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On Symmetric Extended Generalized Logistic
Distribution
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Abstract. In this paper, we consider a form of the generalized
logistic distribution named symmetric extended generalized logis-
tic distribution or extended type III generalized logistic distribu-
tion. The distribution is derived by compounding a two-parameter
generalized Gumbel distribution with a two-parameter generalized
gamma distribution. The cumulative distribution and some prop-
erties of this distribution like moments and related statistics are
established. Some theorems that characterize the distribution are
stated and proved. Estimation of the parameters and an applica-
tion of the distribution are also presented.
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1 Introduction

The probability density function of a random variable that has logistic distri-
bution is

_ exp{-a}
fX(x)—m7 —n<r<oo (1)

and the corresponding cumulative distribution function is given by

Fx(x) = (1 +exp{—z})~ "', —00 < < 00.
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The importance of the logistic distribution has already been felt in many ar-
eas of human endeavour. Verhulst (1845) used it in economic and demographic
studies. Berkson (1944, 1951, 1953) used the distribution extensively in analyz-
ing bio-assay and quantal response data. George and Ojo (1980), Ojo (1989),
Ojo (1997), Ojo (2002), Ojo and Olapade (2004), Olapade (2002), Olapade
(2004), Olapade (2005), Olapade and Ojo (2002) are few of many publications
on logistic distribution.

The simplicity of logistic distribution and its importance as a growth curve
have made it one of the many important statistical distributions. The shape
of logistic distribution that is similar to that of normal distribution makes it
simpler and also profitable on suitable occasions to replace normal distribution
with logistic distribution with negligible errors in respective theories.

Balakrishnan and Leung (1988) show the probability density function of
a random variable X that has type III generalized logistic distribution. It is
given by

N exp{—bz}
Ix@0) = B3 T expla)®’

—o<zx<oo, b>0,

where B(b,b) = [['(b)]? /T'(2b). The corresponding cumulative distribution func-
tion is

o ® exp{—bt}
Fxl:b) = 5075 /_oo (i ex{=7

After the transformation of z = 1/(1 + exp{—t}), we have

1
1 TFoxp{—=]
Fx(z;b) = ——— /1+ A1 -l dr =1
0

507 (b0 ()

1
Trexp({—2]
in which the integral is known as incomplete beta function. Since the function
Fx (x;b) cannot be expressed in terms of a simple formula involving b and =z, it
must be tabulated and a separate table is needed for every value of parameter b,
a complete book of tables is required to give Fx (x; b) for all b that might be met
in practice. One of such books is tables of the Incomplete Beta function, edited
by Pearson (1934). In these tables, we take b = p = ¢. The integral in the
equation (2) could easily be evaluated especially by using computer programs
like Maple V, Mathematical etc when b is specified for any value of the real
number x.

In this paper, we will derive a generalized logistic distribution function that
generalizes the type III generalized logistic distribution of Balakrishnan and
Leung (1988) and is a particular case of the general case considered in Wu,
Hung and Lee (2000) and Ojo and Olapade (2004). The new density function

© 2006, SRTC Iran



Akintayo K. Olapade 179

is called symmetric extended generalized logistic distribution or extended type
IIT generalized logistic distribution.

2 Symmetric Extended Generalized Logistic
Distribution

Let X be a continuously distributed random variable with two-parameter Gum-
bel probability density function

fx(z;a,p) = %exp{—px} exp(—ae™®), —co<z<oo, p>0, a>0.

(3)

Assuming that « has a gamma distribution with probability density function
Ua—

h(a; A, p) = ) aP™  exp(—Aa), p>0, A>0. (4)

Then we obtain the probability density of the compound distribution based on
the equations (3) and (4) as

fx(x;M,p) :/0 fx(@;a,p)h(a; A, p) da

AP exp{—px}
= . —, —o<x <00, A>0, > 0.
B(p,p) (A +exp{—a})? b
(5)

We refer to this density function in the equation (5) as the symmetric extended
generalized logistic distribution or the extended type III generalized logistic
distribution. The case A = 1 corresponds to the type III generalized logistic
distribution in Balakrishnan and Leung (1988), while the case p = A = 1 gives
the ordinary logistic density function given in the equation (1).

2.1 The Cumulative Distribution Function of the Ex-
tended Type III Generalized Logistic Distribution

The cumulative distribution function of the extended type III generalized lo-
gistic distribution is obtained as

) o ¢ exp{—pt}
Fx(eidp) = B(p,p) /_oo (A + exp{—t})?r .
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The above integral does not have a closed form, hence it is obtained numerically
using Maple V computer programme. As the values of Fx(x;\,p) depend on
the values of p, A and x, some values of Fx(z; A, p) are tabulated in Table 1.

Table 1. The cumulative distribution of the extended type III generalized logistic distribu-

tion.

2.0 9366 .9423 .9475 .9523 .9566  .9606  .9642 9675 .9705 .9732
3.0 9757 9780 .9800 .9819 .9836  .9851 .9865 .9878  .9889  .9900
4.0 .9909 9918 9926 .9933 .9939 .9948 .9950 .9955 .9959  .9963
5.0 9966 9970 9972 9975 .9978 9980 9982 9984 9985 .9986

p:Z7 AN =2

.0 7400 7694 7959  .8203  .8426  .8628 .8809 .8970 .9114  .9240
1.0 935 9447 953 9603 9665 9718 9763 .9802 .9834  .9892
2.0 9885 9904 9920 9934 9945 9955 .9962 9969 .9974 9979
3.0 9983 .9986  .9988  .9990 .9992 9993 .9994  .9995 .9996  .9997
4.0 9998 9998 9998 .9999 .9999 9999 9999 9999  .9999 .000
5.0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

p=2, A=3

X .00 .10 .20 .30 .40 .50 .60 .70 .80 .90

0.0 8400 .8638 .88I8 .8979 912 9247 9357 9452 9535 .9607
1.0 9668 .9721 .9765 .9804 .9836 .9863 .9886  .9905 .9921 .9934
2.0 9946 9955 .9963 .9969 .9975 .9979  .9983 .9986  .9988  .9990
3.0 9992 9994 9995 9996 .9996 9997 9998 9998 9998  .9999
4.0 9999 9999 9999 .9999 1.000 1.000 1.000 1.000 1.000 1.000
5.0 .000 .000 .000 .000 .000 .000 .000 .000 .000 .000

The probability that an extended type III generalized logistic random vari-
able X lies in an interval (ay,as) is given as

Pr(a1 <X< az) = Fx(az) - Fx(al)

for any real value of p, A and any given interval a; < as.
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3 e Moments of the Extende ype en-

eralized Logistic Distribution

The moment generating function of the extended type IIT generalized logistic
distribution is given as

M(t) = Elexpftal] = | " explte} fx(2) da

[z AP exp{—pzx}
= [ el g L e

A 'T(p+ ) (p—1t)
{T'(p)}?
From the above equation (6), the mean and other moments of the extended

type III generalized logistic distribution are obtained below. The cumulant
generating function is obtained as

(6)

InMx(t)=—tlnA+InT(p+t)+InT(p—1) —2InT(p)

and the 7 cumulant is given by

T

ko (X) = T [—t1n Ao + dtT MnT(p+t)+InT(p— )]0 (7)

dtT

The second term of the right hand side of equation (7) is called di-gamma
function. The series expansion of this function as given in Copson (1962) is

PN a) = (r = 1)1 (= TZ]-FQZ S r>=2
7=0
and -
)=+t r=1,
7=0
where
PH() = (z+ 1)}
Therefore
Ke(X) = (r= D=1 G +p) "+ (D)"Y G+p) T, =2
7=0 7=0
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and

Kr(X)=—In\— Z]—i—p 1+Z]+p)_1=—1n)\, r=1.
7=0

Since the mean is obtained when r = 1, the mean p; of the extended type III
generalized logistic distribution is obtained as

pr = —InA

The second cumulant of the random variable X that has the extended type
IIT generalized logistic distribution is

(o e} o>

ke(X) =) (G+p) 2+ ) (1+p)7~°
j=0 7=0
=2) (j+p~*
7=0
=2y ;7?2
T=P
[e%s) p—1 7T2
= ZZj_Q - 2Zj_2|20 for symmetry — ?
J= J=

The variance of X is obtained as

2
3

The third cumulant of the random variable X that has extended type III
generalized logistic distribution is

ox = ra(X) = {m(X)}* = = = (In))”.

Ks(X) =2(=1°S > (i+p) P+ (1> (i +p)*p =0.
Jj=0 7=0

Let pus = 0% and

3 = r3(X) — 3k (X)k1(X) 4 2{k1(X)}® = 72 In X — 21n® \.

then the coefficient of skewness of the random variable X that has extended
type IIT generalized logistic distribution is
pi (72 ln X — 210 \)?

X = — =
ﬁl( ) Ng (g_z —ln2 )\)3
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The fourth cumulant of the random variable X that has extended type III
generalized logistic distribution is

ka(X) =69 > (G+p) "+ (-1)*> (i +p)~*
7=0 7=0
=12) (j+p) =12 "
Jj=0 Jj=p

Let g = ra(X) — 4r3(X)k1(X) + 6r2{r1(X)}? — 3{r1(X)}*, then the
coefficient of kurtosis of the random variable X that has extended type III
generalized logistic distribution is

Ba(X) = Z—%

4 Some Theorems that Characterize the Ex-
tended Type III Generalized Logistic Distri-
bution

We state some theorems and prove them in this section.

Definition 1. A continuously distributed random variable X is said to have
extended type I generalized logistic distribution if its probability density func-
tion 1s given as

pA? exp{—x}
(A + exp{—az})ptt’

(see Olapade, 2004). When p = 1, we have

Aexp{—z}
(A + exp{—z})*’

fx (@A, p) = —co<x<oo, p>0, A>0 (8)

Ifx(z;A) = —o <z <oo, A>0. (9)

Equation (9) is what we refer to as extended logistic distribution density func-
tion which becomes ordinary logistic when A = 1.

Definition 2. A continuously distributed random variable X is said to have
extended type IT generalized logistic distribution if its probability density func-
tion 1s given as

Apexp{—pr}

O toxpl—ahpil’ X0 STSo P> 0, A>0. (10)

Ix(x; A, p) =
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Theorem 1 Let Xy, Xo,...,Xo,_1 be extended logistic random variable sam-
ple of size (2p — 1) having extended logistic probability density function

Aexp{—=z}

TN = o=

—oo<x<oo, A>0.

and cumulative distribution function

A

T ety

—o<r<oo, A>0.

Then, the sample median X, has a symmetric generalized logistic distribution
with parameters A and p.

Proof. From the theory of order statistics, the probability density function of
the sample median X, in a sample of size 2p — 1 is given by

(2p—1)! P=1(1 _ F(a)VP~L (2
S P @l 1 = Py )
_ I'(2p) ( A >p_1 <1_ A >p_1 Aexp{—z}
{T(p)}? \ A+ exp{—z} A+ exp{—=x} (A + exp{—1z})?
_ A exp{-pa} ‘ (11)
B(p,p) (A +exp{—a})*

f(xp) =

Since the equation (11) is the probability density function of a symmetric ex-
tended generalized logistic distribution, the proof is complete.

Theorem 2 Let X be an extended logistic random variable, X1 an extended
type I generalized logistic random variable, Xo an extended type II generalized
logistic random variable and let X3 be a random variable with probability density
function f. Then

X+ X532 X, + X,

if X3 has a symmetric extended generalized logistic distribution, where L ge-
notes equality in distribution and X, X1, Xo and X3 are independent random
variables.

Proof. Suppose X is an extended logistic random variable with probability

density function

Aexp{—=x}

P = S e e

—o<r<oo, A>0,
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then the characteristic function of X 1is

o . Aexp{— it . .
ox(t) = / exp{m}% doe = A\"D(1 + it)T(1 — it).

— 00

Also suppose X7 is an extended type I generalized logistic random vari-
able with probability density function presented in the equation (8), then the
characteristic function of X7 is

[ . PAP exp{—z1} o _aLp+at)(1 —it)
on )= [ esnlitn oS OEE e n = r()

Similarly, since X5 is an extended type IT generalized logistic random vari-
able with probability density function given in equation (10), then the charac-
teristic function of X, is given as

_ [T ‘ Ap exp{—pz,} LA+t (p—it)
ot = [ esplitrl gt e e = T

Now,
X+ X532 X, 4+ X,

implies that

¢X (t)¢X3 (t) = ¢X1 (t)¢X2 (t)
that is

A28 (p +it)[(1 — i) (1 + it)T(p — it)
{T'(p)}? '

ATIT(1 4+ at)D(1 = it)px, (1) =

Therefore,
AT (p +it)T(p — it)
{T(p)}?

Since the equation (12) is the characteristic function of a symmetric ex-
tended generalized logistic distribution, the theorem is complete.

Px, (t) =

(12)

Theorem 3 The random variable X is symmetric extended generalized logis-
tic with probability density function f given in the equation (5) if and only if
f satisfies the homogeneous differential equation

(A +exp{—a})f" + p(A — exp{—2})f =0, (13)

where prime denotes differentiation, f denotes f(x) and f’ denotes f'(x).
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Proof. Suppose X is a symmetric extended generalized logistic random vari-
able, it is easily shown that the f of the equation (5) satisfies the equation
(13).

Conversely, let us assume that f satisfies the equation (13). Separating the
variables in the equation (13) we have

/' plexp{-z} —A)  pexp{-z} PA
f A+ exp{—=z} A+exp{—z} A+exp{—=z}

Integrating, we have

Inf = —pz — 2pIn(A + exp{—x}) + Ink, (14)

where k is a constant. Obviously from the equation (14)

Fexpl—pa}

f= (A + exp{—ax})2r’

The value of k that makes f a distribution function is k = A? /B(p, p).
Theorem 3 is very important in the sense that if the equation (13) is trans-
formed to make x the subject, we have

x:ln{%}. (15)

Equation (15) can be regarded as “extended symmetric generalized logit trans-
form” or an extended type III generalization of Berkson’s logit transform in

Berkson (1944).

5 Estimation of the Parameters of the Extended
Type III Generalized Logistic Distribution

Before a probability distribution function can be fitted to any data, there is need
to estimate the parameters in the model. Given a sample X7, X5, ..., X, of size

n from an extended type III generalized logistic distribution with probability
density function

o = N e{-p (B}
fX( 5 My ’/\’p)_JB(p,p) [)\—Fexp{—(%)}]%ﬂ

where p is the location parameter, o is the scale parameter, p is the shape
parameter and A is a shift or extension parameter. The likelihood function of
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the extended type III generalized logistic distribution is given as

v ep{op Xl ()
o"B"(p,p) [T, [A + exp{— (2=£)}]

L(X;p,0,\p) =

Taking the natural logarithm of both sides of L(X; i1, 0, A, p), we have

InL(X; p,0,\, p) = —nluB(p, p) + npln — nlno

-y () —w i feen (- (222))]

(16)

To obtain the estimates of the parameters that maximize the likelihood func-
tion, we differentiate the logarithm of the likelihood function partially with
respect to each of the parameters and set the derivatives to zero and solve for
the parameters; here keep the parameter p as a positive integer. Hence

OnL(X; u,0,A,p) @ 217 Z €xp {_ (xi_ﬂ)} (17)

o [A+exp{— (2=2)}]

alnL(X;p’aaa)‘ap) _ _Q+PZ?=1(9%_N)
oo T o o2
e (- (252)
X hrenl ey 0

OnL(X; u,0,A,p) np

D) pz /\+exp{ (E=E)1]

(19)

Since the equations (16, 17, 18 and 19) above are nonlinear in the param-
eters, we use numerical iterative method with the aid of computer programme
to estimate the values of the parameters from a given sample.

6 Application of the Extended Type III Gener-
alized Logistic Model

An agricultural scientist is interested in the distribution of the weight of the
fruits from a new breed of orange tree. He harvested all the fruits of a new
breed orange tree and weighed them, the weights are recorded and tabulated
into a frequency distribution table as shown in Table 2

J. Statist. Res. Iran 3 (2006): 177-190
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Table 2. Analysis of the weights of new breed of orange fruits

Class Class Class Extended Normal x2? extended x2
interval mid- frequency type II1 estimated type 111 normal
of point observed estimated frequency generalized

weights X frequency logistic

0.1-0.5 0.3 17 19.0 14.9 0.21 0.2960
0.6-1.0 0.8 29 30.0 24.8 0.03 0.7113
1.I-1.5 1.3 4T 43.0 37.8 0.09 0.2709
1.6-2.0 1.8 56 54.0 49.3 0.07 0.9105
2.1-2.5 2.3 62 60.0 57.1 0.07 0.4205
2.6-3.0 2.8 60 58.3 56.5 0.05 0.2168
3.1-3.5 3.3 50 50.0 52.3 0.00 0.1011
3.6-4.0 3.8 37 37.6 40.3 0.01 0.2702
4.1-4.5 4.3 25 25.6 29.1 0.01 BTTT
4.6-5.0 4.8 17 16.0 17.5 0.06 0.0143
5.1-5.5 5.3 10 9.3 9.8 0.05 0.0041
5.6-6.0 5.8 6 5.1 4.6 0.16 0.4261

Total 410 0.81 4.2195

A probability density function that will fit the hypothetical data is needed.
The histogram of the data shows that the data is symmetric, hence we decided
to fit the extended type IIT generalized logistic model and the normal model to
them. The distribution of the data and the analysis are shown in Table 2.

The estimates of the parameters of the extended type III generalized logistic
distribution which we obtained with the aid of computer programme are (i =
3.69, ¢ = 1.36, =250, p = 2.00) while those of the normal distribution are
(ft = 2.623, 6 = 1.41). The outcomes of the analysis are shown in Table 2.

The adequacy of the model is tested using the method of chi-square test.
As shown in Table 2 above, X2, .iateq for the extended type III generalized
logistic model is 0.81 and that of the normal distribution is 4.2195. From the
statistical table of chi-square, X(s 0.05) = = 15.507 and X(1o 0.05) = = 18.307. We
conclude that the extended type IIT generalized lOngth model is adequate and
better for this data since its X2, areq 1 less than xZ, . and is smaller
than the value of X2, /useq fOr the normal distribution.

7 Conclusion

We have demonstrated a method by which we obtained a symmetric extended
generalized logistic distribution. The cumulative distribution function which
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does not have a closed form has been tabulated for some values of parameters
p and A. The moments and characterizations of the distribution have been
discussed and the paper ended with an application to some agricultural data.
Further generalization of this distribution which contains four parameters to a
five-parameter extended type III generalized logistic distribution is currently
under study.
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