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	CU� OQ�Ov�DU� p�tQv �� RwD ���D uwQ�w ������ u
 QO xm

�H��Dv �C�� wQB w l�DUSwr ��ypOt �qwtat �p�tQv w l�DUSwr ��y�� RwD QO uQ�kD OwHw Crax�
OwW�t xO�iDU� �t�ovy �pta QO log�log Ovw�B ���D �� ���ypOt R� �t� 	CW�O Ovy�wN Qo�Om� x��Wt

��
� OvW�� xDW�Ov uQ�kDt Cr�L �MU�B ��yxO�O xm

QO u�Qor�rLD ����DQD �xOWCiH ��yMU�B �xQ�eDtOvJ p�rLD ��Q��U�vt ��yVwQ �x��Q� R�V�B
��Q� st�Um �t MU�B uDiQo Q�v QO �xv��t �� u�ov��t uDiQo uwJ ���yVwQ �� �Q xQ�eDtOvJ ��yMU�B �OD��
TBU �xOQm p�O�D xQ�eDtl� �NU�B x� ��� QDQ�t�� s�Ov� Q� O�m ��D VwQ Ovv�t �Qo�O ��yVwQ �� �OQi Qy
uOW KQ	t �� G� QODx� �t� 	OvOQm�t p�rLD �Q �yxO�O �VN� u�� QO xOWh�YwD ��ypOt R� xO�iDU� ��
xvwou�� p�rLD QO �Q OwNC�ty� xQ�eDtl� ��ypOt �xQ�eDtOvJ �� xQ�eDtwO ��yMU�B p�rLD ��Q����yVwQ
��yVwQ CqwLD Q�U OQwt QO ��wU�t �QwQt �xr�kt ��� sw��u�qm w Ev�v
 	OvO�O CUO R� �yMU�B
��Q� xQ�eDtl� ��ypOt �Q�oQ�mx� �syt p�mW� 	Ov�xOQm x��Q� xQ�eDtl� ���DQD ��yxO�O p�rLD x� �w� Qt
�xQ�eDtl� ��xOy�Wt x� xQ�eDtOvJ MU�B l� p�O�D �� xm CU� u�� xDU�ty �xQ�eDtOvJ ��yMU�B p�rLD
CU� K��w u�vJty 	s�yO�t CUO R� �Q pOt QO MU�B C�Oy�Wt u�� �oDU�ty ��UDL� u�mt� �qta
MU�B 
��wQ Q�DN�U QO ��rm C�Q��eD RwQ� �Hwt CU� umtt xQ�eDtl� x� xQ�eDtOvJ ��yMU�B p�O�D xm
u�mt� �yu
 QO xm s�vm�t �iQat �Q ���ypOt ��Oa� ��yVN� QO 	OOQo �v���D ��yQ�eDt w �UQQ� OQwt

	OQ�O OwHw MU�B C�Oy�Wt u�� �oDU�ty ��UDL� �� ���DQD w xDU�ty �xQ�eDtwO ��yMU�B p�rLD
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���DQD �xOWCiH ��yMU�B ��Q� �vw�UQoQ ��ypOt �

uQ�kDt �xQ�eDtwO ��yMU�B ��Q� �atHD C��wQB pOt ���

x��Q� s�m �wU R� ���� p�U QO xQ�eDtwO �atHD C�� wQB pOt �OW xQ�W� V�B pYi QO xm Qw	u�ty
xDW�O �
rm Cr�L QO xOWCiH ��yxO�O Q�DN�U x� ��xQ�W� CU� QDy� �pOt u�� h�YwD R� p�k �O�OQo

�s�W��
��yMU�B �xOvyOu�Wv yi� w yi� s�vm ZQi �uO� �DiH ��ys�Ov� x� 
w� Qt �mWRB ��xar��t QO
s�i OQi � �u���B w q�� ��mWRBu�OvO C�ar��t QO ��� AJ w CU�Q s�Ov� ��Q� ��DQDx� ����DQD �xQ�eDtwO
u�vJty �O�O V��tv y i � �yi�� yi��

� CQwYx� u�wD�t �Q s�i OQi �xQ�eDtwO MU�B �u�� Q� �v� �OW��
��yQ�eDt �xQ�eDtl� Cr�L Ovv�ty p�L �Ovvm Q��DN� �Q H w � � � w � w � Q�O�kt yi� w yi� s�vm ZQi
��H �� � � ��� ��� VQ� 
�kv �Qo�O Q�� �s� Q�o�t Q�v QO �Q y�i� w y�i� �xOy�Wt p��k Q�e w xDUw�B

xm �Qw	x� �OvQ�O OwHw ��H � �� w �� � ���

�h�� � y�ij � �h � yij � h�

u�Um� ZQi �CU� xOW xDiQo Q�v QO x�W�L wO Qy ��Q� �v�Um� VQ� 
�kv �Hu�� QO xm O�vm xHwD
xJv�vJ �p�L u�� �� �OUQ�tv Q�v x� �k�vtQ�e ��Qi �uO� �DiH ��ys�Ov� ��Q� �yx�W�L uOw�
w j � �� �� ��jh �� �Q �h � �� � � � � H � �� ��h VQ� 
�kv u�wD�t �Ovm ��H�� �yxO�O C�y�t

�Owtv u� Ro��H �h � �� � � � � H � �
��yQ�eDt �CiQo Q�v QO u�wD�t �Q �mtm Q�eDt �wv wO �uO� �DiH ��ys�Ov� x� 
w� Qt C�ar��t QO
��yQ�eDt R� �Oa��p �Q�OQ� �xOvyOu�Wv x i Qo � �s�Ov�XDNt �mtm ��yQ�eDt w OQiXDNt �mtm
AJ w CU�Q ��ys�Ov� XDNt �Oa��q ��yQ�OQ� �xOvyOu�Wv x i� w x i� w �s�i OQi XDNt �mtm
u�wD�t �Q OQi u�t�i x� 
w� Qt �KQ	 T� QD�t� �mtm ��yQ�eDtT� QD�t x�ou� �OvW�� OQi u�ty x� 
w� Qt

�O�O V��tv Q� R CQwYx�

X
�
i �

�
�x

�
i x �i�

x �i x �i�

�
A �

	� RwD 	��D w u�Um� 	� RwD �� pkDUt �iO�YD ��yQ�eDt y�
i
�X

�

i
�

�
s�vm ZQi Q�� u�� �h� QaD u�� ��

�u�vJty �Ovm�tXNWt �Q y�i� w y�i� u�� �oDU�ty � QDt�Q�B xm �Qw	x� �OvW�� F� x��Wt �xQ�eDtwO
� � ���� ���� ��Hu�� QO �CU� s�i OQiXDNt�v�yv ��yQ�eDt Q�OQ� �xOvyOu�Wv y�i � �y�i�� y

�
i��

�
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�rwtat T��kt QDt�Q�B u�ty � w OyO�t V��tv �Q s�Ov� XDNt w OQi XDNt �vw�UQoQ ��yQDt�Q�B Q�OQ�
�� � � s�vm ZQi Qo�O Q�� �CU�

R� �m� QO CU� umtt l� Qy �AJ w CU�Q ��ys�Ov� x� 	w� Qt MU�B ��yQ�eDt xm ���Hu
 R�
H �H pwOH l� ��yxv�N R� �m� QO CU� umtt OQi Qy �xQ�eDtwO MU�B �OvQ�o Q�Qk H �D � C�k��

�OQm xYqN H �H pwOH u�� QO u�wD�t �Q OQi N u�� pm MU�B xH�Dv QO w OQ�o Q�Qk
�ki�wD pwOH �xv�N u�t��h� g� �wkw p�tDL� �xOvyOu�Wv �hg��� X i� s�vm�t ZQi p�L

�Qo�O CQ��a x� �OW�� xOW O�� H �H

�hg���X i� � Pr�yi� � h� yi� � g�

x� 	w� Qt �Oa�
�H � p � q� Q�OQ� � � ���� �� ��� ���� �Hu�� QO �h� g � �� � � � � H Qy ��Q�
p ��oDU�ty QDt�Q�B l� �VQ� �x�kv H � � O��� �R�UpOt Ov��Qi QO ��k�w QO �CU� pOt ��yQDt�Q�B
OQw�Q� s�Ov� XDNt �mtm ��yQ�eDt x� 	w� Qt QDt�Q�B q w �OQi XDNt �mtm ��yQ�eDt x� 	w� Qt QDt�Q�B

�OwW
��hg �atH D ��yp�tDL� CU� QDy � �xQ�eDtwO MU� B Q�eDt ��� DQ D C�y�t p� rOx � Qo �O Q� �
��yMU� B � � Rw D uQ�k D ZQi xm �t�ovy �s�vm OQ�w pOt QO �Q ��hg �

Ph

m��

Pg

n�� �mn

�x��B Q�eDt ��Q� umtt ��NDv� u� QDpwtat �OW�� pwkat ��Qi �s�Ov� Qy R� xOt
 CUO x� ���x�W�L
�CWwv u�wD�t �QDy� CQ��a x� ���� CU� xQ�eDtwO OQ�Ov�DU� p�tQv �� RwD ��v�yv

�hg���Xi� � F���h � x
�

i� � x
�

i��� �g � x
�

i� � x
�

i���

� ����h � x
�

i� � x
�

i��� �g � x
�

i� � x
�

i����

pwOH �xv�N u�t��h� g� p�tDL� �u�� Q� �v� �CU� OQ�Ov�DU� �xQ�eDtwO p�tQv �� RwD ���D �� u
 QO xm
�O�O u�Wv Q� R CQwYx� u�wD�t �Q xOW O�� H �H

�hg���X i� � ����h � x
�
i� � x

�
i��� �g � x

�
i� � x

�
i���

� ����h � x
�
i� � x

�
i��� �g�� � x

�
i� � x

�
i���

� ����h�� � x
�
i� � x

�
i��� �g � x

�
i� � x

�
i���

� ����h�� � x
�
i� � x

�
i��� �g�� � x

�
i� � x

�
i����

CQwYx� ���DQD �xQ�eDtwO ��yxO�O ��Q� ���tvCUQO sD� Q�or ���D �q�� pOt ��yQDt�Q�B OQw�Q� Qw�vtx�
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�Ow� Oy�wN Q� R

���� �

NX

i��

HX

h��

HX

g��

Ii�hIi�g log�hg���X i��

u�� Q�e QO w �OW�� xDW�O Q�Qk h �xDUQ QO s�i OQi s�Ov� u�t�j x� �w� Qt MU�B Qo � Iijh � � �u	 QO xm
��Q� uwUi�Q
uwDw�v Q��v �Q�QmD �WwQ OvtR��v �pOt u�� QO �yQDt�Q�B uOQm OQw�Q� �Iijh � � CQwY
CQwYx� �Hessian matrix� swO �x�DQt �
RH ��yjDWtT� QD�t ���� RQ� w ��

��
� � �xrO�at pL

�CU� xOW OQw�Q� ��yQDt�Q�B Q��at ��y��N uOQw	 CUO x� ��Q� � ���
�����

uQ�kDt�v ��yMU�B ��Q� xQ�eDtwO �atHD pOt ���

Q�QkQ� xQ�wty �pta QO xm CU� ��Qi ����DQD MU�B ��yQ�eDt ��x�W�L ��y�� RwD uOw� uQ�kDt ZQi
��yxO�O ��wv� ��Q� �v�yv �x��B Q�eDt u�wvax� xQ�eDtwO p�tQv �� RwD �Q�oQ�mx� �u�� Q� �v� �Ow� Oy�wNv
xOvvmx�Qto ���y���vDU� x� QHvt OQ�wt �NQ� QO CU� umtt �uO� �DiH ��ys�Ov� R� xOt	 CUO x� �MU�B

�OwW �UQQ� OQwt �MU�B Q�eDt �xQ�� QO
O�yvW�B �v�yv uQ�kDt�v �xQ�eDtwO �� RwD l� Q� �vD�t �Qo�O pOt �t �xOW O�� �xY�kv �iQ ��Q�
u�� QO �CU� xOW O�yvW�B ���� uwUv�J�y w C��wCQD�U �wU R� ���� p�U QO �� RwD u�� �s�vm�t
�Q OwN �O�yvW�B pOt TBU �xO�O Q�Qk EL� OQwt QYDNt Qw�x� �Q xQ�eDtwO �� RwD u�� CUNv �VN�

�s�vm�t x
�Q�
���D ��Q�O �yu	 R� �m� xm �OQm x
�Q� xQ�eDtwO l�DUSwr �� RwD R� Cr�L wO ��� p�t�o ����� p�U QO

�Ow� Q� R �� RwD
��x� y� �

��� e�x � e�y
���

�

Y w X �iO�YD Q�eDt wO u�� �oDU�ty �� 	�DQt ��yQDt�Q�B u�Oki �xQ�eDtwO �� RwD u�� nQR� p�mW�
�OvOQm KqY� Q� R CQwYx� �Q jwi �� RwD uwUv�J�y w C��wCQD�U �p�mW� u�� �iQ ��Q� �CU�

��x� y� �
��� e�x � e�y

���
�

u�� �OQm x�U�Lt �Q Y wX u�� �oDU�ty
� Q� u�wD�t u	ltmx� xmCU� �QDt�Q�B � � � �u	 QO xm
�Tv�� Q�w w ���� Q O�t� ���x�W�L ��y�� RwD Q��v� �� RwD u�� syt X�wN �OwN �xr�kt QO T�vWQ�t	 wO
�Q Y w X u�� �oDU�ty 
� Q� u�v	 �T�U� u�� Q� �OvOwtv x
�Q� �Q �� � � w �Y w X u�� Tv�� Q�wwm
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�OvOQw� CUO x� Q� R CQwYx�

� �
���� ��

���� �� � �
��

�
�

�CU� �zeta Riemann function� u�t� Q ��DR ���D ��s� a� �
P�

m���m � a��s 	u� QO xm
��Q�O 	xQ�eDtwO p�tQv �� RwD hqN Q� jwi �� RwD �
 � � � � s� Q�O xQ�wty 	�� RwD u�� QO CU� �y�O�

�CU� uQ�kDt�v �rmW
�� �Q Q� R pOt u�wD�t 	�hg ��yp�tDL� ��Q� xQ�eDtwO �atHD C�� wQB pOt �� x��Wt �qt�m �i� Q�aD ��


OQm �v� �hg �atHD ��yp�tDL� T�U� Q� 	VN� u�� QO xOWh�YwD ��v�yv Q�eDt ZQi

�hg���X i� � F���h � x
�

i� � x
�

i��� �g � x
�

i� � x
�

i���

� ����h � x
�

i� � x
�

i��� �g � x
�

i� � x
�

i����

R�v �Hu�� QO �CU� uwUv�J�y w C��wCQD�U �wU R� xOW O�yvW�B �� RwD ���D �� 	u� QO xm
� �oDU�ty QDt�Q�B uOQm OQw�Q� R� TB �OyO�t V��tv �Q pOt ��yQDt�Q�B Q�OQ� � � ���� �� ��� ����

OQw�Q� ��Q� �Owtv OQw�Q� u� ltmx� �Q � �oDU�ty �� Q� Q�Okt u�wD�t �oO�Ux� 	�R�UpOt Ov��Qi QO
ZQi �� 	pOt ��yQDt�Q�B uOQm

zsj � �s � x
�

i� � x
�

ij�


CWwv Q� R CQwYx� ��rm Cr�L QO �Q pOt u�wD�t 	j � �� � ��Q�

�hg���x i� � ���zh�� zg��� ���zh�� z�g������

� ���z�h������ zg�� � ���z�h������ z�g������	

�Ow� Oy�wN xQ�eDtwO �atHD C�� wQB pOt x��Wt �qt�m Q�Okt �UL Q� 	���tvCUQO sD� Q�or ���D p�mWD
p�wQ �s�OQm xO�iDU� S�Plus Q�Ri�sQv �U� wvxt�vQ� ��Lt R� 	pOt u�� ��yQDt�Q�B uOQm OQw�Q� ��Q�
Q�e hrDNt ��ypOt ��yQDt�Q�B OQw�Q� uOQw� CUO x� ��Q� �U�vt �Q�R�� 	Q�Ri�sQv u�� QO nlminb

R� nlminb p�wQ 	�yQDt�Q�B OQw�Q� uOQw� CUO x� ��Q� �CU� ���tvCUQO QFm � OL VwQ ltmx� �	N
Ov��Qi C��rta OvQO�k q�� VR�OQB CQOk �� O�OH ��yxv���Q �Ovm�t xO�iDU� uwDw�v�Tw�o �Q�QmD VwQ

�OvyO s�Hv� xk�kO OvJ �� QO �Q �R�UpOt
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�mWRBu�OvO j�kLD l� R� pY�L G��Dv �

u�Rwt�Vv�O p�DvOw� QB C�a�w OQwt QO l� Swrw�tO�B� �xar��t l� R� pY�L ��yxO�O �VN� u�� QO
�xR�Ov� x��iO�YD ��xvwtv 	OQ�o�t Q�Qk p�rLD OQwt �xOWh�YwD ��yVwQltmx� u�QyD QyW�v�DUQ��O
�DW�Oy� �YN�W �xr�Uwx� u�v� �xFr C�a�w w xOW 
�NDv� �v�QyD �xr�U��
�� Rwt�Vv�O ���
CPI 	CU� xDiQo Q�Qk �UQQ� OQwt �Community Periodontal Index� CPIXN�W x� swUwt
OwHw �� �xFr QO sQH OwHw �� �xFr QO �R� QuwN �� �sr�U �xFr �� �CU� Q� R Q�O�kt �����DQD�YN�W

	QDt�r�t � R� V�� jta �� Cm �B OwHw �� �QDt�r�t �
� jta �� Cm �B

u�yO u���B w q�� li VN� VW �xOvyOu�Wv xm �XN�W u�OvO VW QO �qwtat CPI Q�Okt
�q�� li CU�Q CtU �R� Ov�CQ��a �sextant� VN� VW u�� 	OwW�t �Q�oxR�Ov� �CU� OQi Qy

CtU w �u���B li �v��t CtUk �u���B li CU�Q CtU �q�� li AJ CtU �q�� li �v��t CtUk
	s� Q�O Q��DN� QO MU�B u�wvax� xDU�ty ���DQD Q�Okt VW �OQi Qy ��Q� �u�� Q� �v� 	u���B li AJ
utQ�BU� �oDU�ty �� Q� �OD�� QO �CU� xQ�eDtwO ���DQD ��yxO�O �Ov�pOt �t hOy xm ���Hu� R�
u� QDq�� uwJ 	OW x�U�Lt u���B w q�� AJ CtU w �u���B w q�� �xv��t �u���B w q�� CU�Q CtU ��Q�
Ot� CUO x� u���B w q�� li �v��t VN� x� �w� Qt ��yxO�O QO utQ�BU� �oDU�ty �� Q� Q�Okt
MU�B � pwOH 	OQm s�y�wN RmQtDt x�kv wO u�� Q� �Q OwN p�rLD �t ��P � ������ �� r � ������

	OyO�t V��tv xYqN Qw�x� �Q xQ�eDtwO

u�QyD u�Rwt�Vv�O �xvwtv QO u���B w q�� li �v��t VN� �CPI� p�DvOw� QB C�a	w �� pwOH

u���B li

�tH j�ta Cm �B jtasm Cm �B sQH �R� QuwN sr�U

q�� li


�� � 
 �� 

 ��� sr�U

��� � � �� ��� �� �R� QuwN

��� � �� ��� �
 � sQH

�� � �� �� � � jtasm Cm �B

� � � � � � j�ta Cm �B


�� � �� ��
 ��� ��� �tH

�mtm Q�eDt l� �ki w �OQi XDNt �mtm Q�eDt VW Q�F��D �t �hrDNt �mtm ��yQ�eDt u�� R�
XDNt �mtm ��yQ�eDt 	s�yO�t Q�Qk �UQQ� OQwt u�Rwt�Vv�O p�DvOw� QB C�a�w Q� �Q s�Ov� XDNt
Cq�YLD ��QDq�� w srB�O �� �srB�O R� QDsm ��� QOB Cq�YLD ��OQt �� �uR ���TvH �R� Ov�CQ��a OQi
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��DQt Qw�x� �� ��DQt�v Qw�x� �� RoQy ��� l 	wUt R	 xO�iDU	 �
QDq�� w srB�O �� �srB�O R	 QDsm ��� QO�t
�RwQ pk	 OL ��DQt Qw�x� �� ��DQt�v Qw�x� �� RoQy ��� u	OvO Mv R	 xO�iDU	 �
Q�� l� �RwQ pk	 OL
�
�Q�oV�B Qw�vtx� �DQt Qw�x� �� ��Q	Q�
	 �k	wt QO �ki ��� lWRBu	OvO �UwD C� R� w �
Q�� l�
Q�eDt u	wvax� u���B li �� q�� li �v��t CtUk QO xOy�Wt p��k �v	OvO lqB OwHw �ki �u�vJty
C	F CQwY u�	 x� Q�eDt u�	 �u���B w q�� ��yli R	 l� Qy QO �OW xDiQo Q�v QO s	Ov	 XDNt �mtm

�
Ow	v �� �OwHw ��� xOy�Wt p��k lqB �OW
x� xOW xOv	R	Q� log�log w C�� wQB �C�Hr ��ypOt ��yxO	O u�	 x� xQ�eDtwO ��ypOt VR	Q� R	 V�B
�	Q� VR	Q� �� wm�v ��yxQ�t� �s�OQm xU��kt 	Q u���B w q�� ��yli R	 xOt� CUO x� ��	x�W�L ��yMU�B
��ypOt VR	Q� G��Dv R	 QDy� �Q	O�vat Qw�x� 
u���B li �	Q� XwYNx� log�log� uQ�kDt�v Ovw�B �� pOt
Q	Qk �UQQ� OQwt 	Q Q� R �xQ�eDtOvJ pOt xU VR	Q� �Oa� �xrLQt QO �Ot� CUO x� C�� wQB w C�Hwr

�s�O	O

�OvwW�t OQw	Q� GEE VwQx� u� ��yQDt	Q�B xm �atHD C�Hwr pOt ��

�� pOt� OvwW�t OQw	Q� ���tvCUQO QFm 	 OL VwQ �� u� ��yQDt	Q�B xm �atHD C�� wQB pOt ��

�
s�m pOt �� uQ�kDt Ovw�B ���D
�
uQ�kDt�v Ovw�B ���D �� pOt� ��� VN� QO xOW x�	Q	 pOt ��

s�eO	 	QMU�B ��yxO	O � w � ��yxDUQ �CPI���	Q	O �xDUQ �	Q� xvwtv �xR	Ov	 uOw�lJwmCrax�
�sQH �� ��R� QuwN �� �sr�U �� �OvOW OQ	w pOt QOCQwYu�	 x� �	x�W�L��yMU�B �u�	 Q� �v� �s�OQm
xm Qw�u�ty �OyO�tV��tv 	Q pOt xU u�	 VR	Q� G��Dv � pwOH �QDt�r�t � R	V�� jta ��Cm �B ��
�CiQ�t Q��Dv	 xm xvwou�ty �VR	Q� u� QDy� �CU	 XNWt ���tvCUQO sD� Q�or Q�	Q� wO ��yvt �Q�O�kt R	
GEE ��yOQw	Q� Q� �vD	t pOt x� �w� Qt �QN� QO w s�m pOt x� jraDt u� R	TB w uQ�kDt�v pOt x� �w� Qt
Oy	wNv u�Um� �pOt xU �	Q� Q	Okt�B w Q��at ��y��N Q�O�kt ��yQDt	Q�B OQw	Q� xm CU	 �y�O� �CU	
C�a
w Q� Q	O�vat �Q�F��D �	Q	O �mtm ��yQ�eDt �x��rm �uQ�kDt�v pOt R	 xOt�CUO x� �G��Dv j	� Q� �Ow�
Q�eDt xv�o� �QOB Cq�YLD Q�eDt �s�m pOt j���t �OvDUy u	QyD QyW �v�DUQ��O u	Rwt�Vv	O p�DvOw� QB
Cq�YLD Q�eDt wO �GEE VR	Q� R	 pY�L G��Dv j	� Q� u�vJty �CU	 pOt QO Q	O�vat Q�e �mtm
��	Q
 Q�UiD �Ov	xDW	Ov �v	QyD u	Rwt�Vv	O p�DvOw� QB C�a
w Q� �Q	O�vat Q�F��D �QO�t Cq�YLD w QOB
R	 �uQ�kDt�v pOt QO �p�Ft u	wvax� �O	O s�Hv	 �v�yv Q�eDt T��kt�UL Q� u	wD�t 	Q xOW OQw	Q� �vw�UQoQ
��� � �����CQwYx� u	OvO Mv R	 xO�iDU	 QF	 w ��� � �����CQwYx� l 	wUt R	 xO�iDU	 QF	 xm���Hu�
u	wD�t ������������������ �va� �s� Q�o� Q�v QO s�	wD Qw�x� 	Q QF	 wO u�	 Qo 	 �CU	 xOW OQw	Q�
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p�DvOw� QB ��yxO�O ��Q� xQ�eDtOvJ �vw�UQoQ ��ypOt VR�Q� G��Dv �� pwOH
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 ��log�likelihood�

�OwW�tv x�U�Lt y

�Q��eD Ea�� �s��wD Qw�x� u�OvO Mv w l �wUt R� xO�iDU� sOa x� xO�iDU� R� Q��eD xm OQm ���vDU� u�vJ
u�R�t u�� �xOW OQw�Q� ��O�t R� ZQa Q�O�kt x� xHwD �� 	OwW�t �v�yv Q�eDt T��kt QO 
�
�
 �xR�Ov�x�
Cr�L x� ���� � y�ij � 

�
��� �R� QuwN Cr�L R� �Q Rwt�Vv�O l� �xFr C�a�w Ov�wD�t Q��eD

	OyO Q��eD �
����� � ��
 � y�ij� QDt�r�t � R� V�� Cm �B OwHw
��yMU�B u�� �oDU�ty �� Q� Q�Okt ��t �O�yvW�B pOt QO �OW u��� u�� R� V�B xm Qw�u�ty
pwtQi x� xHwD �� 	Owtv x�U�Lt ��� pOt �oDU�ty QDt�Q�B OQw�Q� �xr�Uwx� u�wD�t �Q u���B w q�� li
CQwYx� u�wD�t �Q � �oDU�ty �� Q� ��� � ����� �xOW OQw�Q� Q�Okt w 
�� VN� QO xOW x��Q�

�Owtv OQw�Q� Q� R
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���� ������
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�

	CU� xOw� ����� OwOL QO �uQ�kDt�v pOt QO xOW xOy�Wt ��yMU�B u�� �oDU�ty �� Q� OQw�Q� �va�
�� Q� uOQm OQw�Q� �� ��t�kDUt u�wD�t �Q �yMU�B u�� �oDU�ty �� Q� �s�m pOt x� xHwD �� �u�vJty
QO �xar��t OQwt ��yxO�O ��Q� OQw�Q� u�� 	OQw� CUO x� ��v�yv �� RwD� xQ�eDtwO p�tQv �� RwD �oDU�ty
s� Q�O xHwD 	OQ�Ov uQ�kDt�v pOt R� pY�L OQw�Q� �� �v�OvJ Cw�iD xm �CU� xOW x�U�Lt ���� OwOL
�r �����
� utQ�BU� �oDU�ty �� Q� x� �uQ�kDt�v pOt R� xOt� CUO x� ��oDU�ty �� Q� Q�Okt xm
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�� ���DQD �xOWCiH ��yMU�B �Ov�pOt

�xQ�eDtwO �atHD C�� wQB pOt R� pY�L OQw�Q� x� �D CU� QDl�ORv

EL� �

u�O� �Ow� ���DQD �xOWCiH ��yMU�B �Ov�pOt ��Q� ���yVwQ �iQat �xr�kt u�� �x��Q� R� �t hOy
�OvyO�t Q�Qk xO�iDU� OQwt Ovw�B ���D u�wvax� �Q �v�yv �xDUw�B �xQ�eDtwO �� RwDl� xm ���ypOt Q� �Qw�vt
�ypOt u�� ��� xm OwW KQ�t CQwY u�O� CU� umtt CyH u�� QO VUQB u�r	w� �OW �QDV�� O�m 
�D
��ypOt VR�Q� R� pY�L G��Dv R� V�� �D�aq�� ��ak�w �u�WuOv�R�Q� 
uOw� QUOQOQB w xO�J�B x� xHwD ��

�OQm u��� u�wD�t CQwY u�� x� �Q MU�B �OvyO�t CUO x� xQ�eDtl� ��x�W�L

��yQ�eDt �x���Q CU� umtt �s�yO�t Q�Qk �UQQ� OQwt �Q ��x�W�L ��ypOt xm �t�ovy ��

��� AJ CtU MU�B �� w Q�O�vat �q�� ��� CU�Q CtU MU�B �� s�Ov� �� OQi XDNt �mtm
p�mW� Q�JO ���yv ��y���vDU� QO �Q �tCU� umtt �H��Dv u�vJ �OW�� Q�O�vat Q�e �u���B

�Ovm
�oDU�ty	� Q� R� K� QY�OQw�Q� xm OvR�U�t sy�Qi �t ��Q� �Q u�mt� u�� xQ�eDtwO ��ypOt ��

QO u�mt� u�� �s� Qw� CUO x� hrDNt �mtm ��yQ�eDt Qw
L QO MU�B ��yQ�eDt u��
�OQ�Ov OwHw xQ�eDtl� ��ypOt

�oDU�ty xm �r�L QO �Q s�Ov� l� XDNt Q�N pt�wa QF� s� QO�k xQ�eDtwO ��ypOt QO ��

�s�yO Q�Qk �UQQ� OQwt �CU� xOW ��UDL� pOt QO u�tRty Qw�x� swO s�Ov� w s�Ov� u�� u��
�OvyO�tv Q�Qk �t Q��DN� QO �Q �v�mt� u�vJ ��x�W�L �xQ�eDtl� ��ypOt

��ypOt ����RtCU� QDy� �s� Q�O Q��DN� QO nQR� �xR�Ov� �� ��xvwtv xm �t�ovy �jwi OQ�wt uDiQo Q�v QO ��
	U�vt pOt ��NDv� OQwt QO �xO�O Q�Qk �VR�Q� uOw� xO�J�B� �yu� nQR� 	�a p��kt QO �Q xQ�eDtwO

�s�vm �Q�os�tYD
xOWh�YwD �xQ�eDtwO ��ypOt xm CU� u�� �OwW xQ�W� u� x� O��� VN� u�� QO xm �Qo�O 	r�t
��yQDt�Q�B u�wD�t �p�Ft u�wvax� �O�O s�taD Qo�O ��yOQ� Q�m ��Q� u�wD�t �oO�Ux� �Q swU VN� QO
Q� R CQwYx� �Q KQ� T� QD�t CU� �i�m �Cr�L u�� QO �CiQo Q�v QO �yx�W�L ��Q� �irDNt �vw�UQoQ
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�vw�UQoQ ��yQDt�Q�B �� �u� QO xm �s� Q�o� Q�v QO ��� ��� ��� CQwYx� �Q Q��vDt �vw�UQoQ ��yQDt�Q�B
��yQ�eDt �� ��DQt �vw�UQoQ ��yQDt�Q�B �� w �CU�Q CtU R� xOt� CUO x� 	�mtm ��yQ�eDt x� 
w� Qt

�kv s� QO�k �Ovm ��H�� �yxO�O xm �DQwY QO u�vJty �OvDUy AJ CtU R� xOt� CUO x� 	�mtm
Cw�iDt ���DQD T��kt wO �UL Q� xar��t OQwt O�Qi� Qo � �s� Q�o� Q�v QO �yx�W�L ��Q� �Dw�iDt VQ�
OQwt QO �OUQ�t Q�v x� �QwQ
 �yx�W�L ��Q�hrDNt VQ� 
�kv uDiQo Q�v QO �OvW�� xOW �Ov�xDUO
u�vJ �CU� xOw� u�Um� �qt�m x�W�L wO Qy ��Q� MU�B Q�eDt �Ov�xDUO xm ���Hu� R� �CPI ��yxO�O

�Ow� Oy�wNv �k�vt �t�taD
�vw�UQoQ ��yQDt�Q�B OQw�Q� Ov��Qi R�e� ��Q��U�vt �x�r�w� ��yTOL ��NDv� �Qo�O QmP p��k �xDmv
��yVwQ CU� umtt �OvwW ��NDv� �ak�w Q�O�kt R� QwO w CUQO�v Qw�x� x�r�w� ��yTOL Qo � �CU�
T�U� Q� �OvyO xH�Dv ��xOvvmx�Qto ��yOQw�Q� w OvwW Q�DiQo �local� �rLt ��yst�Um �t QO �Q�QmD
u�vJty �s�OQm xO�iDU� Ov��Qi u�� R�e� ��Q� �� � � w ��� � � ��� � � �x�r�w� ��yTOL R� �t �x� QHD
xOt� CUO x� 	G��Dv �� GEE OQw�Q� R� u�wD�t �pOt VQ� 
�kv OQwt QO x�r�w� ��yTOL ��NDv� ��Q�
�L�Q� CQwY QO xm CU� �QwQ
 xDmv u�� QmP �Hu�� QO �OQm xO�iDU� ��x�W�L ��ypOt VR�Q� R�
�OQm Ovy�wNv Q��eD �x�r�w� ��yTOL QO ��RH C�Q��eD �� ���yv ��yOQw�Q� ��U�vt ��xv���Q �xt�vQ� l�
�U�vt �x�r�w� ��yTOL ��NDv� �� �s�m w �t �UwD xOW �L�Q� ��xv���Q �xt�vQ� QO �p�Ft u�wvax�
��yTOL ��NDv� �OvwW�tv Q��eD VwNDUO ���yv ��yOQw�Q� Q�O�kt ��yu� QO ��RH C�Q��eD O�H�� w
xH�Dv QO w ����yv ���Qoty x� uO�UQ ��Q� sRq ��yQ�QmD O�OaD V��Ri���U �ki ��U�vt�v �mOv� �x�r�w�

�OW Oy�wN ��xv���Q VR�OQB u�tR COt uDiQ q�� �Hwt
�v�yv ��y	� RwD Q� �vD�t ��ypOt xm CU� u�� OwW xQ�W� u� x� O���CtUk u�� QO xm �Qo�O�r�t
QO GQOvt G��Dv R� xm Qw�u�ty �OvQ�O GEE ��yOQw�Q� Q� �vD�t ��ypOt x� C�Uv ���QDQ� xJ �s��wD
MU�B C�Oy�Wt u�� �oDU�ty �xQ�eDtwO �v�yv ��y	� RwD Q� �vD�t ��ypOt QO �CU�XNWt � pwOH
��yQ�eDt Qw
L QO QDt�Q�B u�� R� K� QY �OQw�Q� �u���B QO w OwW�t OQ�w pOt QO syt QDt�Q�Bl� u�wvax�
QDt�Q�Bl� u�wvax� MU�B C�Oy�Wt u�� �oDU�ty �GEEVwQ QO �t� �O���t CUO x� hrDNt �mtm
�MU�B ��yQ�eDt s��wD 	� RwD ��Hx� ��x�W�L ���y	� RwD uOQ� Q�m x� 	Crax� w OwW�t xDiQo Q�v QO sL�Rt
�Hwt Ov�wD�t �r�t u�� �O���tvCUO x� �oDU�ty u�� R� �L� QY OQw�Q� ��R�UpOt Ov��Qi u�L QO
�OwW ���tvCUQO QFm � OL OQw�Q� �� ���ypOt x� C�Uv GEE VwQ Q� �vD�t ��ypOt QDh�a
 VR�Q�
xr�kt u�� QO xm�v�yv ��y	� RwD Q��vD�t ��ypOt xmCU��t�Rr� xDmv u�� QmP ����yv �x�YwD u�wvax�
�oDU�ty �� ���DQD w xQ�eDtwO �NU�B xm OvQ�o Q�Qk xO�iDU� OQwt �t�ovy CU� QDy� �OW xQ�W� �yu� x�
	�atHD C�� wQB pOt �� �t pOt ��NDv� OQwt QO �Q�os�tYD ��Q� �s�W�� xDW�O Q��DN� QO q�� ��D�Uv
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Modeling Paired Ordinal Response

Data

Anoshiravan Kazemnejad and Farid Zayeri

Tarbiat Modarres University

Abstract� About �� years ago� McCullagh proposed a method for modeling

univariate ordinal responses� After publishing this paper� other statisticians

gradually extended his method� such that we are now able to use more com�

plicated but e�cient methods to analyze correlated multivariate ordinal data�

and model the relationship between those responses and host of covariates� In

this paper� we aim to present the recent progressions in modeling ordinal re�

sponse data� especially in bivariate ordinal responses that arise from medical

studies relating to paired organs such as ophthalmology� otology� nephrology�

etc� Additionally� we present a new model for analyzing correlated ordinal re�

sponse data� This model is an appropriate alternative for bivariate cumulative

probit regression model� when joint distribution of response data is not sym�

metric� Finally� as an applied example� we analyze the obtained data from an

epidemiologic study relating to periodontal status among high school students

in Tehran using this method and compare the results with the similar models�
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