be-
tween input and design parameters. In Table 7, p-values were reported and
one can judge about the relations between parameters by that. Design Ex-
pert (we use this package for response surface method) provides prediction
equations in terms of actual model input parameters and design parame-
ters and loss cost (formulas (34-37)). We also present the way of relations
between input and design parameters (decreasing or increasing) according
theses formulas.
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Table 6. The optimal parameters got by taking different combinations of fixed time and
cost parameters
Run K Z0 Z1 a b D0 Y ρ σ P ∆ n h1 L E(A)

1 1.00 0.25 1.35 20.00 30.00 5.00 1500.00 0.00 1.00 10.00 0.10 11 1.30215 2.55756 270.695
2 1.00 1.35 0.25 74.13 30.00 1.00 1462.50 0.02 5.00 10.00 1.00 29 1.89275 2.37332 536.061
3 1.00 1.07 1.35 20.00 17.74 1.00 1500.00 0.00 1.00 10.00 1.00 30 1.94339 2.5964 281.897
4 1.00 1.35 1.35 100.00 30.00 1.00 1500.00 1.00 1.00 10.00 0.10 48 1.67787 1.68414 880.07
5 1.00 1.02 0.25 20.00 30.00 5.00 1500.00 0.00 1.00 100.00 0.43 11 1.30226 2.55829 280.064
6 4.00 0.25 0.25 59.34 30.00 5.00 1500.00 1.00 5.00 10.00 1.00 6 2.49973 1.75023 386.81
7 1.38 0.25 1.35 20.00 1.00 5.00 300.00 1.00 1.00 10.00 1.00 21 4.63033 2.88168 59.3397
8 1.00 0.25 0.86 20.00 1.00 5.00 300.00 0.00 1.00 100.00 0.10 29 1.93292 2.67074 38.6351
9 1.00 1.35 0.25 20.00 14.73 5.00 815.61 1.00 1.00 10.00 0.10 50 1.62729 2.37072 456.866
10 4.00 1.35 1.35 100.00 1.00 1.00 300.00 0.00 1.00 100.00 1.00 9 3.27327 1.82437 157.23
11 1.00 1.35 1.35 100.00 1.00 5.00 1500.00 0.00 1.00 100.00 1.00 28 1.67509 3.54884 128.689
12 4.00 0.52 1.35 25.70 15.28 2.81 300.00 0.00 5.00 100.00 0.10 2 3.47358 1 148.714
13 1.00 1.35 1.35 20.00 30.00 3.04 300.00 0.32 1.00 68.35 0.64 8 1.09431 2.43863 241.582
14 1.00 0.80 1.35 100.00 1.00 5.00 1230.74 1.00 5.00 61.65 0.10 50 1.41605 3.77037 128.391
15 1.00 0.97 0.25 100.00 30.00 5.00 514.58 0.00 1.00 10.00 0.10 13 1.52744 2.50126 322.657
16 2.69 1.35 0.25 20.00 30.00 2.51 300.00 0.00 5.00 100.00 1.00 7 2.35738 1.71054 715.689
17 4.00 0.25 0.25 20.00 30.00 1.00 1500.00 0.00 5.00 10.00 0.53 2 3.94811 1 183.894
18 1.00 0.25 0.47 20.00 30.00 2.40 1318.10 1.00 1.00 10.00 1.00 7 1.12897 2.24495 231.928
19 1.00 1.35 1.35 20.00 1.00 5.00 300.00 0.00 5.00 10.00 0.10 29 1.90034 2.83148 38.913
20 1.00 0.25 1.35 20.00 1.00 1.00 300.00 0.00 5.00 74.53 1.00 21 1 3.42575 151.747
21 1.00 0.72 0.55 100.00 1.00 1.00 1500.00 0.00 5.00 100.00 0.60 28 1.47442 3.92026 162.946
22 1.00 1.30 1.35 100.00 30.00 1.00 300.00 1.00 5.00 100.00 1.00 12 1.16974 2.71639 576.474
23 1.00 0.25 0.25 20.00 30.00 5.00 300.00 0.00 5.00 10.00 1.00 11 1.29898 2.55879 368.039
24 4.00 0.25 1.35 100.00 1.00 1.00 1500.00 0.00 5.00 10.00 0.10 19 4.9403 1.81954 127.992
25 2.82 0.25 0.65 20.00 13.79 1.00 300.00 1.00 1.00 100.00 1.00 3 4.4068 1.26713 153.072
26 4.00 1.35 1.35 100.00 30.00 5.00 1500.00 0.00 3.82 23.27 1.00 6 2.50719 1.73093 371.108
27 1.00 0.25 0.25 30.94 1.00 1.00 300.00 1.00 5.00 10.00 1.00 37 1.12904 4.98654 85.5081
28 4.00 1.35 0.25 20.00 30.00 5.00 300.00 0.00 1.00 10.00 1.00 2 3.84029 1 173.942
29 4.00 1.35 0.25 20.00 1.00 1.00 1500.00 1.00 1.00 10.00 1.00 15 4.60579 2.68295 140.685
30 4.00 0.25 1.35 20.00 1.00 5.00 1500.00 1.00 1.00 100.00 0.10 19 4.7345 2.26292 119.119
31 1.00 1.35 1.35 20.00 1.00 1.00 300.00 1.00 5.00 100.00 0.34 49 1.23458 5 90.7123
32 1.00 0.25 0.25 100.00 19.47 1.00 1500.00 1.00 3.42 10.00 0.10 6 1.02531 2.32079 226.603
33 4.00 1.35 1.35 100.00 29.09 4.38 697.39 0.00 1.00 97.19 0.10 8 4.93353 1.19844 157.599
34 3.97 1.35 0.49 100.00 1.00 5.00 1350.00 1.00 1.00 100.00 0.10 22 4.83426 1.82485 148.779
35 2.09 0.25 1.35 100.00 30.00 2.79 1500.00 0.54 5.00 10.00 1.00 6 4.46577 1.91817 299.636
36 4.00 1.35 1.35 69.70 1.00 5.00 300.00 1.00 1.00 10.00 0.10 24 4.83772 1.49777 124.386
37 4.00 1.06 0.25 20.00 1.00 1.00 300.00 0.00 3.48 10.00 0.10 21 4.91675 2.3929 136.142
38 3.43 0.25 0.25 100.00 1.00 1.54 300.00 1.00 5.00 100.00 0.10 14 5.04971 2.86406 158.044
39 1.00 1.35 0.25 100.00 30.00 5.00 1500.00 1.00 5.00 100.00 1.00 12 1 2.20222 1296.3
40 4.00 1.35 0.25 100.00 1.00 5.00 693.08 0.00 5.00 10.00 1.00 17 2.25976 2.96135 286.358
41 4.00 1.35 0.25 20.00 5.66 1.00 1500.00 1.00 5.00 100.00 0.10 8 4.55457 2.28683 153.244
42 1.00 1.35 0.82 100.00 1.00 3.86 300.00 1.00 3.28 10.00 1.00 49 1.23564 5 164.118
43 4.00 1.35 0.25 100.00 30.00 4.87 300.00 1.00 5.00 10.00 0.10 7 4.77231 1.25906 187.977
44 4.00 0.34 1.12 20.00 1.00 4.23 1500.00 0.00 5.00 10.00 1.00 17 1.99966 3.25761 196.216
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Table 6. (continued)
Run K Z0 Z1 a b D0 Y ρ σ P ∆ n h1 L E(A)

45 1.00 1.35 0.25 74.53 1.00 1.00 1500.00 1.00 1.00 100.00 1.00 50 1.31109 4.48334 115.586
46 2.51 1.35 0.82 85.41 17.07 1.00 300.00 0.33 5.00 50.89 0.10 10 6.75992 1 133.78
47 4.00 1.35 1.35 100.00 1.00 5.00 1500.00 1.00 5.00 100.00 1.00 33 1.67409 5 570.623
48 1.00 0.46 1.35 20.00 23.47 1.00 1500.00 1.00 4.94 100.00 0.97 49 1.24214 4.79883 1115.2
49 4.00 0.25 1.35 100.00 30.00 5.00 724.89 1.00 1.00 0.10 0.10 2 4.6476 1 137.464
50 4.00 0.25 1.35 100.00 1.00 5.00 300.00 0.00 2.98 64.46 0.64 17 2.27403 2.89317 236.29
51 4.00 1.35 1.35 20.00 1.00 5.00 1500.00 0.00 1.00 50.75 0.10 21 4.9021 2.50352 117.57
52 1.00 1.35 0.25 100.00 1.00 5.00 300.00 0.00 4.09 100.00 0.10 29 1.88527 2.94159 88.9871
53 4.00 0.25 0.25 100.00 30.00 5.00 1500.00 0.00 5.00 100.00 0.10 3 3.73431 1 219.918
54 4.00 0.25 0.25 43.85 1.00 1.00 1500.00 0.00 2.49 100.00 1.00 17 2.30593 3.16183 219.259
55 1.00 0.25 0.25 100.00 8.08 2.99 300.00 0.00 1.00 100.00 1.00 16 1.69484 2.46356 169.738
56 1 1.02 0.25 20.00 30.00 5.00 1500.00 0.00 1.00 100.00 0.43 11 1.30226 2.55829 280.064
57 4 0.69 0.25 50.06 30.00 1.00 1500.00 0.65 1.00 10.00 0.10 2 4.65149 1 150.111
58 1 1.35 1.35 20.00 30.00 1.00 1500.00 0.00 5.00 100.00 0.10 12 1.47347 2.51426 273.706
59 1 0.25 1.35 100.00 1.00 1.00 300.00 0.62 1.00 10.00 0.10 50 1.64956 2.43712 98.3792
60 4 0.25 0.93 20.00 1.00 5.00 694.99 0.90 5.00 10.00 0.10 12 4.55665 2.92537 127.551
61 1 1.35 1.35 100.00 1.00 5.00 1500.00 0.00 1.00 100.00 1.00 28 1.67509 3.54884 128.689
62 4 1.35 0.25 100.00 9.65 2.58 1500.00 0.00 1.00 10.00 0.10 14 4.89502 1.49059 165.582
63 1 1.35 0.25 47.18 1.00 5.00 1500.00 0.00 5.00 10.00 0.10 29 1.8613 3.04018 55.0029
64 4 0.25 1.35 100.00 30.00 1.00 1500.00 1.00 5.00 100.00 0.29 3 3.36542 1 208.412
65 1 1.35 1.35 20.00 30.00 5.00 1500.00 1.00 5.00 10.00 1.00 7 1.12835 2.24429 340.112
66 4 0.25 1.35 20.00 30.00 5.00 866.07 0.00 1.00 100.00 1.00 4 2.82212 1.4069 230.987
67 1.51 0.56 1.35 20.00 30.00 1.00 300.00 1.00 5.00 10.00 0.10 6 5.94585 1 100.274
68 4 0.25 0.73 100.00 30.00 1.00 300.00 0.00 1.00 10.00 1.00 7 4.92339 1.20122 172.767
69 4 1.35 0.25 20.00 1.00 5.00 377.94 1.00 1.00 100.00 1.00 12 2.15721 2.43705 198.868
70 3.3 1.35 1.35 20.00 30.00 5.00 300.00 1.00 3.62 100.00 0.10 2 4.13535 1 144.953
71 4 1.35 0.25 20.00 30.00 1.00 300.00 0.00 1.00 100.00 0.10 8 4.90599 1.2635 171.111
72 4 1.35 1.35 20.00 30.00 1.00 300.00 0.59 5.00 10.00 1.00 2 2.67896 1 185.09
73 1 0.25 0.25 20.00 1.00 5.00 1500.00 1.00 5.00 100.00 1.00 34 1 5 734.137
74 4 0.25 0.93 20.00 1.00 5.00 694.99 0.90 5.00 10.00 0.10 12 4.55665 2.92537 127.551
75 1.97 0.25 1.35 100.00 30.00 1.00 1500.00 0.00 1.00 100.00 0.10 7 6.61145 1.78959 132.479
76 2.48 0.25 0.25 100.00 1.00 5.00 1500.00 1.00 1.00 10.00 0.53 6 5 3 132.463
77 1 0.25 0.99 72.13 30.00 5.00 300.00 1.00 5.00 100.00 0.65 9 1 2.25231 745.989
78 4 0.25 0.25 20.00 30.00 5.00 300.00 1.00 1.00 59.35 0.10 7 4.78219 1.22387 170.418
79 1 0.25 0.25 20.00 30.00 1.00 300.00 0.51 5.00 100.00 0.10 8 1.12311 2.34099 238.287
80 1 0.25 0.25 20.00 1.00 1.00 1500.00 0.00 1.00 47.10 0.10 29 1.82902 3.16842 39.5404
81 4 0.25 1.35 100.00 1.00 1.00 1298.00 1.00 1.00 49.69 1.00 8 4.06379 1.91795 148.766
82 75 0.25 1.35 100.00 30.00 5.00 300.00 0.00 5.00 10.00 0.10 5 6.35491 1.47663 119.654
83 4 1.35 1.35 20.00 30.00 1.27 1500.00 1.00 1.00 100.00 1.00 3 3.47689 1 173.252
84 1 0.25 1.35 100.00 1.00 1.00 300.00 0.62 1.00 10.00 0.10 50 1.64956 2.43712 98.3792
85 2.04 0.25 1.35 50.05 1.00 2.51 883.88 0.00 2.83 10.00 0.52 14 6.32552 2.97878 97.3265
86 4 0.91 0.25 100.00 30.00 5.00 300.00 0.52 1.95 100.00 1.00 4 2.25438 1 431.264
87 2.15 1.35 0.25 100.00 30.00 1.00 300.00 1.00 1.00 10.00 1.00 4 5.6451 2.00752 146.698
88 4 0.25 1.35 20.00 30.00 5.00 866.07 0.00 1.00 100.00 1.00 4 2.82212 1.4060 230.987
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Table 7. Checking fixed time and cost parameters significant
relation with design parameters

Source p-value(n) p-value(h1) p-value(L) p-value(E(A))
K <0.0001 <0.0001 <0.0001 0.0212
Z0 0.0152 0.4795 0.8604 0.3533
Z1 0.2316 0.4244 0.5194 0.4899
a 0.5388 0.2787 0.31 0.306
b <0.0001 0.5477 <0.0001 <0.0001
A 0.4329 0.0499 0.1823 0.1726
Y 0.3955 0.226 0.0169 0.0284
ρ 0.0927 0.6862 0.128 0.0213

sigma 0.6299 0.1311 0.0019 0.0057
P 0.4701 0.0385 0.1632 0.0476

delta 0.4673 0.0002 0.0001 0.0023

The linear model between design parameters (n, h1, L) and the parame-
ters of cost and time are as follows.

n̂ = 32.28− 5.05k −+4.83Z0 − 0.56b (37)

ĥ1 = 2.86 + 0.69k − 0.13A− 0.006P − 1.19∆ (38)

L̂ = 2.93− 0.36k − 0.047b+ 0.0026Y + 0.1σ + 0.59∆. (39)

The linear model between loss cost and the parameters of cost and time
is as follows.

Ê(A) = −163.4− 37.52k + 5.73b+ 0.074Y + 92.4ρ+ 28σ + 0.88P + 139.2∆.
(40)

6.1 The Effect of Changes in Taguchi Loss Function Param-
eters

As seen in Table 7 and formula (34-37), the increase in parameter A leads
to decrease in optimal values of h1 significantly. The increase in P leads
to decrease in the optimal values of h1 and increase in the optimal value of
E(A). The increase in ∆ leads to decrease in h1 leads to decrease in h1 and
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increase in L and E(A). The increase in ∆ leads to increase in L and E(A).

6.2 The Effect of Changes in ρ Parameter
Table 7 shows the effect of changing the correlation coefficient on the optimal
economic statistical design parameters of X chart. As the measurements in
the sample are positively correlated (which means the measurements are
more homogeneous in the positive direction) we put correlation coefficient
value between 0 and 1. As seen in Table 7, changes in the ρ parameter has no
effect on n, h1 and L. The increase in ρ leads to increase in optimal values
of E(A).

6.3 The Effect of Changes in Cost Parameters
As seen in Table 7 and formula (34-37), the increase in unit sample cost
b leads to decrease in optimal values of n and L and increase the optimal
values of E(A) significantly. The increase in Y leads to incraese in the
optimal values of L and E(A).

In Table 8, standard values of are taken from Table 2. The numerical
results show that if the amounts of wi are doubled or quadrupled in general
the optimum value of n, h1 and L will not change significantly. It is also
observed that optimum values of E(A) increase. The results of this study
illustrated in Figure 3.

Figure 3. The relationship between parameter wi and design parameters and loss cost.
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Table 8. Changes in optimal design parameters with variations in wi

Standard wi Two times wi Four times wi

Run n h1 L E(A) n h1 L E(A) n h1 L E(A)

1 11 1.30215 2.55756 270.695 11 1.279878 2.564017 282.2976 28 1.948412 2.422471 470.1238
2 29 1.89275 2.37332 536.061 29 1.892748 2.373309 548.7442 29 1.892743 2.37329 574.1108
3 30 1.94339 2.5964 281.897 30 1.943229 2.596996 294.4282 30 1.943395 2.59639 319.4908
4 48 1.67787 1.68414 880.07 48 1.678087 1.680843 892.307 48 1.678529 1.674176 916.772
5 11 1.30226 2.55829 280.064 12 1.419033 2.527865 294.7495 12 1.420948 2.527263 320.2057
6 6 2.49973 1.75023 386.81 6 2.513223 1.748876 533.695 6 2.542211 1.749018 827.2713
7 21 4.63033 2.88168 59.3397 12 4.575557 2.189769 92.65219 23 4.624591 2.971574 168.8763
8 29 1.93292 2.67074 38.6351 29 1.898317 2.852354 50.89864 29 1.903723 2.826383 76.27101
9 50 1.62729 2.37072 456.866 50 1.627292 2.370722 469.64 7 1.099225 2.265749 162.7131
10 9 3.27327 1.82437 157.23 11 3.744236 2.588129 277.2244 12 4.335868 3.418338 499.6959
11 28 1.67509 3.54884 128.689 24 1.65677 3.291533 138.4841 28 1.652305 3.595943 166.387
12 2 3.47358 1 148.714 5 4.648633 1.796927 268.9556 12 4.801749 2.277311 503.5333
13 8 1.09431 2.43863 241.582 7 1 2.468689 241.3243 7 1 2.468821 266.2766
14 50 1.41605 3.77037 128.391 50 1.423625 3.718411 141.2124 50 1.36983 4.075713 165.5144
15 13 1.52744 2.50126 322.657 12 1.40853 2.536657 334.4439 13 1.524734 2.502031 360.6387
16 7 2.35738 1.71054 715.689 7 2.169654 1.821615 831.3295 8 2.243149 1.777794 1048.084
17 2 3.94811 1 183.894 5 4.742974 1.602074 326.8843 8 4.817565 1.781426 598.9789
18 7 1.12897 2.24495 231.928 6 1 2.339676 6 1 220.4674 2.339642 245.9286
19 29 1.90034 2.83148 38.913 29 1.873418 2.961741 51.34353 29 1.928025 2.700847 76.82097
20 21 1 3.42575 151.747 21 1 3.429624 164.3967 21 1 3.437693 189.6963
21 28 1.47442 3.92026 162.946 29 1.489242 3.911925 175.7532 28 1.49375 3.886804 201.0156
22 12 1.16974 2.71639 576.474 8 1.195967 2.1948 525.2868 49 1.291194 4.546609 1482.818
23 11 1.29898 2.55879 368.039 11 1.321071 2.553116 380.7585 11 1.382221 2.536622 407.5116
24 19 4.9403 1.81954 127.992 19 4.981451 1.921633 237.8625 20 4.981489 1.935669 458.1367
25 3 4.4068 1.26713 153.072 4 5.132223 1.59604 259.69 7 5.596968 2.157698 467.0672
26 6 2.50719 1.73093 371.108 6 2.506415 1.64337 492.6398 5 2.504687 1.245952 733.3938
27 37 1.12904 4.98654 85.5081 34 1.095722 5 96.83884 34 1.097386 5 122.5781
28 2 3.84029 1 173.942 6 4.792063 1.576854 320.4878 10 4.898981 1.695621 593.0345
29 15 4.60579 2.68295 140.685 18 4.709604 2.610177 269.4833 27 3.107033 2.053517 593.3217
30 19 4.7345 2.26292 119.119 23 4.754049 2.050573 231.4279 27 3.107051 2.053525 498.8167
31 49 1.23458 5 90.7123 49 1.23452 5 103.3031 49 1.234764 5 128.4761
32 6 1.02531 2.32079 226.603 8 1.18153 2.205554 247.2713 7 1.109283 2.259062 270.0853
33 8 4.93353 1.19844 157.599 10 4.948013 1.365032 276.3673 12 4.940348 1.483479 505.2788
34 22 4.83426 1.82485 148.779 23 25.01167 5 4.72E+08 24 4.802763 1.995399 521.9696
35 6 4.46577 1.91817 299.636 6 4.512503 1.927853 375.872 6 4.615541 1.952773 528.077
36 24 4.83772 1.49777 124.386 25 4.813092 1.619114 235.3143 27 4.738764 2.073906 458.2854
37 21 4.91675 2.3929 136.142 19 4.98071 1.915167 263.8216 21 3.64997 2.324985 573.9605
38 14 5.04971 2.86406 158.044 17 5.091882 2.825689 279.7487 20 5.187168 2.564239 524.3298
39 12 1 2.20222 1296.3 12 1 2.201754 1308.998 12 1 2.198546 1334.582
40 17 2.25976 2.96135 286.358 17 2.270278 2.915652 434.8279 8 2.218375 1.183406 711.3921
41 8 4.55457 2.28683 153.244 12 4.463948 2.469552 289.5325 16 4.67428 2.420258 549.4388
42 49 1.23564 5 164.118 49 1.238105 4.982363 176.9167 49 1.238292 4.980142 202.2811
43 7 4.77231 1.25906 187.977 10 4.780118 1.390928 333.1482 12 4.771244 1.440395 601.774
44 17 1.99966 3.25761 196.216 17 2.012113 3.277059 325.7667 17 2.041333 3.340505 584.7111
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Table 8. (continued)
Standard wi Two times wi Four times wi

Run n h1 L E(A) n h1 L E(A) n h1 L E(A)

45 50 1.31109 4.48334 115.586 50 1.327409 4.368551 128.3377 50 1.337436 4.302803 153.9546
46 10 6.75992 1 133.78 2 6.17512 1 210.5141 13 6.794761 1.049818 416.4213
47 33 1.67409 5 570.623 33 1.675088 5 696.3047 33 1.677104 5 947.6447
48 49 1.24214 4.79883 1115.2 49 1.242144 4.798809 1127.786 49 1.242146 4.798774 1152.963
49 2 4.6476 1 137.464 11 4.819419 1.21287 283.9704 13 4.837118 1.335953 514.3267
50 17 2.27403 2.89317 236.29 17 2.286329 2.926344 360.9767 17 2.314923 3.031806 610.1963
51 21 4.9021 2.50352 117.57 19 4.977535 1.969476 227.2635 20 4.913828 1.976199 449.7949
52 29 1.88527 2.94159 88.9871 20 1.838977 2.4533 97.80908 21 1.856554 2.431206 123.0765
53 3 3.73431 1 219.918 3 3.92587 1 358.2317 3 4.74501 1.001444 621.999
54 17 2.30593 3.16183 219.259 17 2.337837 3.21187 367.4818 17 2.434576 3.478481 663.0504
55 16 1.69484 2.46356 169.738 16 1.678821 2.545796 185.0354 17 1.744992 2.453554 210.1927
56 11 1.30226 2.55829 280.064 12 1.419033 2.527865 294.7495 12 1.420948 2.527263 320.2057
57 2 4.65149 1 150.111 12 4.859885 1.164075 323.8069 5 4.806158 1 547.4716
58 12 1.47347 2.51426 273.706 10 1.264097 2.56833 282.0416 12 1.454488 2.518831 310.6873
59 50 1.64956 2.43712 98.3792 50 1.649559 2.437125 110.965 50 1.64956 2.437125 136.1365
60 12 4.55665 2.92537 127.551 18 4.706903 2.605169 245.4956 27 3.129706 2.064853 531.972
61 28 1.67509 3.54884 128.689 24 1.65677 3.291533 138.4841 28 1.652305 3.595943 166.387
62 14 4.89502 1.49059 165.582 15 4.957221 1.614781 295.7836 18 4.980312 1.800286 555.4114
63 29 1.8613 3.04018 55.0029 29 1.891034 2.914944 68.15962 29 1.865946 3.024224 93.36678
64 3 3.36542 1 208.412 3 3.442154 1 328.2013 3 3.670664 1 566.1021
65 7 1.12835 2.24429 340.112 10 1.251015 2.153268 370.9563 7 1.131655 2.24238 377.8463
66 4 2.82212 1.4069 230.987 4 2.851375 1.37969 353.2406 4 2.917857 1.318701 597.4257
67 6 5.94585 1 100.274 6 5.945763 1 144.1603 6 5.94575 1 231.9318
68 7 4.92339 1.20122 172.767 10 4.803682 1.3959 307.8552 12 4.925987 1.827568 553.2778
69 12 2.15721 2.43705 198.868 7 1.950052 1 344.9134 6 1.950069 1 612.752
70 2 4.13535 1 144.953 3 5.164277 1.304838 252.1456 5 5.335766 1.39984 463.1076
71 8 4.90599 1.2635 171.111 10 4.893497 1.332623 308.2784 14 4.929884 1.673936 586.4289
72 2 2.67896 1 185.09 2 2.518295 1 303.0705 2 2.247487 1 531.9742
73 34 1 5 734.137 34 1 5 746.9561 34 1 5 772.594
74 12 4.55665 2.92537 127.551 18 4.706903 2.605169 245.4956 27 3.129706 2.064853 531.972
75 7 6.61145 1.78959 132.479 7 6.621062 1.800816 201.2021 7 6.654329 1.811589 338.4821
76 6 5 3 132.463 6 5 3 229.4932 6 5 3 423.5546
77 9 1 2.25231 745.989 9 1 2.255112 758.588 9 1.140707 2.215873 783.5198
78 7 4.78219 1.22387 170.418 10 4.794045 1.343289 314.4857 12 4.796857 1.378195 580.8989
79 8 1.12311 2.34099 238.287 6 1 2.419048 233.398 49 1.733926 1.807348 908.5372
80 29 1.82902 3.16842 39.5404 29 1.815094 3.220183 52.37013 29 1.825165 3.176689 77.90826
81 8 4.06379 1.91795 148.766 15 4.547075 2.816671 260.6196 17 4.671691 2.547892 483.1414
82 5 6.35491 1.47663 119.654 5 6.373371 1.493874 177.8011 5 6.38058 1.499075 294.4994
83 3 3.47689 1 173.252 2 3.599429 1 291.6996 5 4.388229 2.222954 526.413
84 50 1.64956 2.43712 98.3792 50 1.649559 2.437125 110.965 50 1.64956 2.437125 136.1365
85 14 6.32552 2.97878 97.3265 14 6.288273 2.98573 168.8991 14 6.504645 2.839134 312.0071
86 4 2.25438 1 431.264 4 2.2014 1 570.8527 3 2.170457 1 847.3299
87 4 5.6451 2.00752 146.698 2 6.2128 1 206.002 2 6.195457 1 370.2503
88 4 2.82212 1.4060 230.987 4 2.851375 1.37969 353.2406 4 2.917857 1.318701 597.4257
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6.4 The Effect of Changes in Time Parameters

As seen in Table 7, changes in the time parameter Z1 has no effect on design
parameters and E(A). Increases in Z0 leads to increases in optimal values
of n.

In Table 9, standard values of Z2i are taken from Table 2. The numerical
results show that, if the amounts of Z2i are doubled or quadrupled, in general,
the optimum values of n, L and h1 will not change significantly. The results
of this study with regard to the negative exponential prior distribution are
given in Table 9 and Figure 4.

Figure 4. The relationship between parameter Z2i and design parameters and loss cost.
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Table 9. Changes in optimal design parameters with variations in Z2i

Standard z2i Two times z2i Four times z2i
Run n h1 L E(A) n h1 L E(A) n h1 L E(A)

1 11 1.30215 2.55756 270.695 14 1.615967 2.481632 27.46484 13 1.481363 2.512339 243.7101
2 29 1.89275 2.37332 536.061 29 1.893654 2.373131 514.093 29 1.909601 2.369579 471.837
3 30 1.94339 2.5964 281.897 30 1.94338 2.596398 270.596 30 1.943374 2.596387 250.4956
4 48 1.67787 1.68414 880.07 48 1.681486 1.670671 844.5749 14 1.399301 2.036934 325.3492
5 11 1.30226 2.55829 280.064 11 1.302823 2.558131 268.6971 11 1.381419 2.537217 249.269
6 6 2.49973 1.75023 386.81 6 2.488514 1.752013 259.6434 6 2.479723 1.753859 156.5844
7 21 4.63033 2.88168 59.3397 16 4.407634 2.848623 51.25727 22 4.633361 2.90499 43.66854
8 29 1.93292 2.67074 38.6351 29 1.877202 2.94973 36.71491 28 1.879164 2.920125 33.82133
9 50 1.62729 2.37072 456.866 50 1.627274 2.370726 438.2113 50 1.627241 2.370733 405.1022
10 9 3.27327 1.82437 157.23 10 3.211719 1.890294 112.0263 11 3.163171 1.957034 71.06444
11 28 1.67509 3.54884 128.689 28 1.624544 3.616837 123.1558 21 1.648104 3.018126 110.8188
12 2 3.47358 1 148.714 2 3.392867 1 106.3865 3 3.336946 1 67.72656
13 8 1.09431 2.43863 241.582 7 1 2.468839 219.7505 7 1 2.468854 203.5038
14 50 1.41605 3.77037 128.391 50 1.463376 3.310011 128.1711 50 1.409532 3.796396 114.0646
15 13 1.52744 2.50126 322.657 14 1.557998 2.494057 311.0898 29 1.958204 2.411777 430.9765
16 7 2.35738 1.71054 715.689 7 2.238585 1.780647 530.5981 7 2.261592 1.766861 347.3685
17 2 3.94811 1 183.894 2 3.831104 1 126.2533 2 3.757521 1 77.43948
18 7 1.12897 2.24495 231.928 6 1 2.339711 199.2825 48 1.681067 1.686938 782.1585
19 29 1.90034 2.83148 38.913 29 1.873075 2.971886 37.27197 29 1.920526 2.753014 34.78894
20 21 1 3.42575 151.747 21 1 3.423897 145.6072 21 1 3.420665 134.6989
21 28 1.47442 3.92026 162.946 28 1.474052 3.864306 155.7072 28 1.488236 3.897491 144.4243
22 12 1.16974 2.71639 576.474 8 1.168555 2.215287 491.9783 8 1.190228 2.198708 455.4451
23 11 1.29898 2.55879 368.039 12 1.399137 2.533209 354.4234 12 1.449034 2.520918 329.5685
24 19 4.9403 1.81954 127.992 19 4.83572 1.83746 93.99454 18 4.961092 1.698598 60.67263
25 3 4.4068 1.26713 153.072 3 4.271902 1.243986 112.5013 3 4.164392 1.235821 73.42826
26 6 2.50719 1.73093 371.108 6 2.50701 1.789861 263.9193 7 2.506315 1.83375 167.1644
27 37 1.12904 4.98654 85.5081 49 1.235262 5 93.18909 15 1.122372 3.240711 62.1036
28 2 3.84029 1 173.942 2 3.577448 1 119.0599 2 3.476292 1 72.8206
29 15 4.60579 2.68295 140.685 15 4.635812 2.708626 98.17242 12 4.606094 2.56927 61.04882
30 19 4.7345 2.26292 119.119 18 4.723484 2.320777 86.85126 13 4.671073 2.428803 56.02209
31 49 1.23458 5 90.7123 49 1.234862 5 87.07998 19 1.089714 3.770908 57.9028
32 6 1.02531 2.32079 226.603 49 1.702005 1.693792 591.8705 6 1.046003 2.32274 202.4554
33 8 4.93353 1.19844 157.599 7 4.918013 1.118793 112.7648 6 4.857266 1 71.47633
34 22 4.83426 1.82485 148.779 21 4.831352 1.895135 104.9108 19 4.816409 1.831049 65.86319
35 6 4.46577 1.91817 299.636 6 4.430448 1.911524 238.8789 6 4.39221 1.904965 169.884
36 24 4.83772 1.49777 124.386 23 4.88388 1.3505 90.62342 23 4.861543 1.363861 58.97766
37 21 4.91675 2.3929 136.142 18 4.979047 1.867419 94.74836 21 4.917038 2.370524 59.47491
38 14 5.04971 2.86406 158.044 11 5.065401 2.551914 112.6085 7 4.351078 1.267174 70.69923
39 12 1 2.20222 1296.3 12 1 2.196867 1243.86 11 1 2.214968 1152.948
40 17 2.25976 2.96135 286.358 17 2.252952 2.982884 191.5385 18 2.247519 2.9979 115.1855
41 8 4.55457 2.28683 153.244 7 4.564318 2.127461 106.9183 3 4.105652 1 65.28106
42 49 1.23564 5 164.118 49 1.235393 5 157.3829 14 1.384042 2.100313 112.16
43 7 4.77231 1.25906 187.977 5 4.763225 1.200479 128.0479 3 4.743489 1 75.38152
44 17 1.99966 3.25761 196.216 18 1.994314 3.250432 137.0303 18 1.989812 3.244882 85.44086
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Table 9. (continued)
Standard z2i Two times z2i Four times z2i

Run n h1 L E(A) n h1 L E(A) n h1 L E(A)

45 50 1.31109 4.48334 115.586 50 1.445349 3.548975 116.4024 50 1.416924 3.724608 105.5867
46 10 6.75992 1 133.78 11 6.763387 1.005959 103.4579 6 6.602064 1 64.85695
47 33 1.67409 5 570.623 33 1.672756 5 402.1666 33 1.671583 5 252.7876
48 49 1.24214 4.79883 1115.2 49 1.242186 4.79775 1070.809 7 1.130644 2.242838 355.8343
49 2 4.6476 1 137.464 7 4.83887 1 114.8462 9 4.856132 1 78.35795
50 17 2.27403 2.89317 236.29 17 2.267617 2.878594 166.9051 17 2.262124 2.867554 105.1161
51 21 4.9021 2.50352 117.57 18 4.934234 1.945037 85.64356 16 4.925178 1.846194 55.56261
52 29 1.88527 2.94159 88.9871 29 1.902192 2.854945 85.43983 29 1.909508 2.777987 79.21479
53 3 3.73431 1 219.918 3 3.668461 1 150.1345 3 3.622036 1 91.72953
54 17 2.30593 3.16183 219.259 17 2.292183 3.144546 146.7096 17 2.281794 3.132989 88.2461
55 16 1.69484 2.46356 169.738 14 1.609242 2.482707 161.1894 30 1.943139 2.596918 201.9176
56 11 1.30226 2.55829 280.064 11 1.302823 2.558131 268.6971 11 1.381419 2.537217 249.269
57 2 4.65149 1 150.111 7 4.844281 1 120.6591 6 4.805428 1.060416 72.9769
58 12 1.47347 2.51426 273.706 13 1.501632 2.507532 264.3518 11 1.29597 2.559692 239.543
59 50 1.64956 2.43712 98.3792 50 1.649556 2.437125 94.41848 50 1.649549 2.437126 87.37731
60 12 4.55665 2.92537 127.551 12 4.558096 2.824466 91.86463 9 4.591579 2.384157 58.70866
61 28 1.67509 3.54884 128.689 28 1.624544 3.616837 123.1558 21 1.648104 3.018126 110.8188
62 14 4.89502 1.49059 165.582 12 4.950367 1.369452 113.721 11 4.956132 1.317773 70.49338
63 29 1.8613 3.04018 55.0029 29 1.846315 3.097408 52.66987 29 1.862127 3.037331 48.72995
64 3 3.36542 1 208.412 3 3.332655 1 148.8365 3 3.3053 1 94.63649
65 7 1.12835 2.24429 340.112 8 1.141319 2.235113 327.7509 8 1.180521 2.206038 307.6475
66 4 2.82212 1.4069 230.987 4 2.807059 1.421018 164.0833 4 2.79405 1.433271 103.8566
67 6 5.94585 1 100.274 20 6.425616 1 166.8402 20 6.457348 1 132.7649
68 7 4.92339 1.20122 172.767 6 4.903263 1.113538 120.7256 5 4.904113 1 75.07202
69 12 2.15721 2.43705 198.868 12 2.147454 2.496591 133.047 12 2.139014 2.532349 80.02037
70 2 4.13535 1 144.953 2 4.027657 1 106.6892 2 3.954081 1 69.76495
71 8 4.90599 1.2635 171.111 2 4.674731 1 101.2045 5 4.876127 1.053185 68.18065
72 2 2.67896 1 185.09 2 2.73238 1 132.5519 2 2.767003 1 84.47028
73 34 1 5 734.137 34 1 5 704.0547 34 1 5 650.6865
74 12 4.55665 2.92537 127.551 12 4.558096 2.824466 91.86463 9 4.591579 2.384157 58.70866
75 7 6.61145 1.78959 132.479 7 6.836096 1.642363 107.2128 6 6.567586 1.790004 78.52991
76 6 5 3 132.463 6 5 3 100.0912 6 5 3 67.21365
77 9 1 2.25231 745.989 10 1.232205 2.216836 713.9839 9 1 2.254229 662.013
78 7 4.78219 1.22387 170.418 5 4.742269 1.153651 114.1748 5 4.781296 1.040701 70.49271
79 8 1.12311 2.34099 238.287 7 1.005899 2.418405 213.6493 28 1.645126 1.949441 463.0769
80 29 1.82902 3.16842 39.5404 29 1.853656 3.082905 38.03673 29 1.834471 3.145026 35.04951
81 8 4.06379 1.91795 148.766 8 3.720095 1.673329 107.0688 9 3.566356 1.676286 68.35201
82 5 6.35491 1.47663 119.654 5 6.343455 1.473544 100.1918 5 6.331992 1.4699 75.52036
83 3 3.47689 1 173.252 3 3.440005 1 124.096 3 3.410833 1 79.11953
84 50 1.64956 2.43712 98.3792 50 1.649556 2.437125 94.41848 50 1.649549 2.437126 87.37731
85 14 6.32552 2.97878 97.3265 14 6.308128 2.981369 78.59408 14 6.310613 2.975681 56.72985
86 4 2.25438 1 431.264 4 2.292974 1 293.7297 4 2.318977 1 179.0985
87 4 5.6451 2.00752 146.698 2 6.371541 1 97.71232 2 6.349582 1 68.21924
88 4 2.82212 1.4060 230.987 4 2.807059 1.421018 164.0833 4 2.79405 1.433271 103.8566
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6.5 The Impact of Changes in Weibull Distribution Param-
eters

6.5.1 Changes in Weibull Distribution Shape Parameter

By increasing the value of Weibull shape parameter, the values of optimal pa-
rameters of n and L and E(A) decrease and the values of optimal parameters
of h1 increase.

6.5.2 Changes in Weibull Distribution Scale Parameter

In this section, by considering three different prior distributions, λi changes
and its impact on the optimal values ��of loss cost will be discussed. In
this paper, the negative exponential distribution, uniform and half-normal
distributions are considered as a prior distribution. In Table 3, one can
compare the optimal value of loss cost based on three prior distributions. As
seen in this table, optimal values of loss cost based on three prior distributions
have little difference with each other.

In Table 10, the results of how the optimal values of loss cost are affected
by increasing values of Weibull distribution scale parameter is presented. The
numerical results show that if the amounts of are doubled or quadrupled, in
general, the optimum values of and and will not change significantly but the
optimum value of parameter. The results illustrated in Figure 5.

Figure 5. The relationship between parameter λi and design parameters and loss cost.
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Table 10. Changes in optimal design parameters with variations in λi

Standard λi Two times λi Four times λi

Run n h1 L E(A) n h1 L E(A) n h1 L E(A)

1 11 1.30215 2.55756 270.695 8 1.169551 2.344766 237.6848 50 1.954323 2.063264 683.3481
2 29 1.89275 2.37332 536.061 10 1.41132 2.245094 307.2605 8 1.400085 2.00129 305.3701
3 30 1.94339 2.5964 281.897 11 1.496092 2.26051 165.7645 49 1.955669 3.619324 415.154
4 48 1.67787 1.68414 880.07 49 1.741973 1.50273 829.5358 49 1.80374 1.106479 749.4699
5 11 1.30226 2.55829 280.064 10 1.445557 2.264705 256.5509 7 1.363882 2.00095 242.4283
6 6 2.49973 1.75023 386.81 5 2.147675 1.713099 394.1555 5 1.845732 1.6732 399.9186
7 21 4.63033 2.88168 59.3397 15 4.018223 2.44378 74.85306 15 2.453407 4.589034 98.7464
8 29 1.93292 2.67074 38.6351 50 1.996466 2.297429 67.54971 49 1.89462 4.115418 75.25067
9 50 1.62729 2.37072 456.866 5 1 2.098363 117.3319 50 1.770976 1.150648 409.6016
10 9 3.27327 1.82437 157.23 8 2.807883 1.644324 165.2611 7 2.405567 1.408856 172.7665
11 28 1.67509 3.54884 128.689 38 1.243702 4.920375 174.3725 16 1.260044 3.220492 196.5423
12 2 3.47358 1 148.714 2 2.974643 1 156.2974 2 2.544676 1 163.4407
13 8 1.09431 2.43863 241.582 6 1 2.230296 204.8674 49 1.565955 3.513194 875.9763
14 50 1.41605 3.77037 128.391 40 1.287358 4.167116 131.7536 49 1.228852 5 157.2083
15 13 1.52744 2.50126 322.657 11 1.50474 2.246511 281.812 50 1.951425 2.046567 734.2502
16 7 2.35738 1.71054 715.689 7 1.895405 1.656005 708.9925 6 1.517505 1.604834 694.4706
17 2 3.94811 1 183.894 2 3.377801 1 194.8479 2 2.890348 1 205.5377
18 7 1.12897 2.24495 231.928 49 1.720186 1.536345 907.0007 4 1.002102 1.849993 192.0282
19 29 1.90034 2.83148 38.913 50 1.996457 2.297454 80.48257 49 1.843401 4.344352 77.61154
20 21 1 3.42575 151.747 35 1 5 227.3655 35 1 5 329.9785
21 28 1.47442 3.92026 162.946 38 1.1604 5 220.7433 36 1 5 279.7464
22 12 1.16974 2.71639 576.474 7 1.196265 1.951677 583.3938 7 1.170592 2.032434 725.993
23 11 1.29898 2.55879 368.039 8 1.233012 2.324557 385.8247 6 1.171481 2.064841 445.4872
24 19 4.9403 1.81954 127.992 23 4.407314 2.260242 135.831 28 3.923121 2.106442 144.5715
25 3 4.4068 1.26713 153.072 3 3.639091 1.166783 167.1227 3 3.0068 1.043627 180.514
26 6 2.50719 1.73093 371.108 6 2.155459 1.687613 371.9199 6 1.853632 1.641532 371.2991
27 37 1.12904 4.98654 85.5081 22 1.017281 4.39182 95.53965 15 1 3.678186 121.1338
28 2 3.84029 1 173.942 7 4.304809 1.595274 206.0268 2 2.979084 1 196.8829
29 15 4.60579 2.68295 140.685 17 3.996487 2.498243 152.4754 26 3.70408 3.517767 161.2512
30 19 4.7345 2.26292 119.119 17 3.996544 2.498272 127.0053 31 3.725319 3.514773 134.6182
31 49 1.23458 5 90.7123 12 1.196237 2.617205 80.45797 31 1.048848 5 120.6777
32 6 1.02531 2.32079 226.603 8 1.246556 1.9136 224.9928 49 1.751082 1.531273 567.4582
33 8 4.93353 1.19844 157.599 13 4.389385 1.530496 185.6689 13 3.964983 1 194.5054
34 22 4.83426 1.82485 148.779 17 4.008093 2.504047 159.6928 36 3.736297 3.451008 172.1395
35 6 4.46577 1.91817 299.636 6 3.467299 1.869719 318.7974 5 2.693558 1.814543 333.4401
36 24 4.83772 1.49777 124.386 17 3.996464 2.498232 133.6618 46 3.853617 2.065322 143.5072
37 21 4.91675 2.3929 136.142 23 4.41132 2.255214 145.4271 28 3.943873 2.036652 155.5667
38 14 5.04971 2.86406 158.044 16 4.536213 2.825243 172.0159 10 3.814351 2.741318 184.4923
39 12 1 2.20222 1296.3 11 1 2.31691 1739.89 12 1 2.59778 2411.717
40 17 2.25976 2.96135 286.358 17 1.94389 2.895596 295.8818 16 1.672064 2.83 304.3424
41 8 4.55457 2.28683 153.244 17 3.996685 2.498343 176.344 7 3.520766 2.938511 174.0563
42 49 1.23564 5 164.118 37 1.328111 3.731233 190.1827 14 1.172324 2.905707 192.8318
43 7 4.77231 1.25906 187.977 13 4.167863 2.426201 246.4638 28 3.824327 2.776537 412.6599
44 17 1.99966 3.25761 196.216 17 1.720137 3.234619 202.6433 17 1.479748 3.210994 208.3893
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Table 10. (continued)
Standard λi Two times λi Four times λi

Run n h1 L E(A) n h1 L E(A) n h1 L E(A)

45 50 1.31109 4.48334 115.586 37 1.236496 4.317304 119.6317 49 1.357481 4.114659 170.8082
46 10 6.75992 1 133.78 19 5.883671 1.113028 174.2922 3 4.642861 1 146.4589
47 33 1.67409 5 570.623 33 1.440725 5 560.5141 32 1.239867 5 548.5121
48 49 1.24214 4.79883 1115.2 8 1.076308 2.198225 481.265 8 1 2.150746 594.0127
49 2 4.6476 1 137.464 13 4.182429 2.395649 203.303 43 3.903022 1.223198 340.5079
50 17 2.27403 2.89317 236.29 16 1.955981 2.830596 241.3665 16 1.682333 2.768768 245.5565
51 21 4.9021 2.50352 117.57 23 4.404159 2.3148 124.6794 28 3.926145 2.143754 132.9303
52 29 1.88527 2.94159 88.9871 47 1.752369 4.535269 120.6014 50 1.762088 4.623786 152.4846
53 3 3.73431 1 219.918 3 3.188803 1 231.6516 3 2.720778 1 242.9377
54 17 2.30593 3.16183 219.259 17 1.985492 3.128139 229.8177 16 1.709491 3.093412 239.6824
55 16 1.69484 2.46356 169.738 11 1.531069 2.241506 179.9814 43 1.376035 5 382.4399
56 11 1.30226 2.55829 280.064 10 1.445557 2.264705 256.5509 7 1.363882 2.00095 242.4283
57 2 4.65149 1 150.111 14 4.358019 1.08026 217.9168 37 3.906524 1.513578 355.4361
58 12 1.47347 2.51426 273.706 9 1.30935 2.30111 235.9467 50 1.951755 2.10998 770.583
59 50 1.64956 2.43712 98.3792 50 1.76512 1.631539 101.1679 50 1.766414 1.617741 111.4556
60 12 4.55665 2.92537 127.551 16 4.07284 2.53642 137.2554 6 3.478783 2.659582 142.3792
61 28 1.67509 3.54884 128.689 38 1.243702 4.920375 174.3725 16 1.260044 3.220492 196.5423
62 14 4.89502 1.49059 165.582 19 4.425406 1.681384 182.9713 24 3.971214 1.50456 201.2301
63 29 1.8613 3.04018 55.0029 48 1.912698 3.957627 74.75582 50 1.955811 2.946067 111.172
64 3 3.36542 1 208.412 3 2.881366 1 215.0401 3 2.464944 1 221.0102
65 7 1.12835 2.24429 340.112 7 1.180223 1.965237 374.3197 6 1.147166 1.991122 441.8055
66 4 2.82212 1.4069 230.987 4 2.436576 1.325731 235.7882 3 2.109074 1.219979 239.6138
67 6 5.94585 1 100.274 3 4.666154 1.002993 97.74966 42 4.78721 1.557402 338.8541
68 7 4.92339 1.20122 172.767 12 4.381951 1.58014 205.6637 17 3.954685 1.531663 239.0508
69 12 2.15721 2.43705 198.868 11 1.854504 2.373075 209.4024 11 1.593932 2.303249 219.3426
70 2 4.13535 1 144.953 2 3.471622 1 154.5953 2 2.910318 1 163.7444
71 8 4.90599 1.2635 171.111 15 4.432757 1.618445 216.25 21 3.777733 1.489941 263.261
72 2 2.67896 1 185.09 2 2.281711 1 191.1031 2 1.955357 1 196.5511
73 34 1 5 734.137 31 1 5 1186.371 29 1 5 1863.928
74 12 4.55665 2.92537 127.551 16 4.07284 2.53642 137.2554 6 3.478783 2.659582 142.3792
75 7 6.61145 1.78959 132.479 5 5.848426 1.371328 138.5341 4 5.158408 1.003072 145.3803
76 6 5 3 132.463 29 5.457458 2.876427 143.5633 26 4.668699 2.968483 158.744
77 9 1 2.25231 745.989 29 1.019818 5 1318.914 8 1 1.954237 1172.319
78 7 4.78219 1.22387 170.418 14 4.1683 2.43118 226.12 42 3.844762 1.816726 403.1582
79 8 1.12311 2.34099 238.287 50 1.758336 1.667466 891.0237 4 1 1.928368 179.7044
80 29 1.82902 3.16842 39.5404 50 1.961812 3.595236 56.95504 50 1.967997 3.496289 74.06845
81 8 4.06379 1.91795 148.766 11 4.102607 2.633407 157.2931 7 3.020235 1.445944 165.2033
82 5 6.35491 1.47663 119.654 3 5.69928 1 123.8773 16 5.593009 1.061762 186.4104
83 3 3.47689 1 173.252 2 2.973015 1 179.8384 2 2.539934 1 185.88
84 50 1.64956 2.43712 98.3792 50 1.76512 1.631539 101.1679 50 1.766414 1.617741 111.4556
85 14 6.32552 2.97878 97.3265 17 5.328488 3.309648 113.4397 22 4.376038 3.916014 130.0003
86 4 2.25438 1 431.264 4 1.930286 1 435.3631 4 1.652991 1 437.9437
87 4 5.6451 2.00752 146.698 23 6.103531 1.141564 239.0092 37 5.058227 2.313293 352.1961
88 4 2.82212 1.4060 230.987 4 2.436576 1.325731 235.7882 3 2.109074 1.219979 239.6138
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7 Conclusions Remarks and Future Researches

In this study, an approach was proposed for the design of a control chart
having economic and statistical properties for a process in which the failure
mechanism follows a Weibull shock model. This investigation mainly com-
bined our cost model with Yang and Hancock’s correlation model to develop
an economic statistical design model of charts for processes with correlated
data. In addition, modified Taguchi’s loss function was incorporated into our
economic statistical design of X control charts by redefining the in-control
and the out-of-control costs.

The resulting model combines the advantages of the economic statistical
design and Taguchi’s philosophy. In practice, multiple assignable causes are
more realistic than the single ones. To provide more protection for both
consumers and producers, an economic statistical model of X control chart
integrated with Taguchi loss function for correlated data under Weibull shock
model with multiple assignable causes was provided.

The cost model under multiple assignable causes and single assignable
cause compared with each other. In addition, the economic statistical design
with non-uniform and uniform sampling schemes are compared. Based on
above comparison the cost model with non-uniform sampling cost has a lower
cost than that with uniform sampling.

By using sensitivity analysis, the effect of changing fixed and variable pa-
rameters of time, cost, correlation coefficient, Taguchi loss function param-
eters and Weibull distribution parameters on the optimum values of design
parameters and loss cost examined and discussed.

For future research one can propose economic statistical model of T 2

control chart integrated with multivariate Taguchi loss function for corre-
lated data under Weibull shock model with multiple assignable causes. The
economic statistical design of control chart by considering variable design
parameters under Weibull shock model for correlated data with multiple
assignable causes is open problem for future research.
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Appendix A

Notations and Definitions

Z0: Average time to search for false alarm.

Z1: Average time to discover assignable cause once it is detected by control
chart.

Z2i: Average time to repair ith assignable cause after it has been discovered.

D0: Average cost per unit of time while the process in control.

D1i: Average cost per unit of time while the process is out of control owing
to the occurrence of the ith assignable cause (i = 1, 2, . . . , s).

Lin: Approximated in control cost obtained by considering modified Taguchi
loss function.

Lout,i: Approximated out of control cost obtained by considering modified
Taguchi loss function.

Y : The average cost per false alarm when the process is under control.

Wi: Cost to locate and repair ith assignable cause.

a: Fixed sample cost.

b: Unit sample cost.

P : Production rate.

∆: Tolerance rate.

A: The cost to society for manufacturing a product out of specification.

σ: Standard deviation of the process.

λi: Weibull Scale parameter.
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k: Weibull Shape parameter.

n: Sample size.

h1: Sampling interval.

L: Control limits coefficient.

ρ: Average correlation factor within samples.

Appendix B

Regarding of hj we have:

hj = [j
1
k − (j − 1)

1
k ]h1.

We show hj is decreasing based of j:

∂

∂j
hj =

[
1

k
j

1
k
−1 − 1

k
(j − 1)

1
k
−1

]
h1

= [j
1
k
−1 − (j − 1)

1
k
−1]

h1
k

h1 is sampling interval and positive. In the above formula, 1
k is positive,

because the shape parameter of Weibull distribution K ⩾ 1. Hence j 1
k
−1 −

(j − 1)
1
k
−1 ⩽ 0, therefore we have: ∂

∂jhj ⩽ 0. Because of above reason, hj is
decreasing based of j.

Appendix C

Recall that the X ∼ N(µ, V ), with V = σ2R is the process variance and R
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is the correlation matrix.

V ar(X) =
1

n2

 n∑
i=1

V ar(Xi) +
∑
i̸=j

Cov(Xi, Xj)


=

1

n2

nσ2 +∑
i ̸=j

Vij


=

1

n2

nσ2 + σ2

∑
i̸=j

rij


 .

Let ρ =
∑

i ̸=j rij
n(n−1) . Then

V ar(X) =
1

n2
[nσ2 + σ2n(n− 1)ρ]

=
σ2

n
[1 + (n− 1)ρ].

Appendix D

Regarding equation (6) ωj and hj can be obtained as follows:∫ ωj+1

ωj

ri(t) dt =

∫ h1

ω0

ri(t)dt, j = 1, 2, . . .

∫ ωj+1

ωj

λikt
k−1(t) dt =

∫ h1

ω0

λikt
k−1(t) dt

= ωk
j+1 − ωk

j = hk1

If j = 1 : ωk
2 = ωk

1 + hk1 ⇒ ω2 = 2
1
kh1

If j = 2 : ωk
3 = ωk

2 + hk1 ⇒ ω3 = 3
1
kh1

...
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Therefore ωj = j
1
kh1 and

hj = ωj − ωj−1

= [j
1
k − (j − 1)

1
k ]h1, j = 1, 2, . . . .

Appendix E

Let AATSi be the average time between occurrence shifts in process mean
owing to ith assignable cause and receiving true alarm from control chart.

AATSi =

∞∑
j=1

[ ∞∑
k=1

qij [ωk+j−1 − ωj−1]β
k−1
i (1− βi)

]
− τi

=
∞∑
j=1

[ ∞∑
k=1

(1− pi)
j−1pi[ωk+j−1 − ωj−1]β

k−1
i (1− βi)

]
− τi

= (1− βi)pi

∞∑
j=1

[ ∞∑
k=1

[(1− pi)
j−1ωk+j−1β

k−1
i︸ ︷︷ ︸− (1− pi)

j−1ωj−1β
k−1
i︸ ︷︷ ︸]

]
− τi.

For the first part, we have:

I =

∞∑
j=1

∞∑
k=1

(1− pi)
j−1ωk+j−1β

k−1
i

=
∞∑
l=1

l∑
j=1

(1− pi)
j−1ωlβ

l−j
i

=

∞∑
l=1

ωlβ
l
i

l∑
j=1

(1− pi)
−1(

1− pi
βi

)j

= (
1

1− pi
)

∞∑
l=1

ωlβ
l
i(

1− pi
βi − 1 + pi

)− (
1

1− pi
)

∞∑
l=1

ωl(
(1− pi)

l+1

βi − 1 + pi
)

= (
1

pi + βi − 1
)(

∞∑
l=1

ωlβ
l
i −

∞∑
l=1

ωl(1− pi)
l)

= (
h1

pi + βi − 1
)(βiA(βi)− (1− pi)A(1− pi))
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For the second part, we have:

II =
∞∑
j=1

∞∑
k=1

(1− pi)
j−1ωj−1β

k−1
i

=

∞∑
j=1

(1− pi)
j−1ωj−1

∞∑
k=1

βk−1
i

=
h1(1− pi)

1− βi
A(1− pi).

By substituting and simplifying, final formula is obtained.

Appendix F

If Bi is the event of the occurrence of ith assignable cause, then

P (Bi) = P (Ti < Y ),

where Y = min(T1, T2, . . . , Ti−1, Ti+1, . . . , Ts)

Let λ′
=
∑

i̸=j and λ0 =
∑
λj , j = 1, 2, . . . , s, then

P (Bi) = P (Ti < Y )

=

∫ +∞

0
P (Ti < Y |Y = y)fY (y)dy

=

∫ +∞

0
P (Ti < Y )fY (y)dy

=

∫ +∞

0
(1− e−λiy

k
)λ

′
kyk−1e−λykdy

=

∫ +∞

0
λ

′
kyk−1e−λykdy −

∫ +∞

0
e−λiy

k
λ

′
kyk−1e−λykdy

= 1− λ
′
∫ +∞

0
kyk−1e−yk(λi+λ

′
)dy

= 1− λ
′

λi + λ′ =
λi

λi + λ′ =
λi
λ0
.
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